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PREFACE  TO  THE  FOURTH  EDITION. 


Eight  years  have  elapsed  shice  the  appearaace  of  the  third 
edition,  during  which  time  the  book  has  been  reprinted  without 
change,  and  a  revision  therefore  became  greatly  desired. 

It  was  very  gratifying,  however,  to  find  that  none  of  the 
contents  of  the  former  edition  had  to  be  dropped  as  superseded 
or  antiquated.  However,  very  much  new  material  had  to  be 
added.  During  these  eight  years  the  electrical  industry  has 
progressed  at  least  as  rapidly  as  in  any  previous  period,  and 
apparatus  and  phenomena  which  at  the  time  of  the  third  edition 
were  of  theoretical  interest  only,  or  of  no  interest  at  all,  have 
assumed  great  industrial  importance,  as,  for  instance,  the  single- 
phase  commutator  motor  or  high  frequency  phenomena,  and 
therefore  require  an  extensive  recognition. 

Besides  rewriting  and  enlarging  numerous  paragraphs  through- 
out the  text,  nine  entirely  new  chapters  have  been  added,  on 
single-phase  conmiutator  motors  and  alternating-current  motors 
in  general,  on  induction  machines,  armature  reaction  of  alterna- 
tors, surging  of  synchronous  machines,  phase  control,  constant- 
ciurent  transformation,  etc.,  and  six  other  chapters  greatly 
enlarged.  There  has  also  been  added  to  the  theory  of  apparatus 
and  ph^omena  a  short  outline  of  the  method  of  calculating  the 
constants  entering  into  the  theory,  and  of  their  determination 
by  experimental  tests. 

The  greatest  advance  of  late  years  has  been  in  the  study  of 
transient  phenomena.  While  the  phenomena  of  the  flow  of 
electric  energy  in  stationary  or  permanent  condition  were 
already  well  understood  eight  years  ago,  with  the  exception  of 
the  classic  book  of  Drs.  Bedell  and  Crehore  practically  no 
engineering  work  had  been  done  at  that  time  on  the  flow  of 
electric  energy  under  transient  conditions,  as  the  starting  of 
circuits,  short-circuit  currents  of  alternators,  inductive  dis- 
charges, free  oscillations  of  transmission  lines,  high  frequency 
cmrents,  surges,  oscillations,  traveling  waves,  etc.,  and  very 
little  on  circuits  containing  distributed  capacity  and  inductance, 
as   transmission   lines,    cables,    telephone   lines,    etc.,    while   at 
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present  we  are  rapidly  approaching  the  time  when  these  phe- 
nomena will  be  as  well  miderstood  as  those  of  the  steady  flow  of 
energy.  To  give  even  a  short  abstract  of  the  theory  of  these 
phenomena  (which  are  probably  the  most  important  the  engineer 
has  to  meet  at  present)  would  have  been  impossible  without 
enormously  increasing  the  already  large  volume,  and  they  will 
therefore  be  published  as  a  separate  work  on  "Theory  and 
Calculation  of  Transient  Electric  Phenomena  and  Oscillations," 
which  is  in  press  and  may  be  considered  as  the  second  volume 
of  the  present  work. 

When  reading  the  book,  or  using  it  as  text-book,  it  is  recom- 
mended: 

First,  to  take  up  Part  I  of  "Theoretical  Elements  of  Elec- 
trical Engineering,"  which  deals  with  general  theory  and  is 
intended  as  an  introduction  to  this  treatise. 

Then  to  proceed  with  the  reading  of  the  present  volume,  but 
when  reading  the  chapters  dealing  with  the  theory  of  apparatus, 
to  parallel  their  study  with  the  reading  of  the  corresponding 
chapters  of  Part  II  of  "Theoretical  Elements  of  Electrical 
Engineering,"  which  deal  with  the  same  subjects  in  a  different 
manner,  and  thus  should  greatly  assist  in  imparting  a  clear 
insight  into  the  nature  of  apparatus. 

After  finishing  the  main  parts  of  these  two  books,  the  reading 
of  "Theory  and  Calculation  of  Transient  Electric  Phenomena 
and  Oscillations"  may  be  taken  up. 

Where  time  is  limited,  a  large  part  of  the  mathematical  dis- 
cussion may  be  skipped  and  in  that  way  a  general  review  of  the 
material  gained. 

The  reader  is  advised,  after  completing  Chapter  V,  carefully 
to  read  Appendix  I,  on  the  algebra  of  the  complex  quantity, 
before  continuing  with  the  main  text. 

Great  thanks  are  due  to  the  technical  staff  of  the  McGraw 
Publishing  Company,  which  has  spared  no  effort  to  produce  the 
fourth  edition  in  as  perfect  and  systematic  a  manner  as  possible, 
and  to  the  niunerous  engineers  who  have  greatly  assisted  me  by 
pointing  out  typographical  and  other  errors  in  the  previous 
edition. 

Charles  Proteus  Steinmetz. 

Camp  Mohawk,  Viele's  Creek,  Schenectady,  N.  Y. 
August,  1908. 
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The  following  volume  is  intended  as  an  exposition  of  the 
methods  which  I  have  found  useful  in  the  theoretical  investiga- 
tion and  calculation  of  the  manifold  phenomena  taking  place 
in  alternating-current  circuits,  and  of  their  application  to  alter- 
nating-current apparatus. 

While  the  book  is  not  intended  as  first  instruction  for  a  beginner, 
but  presupposes  some  knowledge  of  electrical  engineering,  I  have 
endeavored  to  make  it  as  elementary  as  possible,  and  have 
therefore  used  only  common  algebra  and  trigonometry,  prac- 
tically excluding  calculus,  except  in  §§  144  to  161  and  Appendix 
II;  and  even  §§  144  to  161  have  been  paralleled  by  the  elemen- 
tary approximation  of  the  same  phenomenon  in  §§  140  to  143. 

All  the  methods  used  in  the  book  have  been  introduced  and 
explicitly  discussed,  with  examples  of  their  application,  the 
first  part  of  the  book  being  devoted  to  this.  In  the  investiga- 
tion of  alternating-current  phenomena  and  apparatus,  one 
method  only  has  usually  been  employed,  though  the  other 
available  methods  are  suflBciently  explained  to  show  their 
application. 

A  considerable  part  of  the  book  is  necessarily  devoted  to  the 
application  of  complex  imaginary  quantities,  as  the  method 
which  I  found  most  useful  in  dealing  with  alternating-current 
phenomena;  and  in  this  regard  the  book  may  be  considered  as 
an  expansion  and  extension  of  my  paper  on  the  appUcation  of 
complex  imaginary  quantities  to  electrical  engineering,  read 
before  the  International  Electrical  Congress  at  Chicago,  1893. 
The  complex  imaginary  quantity  is  gradually  introduced, 
with  full  explanations,  the  algebraic  operations  with  complex 
quantities  being  discussed  in  Appendix  I,  so  as  not  to  require 
from  the  reader  any  previous  knowledge  of  the  algebra  of  the 
complex  imaginary  plane. 

While  those  phenomena  which  are  characteristic  of  polyphase 
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systems,  as  the  resultant  action  of  the  phases,  the  effects  of 
unbalancing,  the  transformation  of  polyphase  systems,  etc., 
have  been  discussed  separately  in  the  last  chapters,  many  of  the 
investigations  in  the  previous  parts  of  the  book  apply  to  poly- 
phase systems  as  well  as  single-phase  circuits,  as  the  chapters 
on  induction  motors,  generators,  S3mchronous  motors,  etc. 

A  part  of  the  book  is  original  investigation,  either  published 
here  for  the  first  time,  or  collected  from  previous  publications 
and  more  fully  explained.  Other  parts  have  been  published 
before  by  other  investigators,  either  in  the  same,  or  more  fre- 
quently in  a  different  form. 

I  have,  however,  omitted  altogether  Uterary  references,  for 
the  reason  that  incomplete  references  would  be  worse  than  none, 
while  complete  references  would  entail  the  expenditure  of  much 
more  time  than  is  at  my  disposal,  without  offering  sufficient 
compensation;  since  I  believe  that  the  reader  who  wants  infor- 
mation on  some  phenomenon  or  apparatus  is  more  interested 
in  the  information  than  in  knowing  who  first  investigated  the 
phenomenon. 

Special  attention  has  been  given  to  supply  a  complete  and 
extensive  index  for  easy  reference,  and  to  render  the  book  as 
free  from  errors  as  possible.  Nevertheless,  it  probably  contains 
some  errors,  typographical  and  otherwise;  and  I  will  be  obliged 
to  any  reader  who  on  discovering  an  error  or  an  apparent  error 
will  notify  me. 

I  take  pleasure  here  in  expressing  my  thanks  to  Messrs. 
W.  D.  Weaver,  A.  E.  Kennelly,  and  Townsend  Wolcott, 
for  the  interest  they  have  taken  in  the  book  while  in  the  course 
of  pubHcation,  as  well  as  for  the  valuable  assistance  given  by 
them  in  correcting  and  standardizing  the  notation  to  conform 
to  the  international  system,  and  numerous  valuable  sugges- 
tions regarding  desirable  improvements. 

Thanks  are  due  also  to  the  publishers,  who  have  spared  no 
effort  or  expense  to  make  the  book  as  creditable  as  possible 
mechanically, 

CHARLES  PROTEUS  STEINMETZ. 
January,  1897. 
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THEOEY  AND  CALCULATION 

OF 

ALTERNATING-CURRENT   PHENOMENA 


CHAPTER  I. 

INTRODUCTION. 

1.  In  the  practical  applications  of  electrical  energy,  we  meet 
with  two  different  classes  of  phenomena,  due  respectively  to  the 
continuous  current  and  to  the  alternating  current. 

The  continuous-current  phenomena  have  been  brought  within 
the  realm  of  exact  analj^ical  calculation  by  a  few  fundamental 
laws: 

(1)  Ohm's  law:  i  =-»  where  r,  the  resistance,  is  a  constant 

r 

of  the  circuit. 

(2)  Joule's  law:  P=  tV,  where  P  is  the  power,  or  the  rate  at 
which  energy  is  expended  by  the  current,  t,  in  the  resistance,  r. 

(3)  The  power  equation:  P^  =ei,  where  P^  is  the  power 
expended  in  the  circuit  of  e.m.f.,  6,  and  current,  i. 

(4)  Kirchhoff's  laws: 

(a)  The  sum  of  all  the  e.m.fs.  in  a  closed  circuit  =  0,  if  the 
e.m.f.  consumed  by  the  resistance,  ir,  is  also  considered  as  a 
counter  e.m.f.,  and  all  the  e.m.fs.  are  taken  in  their  proper 
direction. 

(6)  The  sum  of  all  the  currents  directed  towards  a  distributing 
point  =  0. 

In  alternating-current  circuits,  that  is,  in  circuits  in  which  the 
currents  rapidly  and  periodically  change  their  direction,  these 
laws  cease  to  hold.  Energy  is  expended,  not  only  in  the  con- 
ductor through  its  ohmic  resistance,  but  also  outside  of  it; 
energy  is  stored  up  and  returned,  so  that  large  currents  may 
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exist  simultaneously  with  high  e.m.fs.,  without  representing  any 
considerable  amount  of  expended  energy,  but  merely  a  surging 
to  and  fro  of  energy;  the  ohmic  resistance  ceases  to  be  the  deter- 
mining factor  of  current  value;  currents  may  divide  into  com- 
ponents, each  of  which  is  larger  than  the  undivided  current,  etc. 

2.  In  place  of  the  above-mentioned  fundamental  laws  of 
continuous  currents,  we  find  in  alternating-current  circuits  the 
following: 

C  Ohm's  law  assumes  the  form,  i  =  - ,  where  2,  the  apparent 

z 

resistance,  or  impedance,  is  no  longer  a  constant  of  the  circuity 

but  depends  upon  the  frequency  of  the  currents;  and  in  circuits 

containing  iron,  etc.,  also  upon  the  e.m.f.  / 

(     Impedance,  z,  is,  in  the  system  of  absolute  units,  of  the^me 

dimension  as  resistance   (that   is,  of  the  dimension  ^>*^  = 

velocity),  and  is  expressed  in  ohms.    \R\  -  /ML^  T" ''  Q 

It  consists  of  two  components,  the  resistance,  r,  and  the 

reactance,  x,  or  — 

z  =  Vr"  +  a?.  ) 

The  resistance,  r,  in  circuits  where  energy  is  expended  only 
in  heating  the  conductor,  is  the  same  as  the  ohmic  resistance  of 
continuous-current  circuits.  In  circuits,  however,  where  energy 
is  also  expended  outside  of  the  conductor  by  magnetic  hs^steresis, 
mutual  inductance,  dielectric  hysteresis,  etc.,  r  is  larger  than  the 
true  ohmic  resistance  of  the  conductor,  since  it  refers  to  the  total 
expenditure  of  energy.  It  may  be  called  then  the  ejfective 
resistance.    It  is  no  longer  a  constant  of  the  circuit. 

Thfi  n>ft(>tii.nf»f>,  T^  dnp«  not  represent  the  expenditure  of  eneigy 
as  does  the  effective  resistance,  r,  but  mereljM)he  surging  to  and 
fro  of  energy.  It  is  not  a  constant  of  the  circuit,  but  depends 
upon  the  frequency,  and  frequently,  as  in  circuits  containing 
iron,  or  in  electrolytic  conductors,  upon  the  e.m.f.  also.  Hence, 
while  the  effective  resistance,  r,  refers  to  the  power  component 
of  e.m.f.,  or  the  e.m.f.  in  phase  with  the  current;  the  reactance, 
x,  refers  to  the  wattless  component  of  e.m.f.,  or  the  e.m.f.  in 
quadrature  with  the  current. 

3.  The  principal  sources  of  reactance  are  electromagnetism 
and  capacity. 
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Electromagnetism. 

An  electric  current,  i,  in  a  circuit,  produces  a  magnetic  flux 
surrounding  the  conductor  in  lines  of  magnetic  force  (or  more 
correctly,  lines  of  magnetic  induction),  of  closed,  circular,  or 
other  form,  which  alternate  with  the  alternations  of  the  current, 
and  thereby  generate  an  e.m.f.  in  the  conductor.  Since  the 
magnetic  flux  is  in  phase  with  the  current,  and  the  generated 
e.m.f.  90°,  or  a  quarter  period,  behind  the  flux,  this  e.m.f,  of  self- 
induction  lags  90°,  or  a  quarter  period,  behind  the  current;  that 
is,  is  in  quadrature  therewith,  land  therefore  wattles^. 

If  ljio\^  <t>  ==  the  magnetic  flux  produced  by,  and  interlinked 
with,  the  current  i  pvhere  those  liines  of  magnetic  force,  which 
are  interlinked  n-fold,  or  pass  around  n  turns  of  the  conductor, 

<i> 

are  coimted  n  timesl,  the  ratio,  - ,  is  denoted  by  L,  and  called 

^  \      . 

the  inductance  of  the  circuit.-jg*  ^s  numerically  equal,  in 
absolute  units,  to  the  interlinkages  of  the  circuit  with  the 
magnetic  flux  produced  by  unit  current,  and  is,  in  the  system 
of  absolute  units,  of  the  dimension  of  length.  Instead  of  the 
inductance,  L,  sometimes  its  ratio  with  the  ohmic  resistance, 
r,  is  used,  and  is  called  the  time-constant  of  the  circuit, 

r 

f  If  a  conductor  surrounds  with  n  turns  a  magnetic  circuit  of 

reluctance,  (R,  the  current,  i,  in  the  conductor  represents  the 

m.m.f.  of  ni  ampere-turns,  andQience"^  produces  a  magnetic  flux 

n% 
of  —  lines  of  magnetic  force,  surrounding  each  n  turns  of  the 

/  nH 

conductor,  (and  thereby  giving )  ^  =  -;^  interlinkages  between 

the  magnetic  and  electric  circuits.    Hence  the  inductance  is 

The  fundamental  law  of  electromagnetic  induction  is,  that 
the  e.m.f.  generated  in  a  conductor  by  a  magnetic  field  is 
proportional  to  the  rate  of  cutting  of  the  conductor  through 
the  magnetic  field. 
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V 

Hence,  if  i  is  the  current,  and  L  is  the  inductance  of  a 
circuit,  the  magnetic  flux  interlinked  with  a  circuit  of  cur- 
rent, t,  is  Li,  and  4 /Li  is  consequently  the  average  rate  of 
cutting;  that  is,  the  number  of  lines  of  force  cut  by  the  con- 
ductor per  second,  where  /  =  frequency,  or  number  of  com- 
plete periods  ([double  reversal^  of  the  current  per  second,  i  = 
maximum  value  of  current. 

Since  the  maximum  rate  of  cutting  bears  to  the  average  rate 
the  same  ratio  as  the  quadrant  to  the  radius  of  a  circle  (a  sinu- 
soidal variation  supposed),  that  is  the  ratio  x  -^  1,  the  maxi- 

mum  rate  of  cutting  is  2  it],  and,  consequently,  the  maximum 
value  of  e.m.f.  generated  in  a  circuit  of  maximum  current  yahie, 
t,  and  inductance,  L,  is 

e  —2  7:fLd. 

Since  the  maximum  values  of  sine  waves  are  proportional  (by 
factor  V2)  to  the  effective  values  (square  root  of  mean  squares), 
if  i  =  effective  value  of  alternating  current,  6=2  TtfIA  is  the 

effective  value  of  e.m.f.  of  self-induction,  and  the  ratio,  r  -  2  tt/L, 

I 

is  the  inductive  reactance, 

''  Xm^2  nfL. 

Thus,  if  r  =  resistance,  Xm  =  reactance,  z  =  impedance, 
the  e.m.f.  consumed  by  resistance  is:  e^  =ir; 
the  e.m.f.  consumed  by  reactance  is:  e,  =  iXm] 

and,  since  both  e.m.fs.  are  in  quadrature  to  each  other,  the  total 
'e.m.f.  is 

6  =  Ve^   +  Cj*  ==  i  Vr^  +  x^^  =  iz; 

that  is,  the  impedance,  z,  takes  in  alternating-current  circuits 
the  place  of  the  resistance,  r,  in  continuous-current  circuits. 

,  Capacity. 

f  4.  If  upon  a  condenser  of  capacity,  C,  an  e.m.f.,  e,  is  impressed, 
the  condenser  receives  the  electrostatic  charge,  Ce, 

If  the  e.m.f.,  e,  alternates  with  the  frequency,  /,  the  average 
rate  of  charge  and  discharge  is  4  /,  and  2  ;r/  the  maximum  rate 
of  charge  and  discharge,   sinusoidal  waves  supposed;  hence, 
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i  =  2  nfCe,  the  current  to  the  condenser,  which  is  in  quadrature 

to  the  e.m.f .,  and  leading. 

e         1 
It  is  then  .  ^c  =  7  =  TTln  '  / 

the  *' condensive  reactance.'^ 

Polarization  in  electrolytic  conductors  acts  to  a  certain  extent 
like  capacity. 

The  condensive  reactance  is  inversely  proix)rtional  to  the 
frequency  and  represents  the  leading  out-of-phase  wave;  the 
inductive  reactance  is  directly  proportional  to  the  frequency, 
and  represents  the  lagging  out-of-phisise  wave.  Hence  both  are 
of  opposite  sign  with  regard  to  each  other,  and  the  total  react- 
ance of  the  circuit  is  their  difference,  a;  =  x»»  —  x^. 

The  total  resistance  of  a  circuit  is  equal  to  the  sum  of  all  the 
resistances  connected  in  series;  the  total  reactance  of  a  circuit 
is  equal  to  the  algebraic  sum  of  all  the  reactances  connected 
in  series;  the  total  impedance  of  a  circuit,  however,  is  not  equal 
to  the  sum  of  all  the  individual  impedances,  but  in  general  less, 
and  is  the  resultant  of  the  total  resistance  and  the  total  reactance. 
Hence  it  is  not  permissible  directly  to  add  impedances,  as  it  is 
with  resistances  or  reactances. 

A  further  discussion  of  these  quantities  will  be  found  in  the 
later  chapters. 

6.  In  Joule's  law,  P  =  t^r,  r  is  not  the  true  ohmic  resistance, 
but  the  "effective  resistance";  that  is,  the  ratio  of  the  power 
component  of  e.m.f.  to  the  current.  Since  in  alternating- 
current  circuits,  in  addition  to  the  energy  expended  in  the 
ohmic  resistance  of  the  conductor,  energy  is  expended,  partly 
outside,  partly  inside,  of  the  conductor,  by  magnetic  hysteresis, 
mutual  induction,  dielectric  hysteresis,  etc.,  the  effective  resist- 
ance, r,  is  in  general  larger  than  the  true  resistance  of  the 
conductor,  sometimes  many  times  larger,  as  in  transformers 
at  open  secondary  circuit,  and  is  no  longer  a  constant  of  the 
circuit.    It  is  more  fully  discussed  in  Chapter  VIII. 

In  alternating-current  circuits  the  power  equation  contains 
a  third  term,  which,  in  sine  waves,  is  the  cosine  of  the  angle  of 
the  difference  of  phase  between  e.m.f.  and  current: 

Pq  =  ei  cos  d. 
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Consequently,  even  if  e  and  i  axe  both  large,  P^  may  be  very 
small,  if  cos  d  is  small,  that  is,  6  near  90°. 

Kirchhoff's  laws  become  meaningless  in  their  original  form, 
since  these  laws  consider  the  e.m.fs.  and  currents  as  directional 
quantities,  counted  positive  in  the  one,  negative  in  the  opposite 
direction,  while  the  alternating  current  has  no  definite  direction 
of  its  own. 

6.  The  alternating  waves  may  have  widely  different  shapes; 
some  of  the  more  frequent  ones  are  shown  iu  a  later  chapter. 


V^.                          V^w 

2-  ^±       Rt     ± 

y          Kz          K 

Fio.  1.— Sine  Wave. 


The  simplest  form,  however,  is  the  sine  wave,  shown  in 
Fig.  1,  or.  at  least,  a  wave  very  near  sine  shape,  which  may  be 
represented  analytically  by 


i  -/sin  ~  (t-t,)  =/sin2;r/(^-g, 

where  /  is  the  maximum  value  of  the  wave,  or  its  amplitude; 
Iq  is  the  time  of  one  complete  cyclic  repetition,  or  the  period  of 

the  wave,  or  /  =  -  is  the  frequency  or  number  of  complete 

periods  per  second;  and  t^  is  the  time,  where  the  wave  is  zero, 
or  the  epoch  of  the  wave,  generally  called  the  phase* 

*  **  Epoch  "  18  the  time  where  a  periodic  function  reaches  a  certain  value, 
for  instance,  zero;  and  "phase"  is  the  angular  position,  with  respect  to  a 
datum  position,  of  a  periodic  function  at  a  given  time.  Both  are  in  alternate- 
current  phenomena  only  different  ways  of  expressing  the  same  thing. 
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Obviously,  "phase"  or  "epoch''  attains  a  practical  meaning 
only  when  several  waves  of  different  phases  are  considered,  as 
"difference  of  phase."  When  dealing  with  one  wave  only,  we 
may  count  the  time  from  the  moment  when  the  wave  is  zero, 
or  from  the  moment  of  its  maximum,  representing  it  respec- 
tively by 

t  =  /  sin  2  njt, 
and  i  =  /  cos  2  nfU 

Since  it  is  a  imivalent  function  of  time,  that  is,  can  at  a 
given  instant  have  one  value  only,  by  Fourier's  theorem,  any 
alternating  wave,  no  matter  what  its  shape  may  be,  can  be 
represented  by  a  series  of  sine  functions  of  different  frequencies 
and  different  phases,  in  the  form : 

i  =  /i  sin  2  itf  (t  -  Q  +  I^  sin  4  ?:/  («  -  Q 
+  /,  sin  6  ;r/  (^  -  ^3)  +  .  .  , 

where  /j,  Z^,  /,,...  are  the  maximum  values  of  the  different 
components  of  the  wave,  t^,  t^,  ^s  •  •  •  ^he  times,  where  the 
respective  components  pass  the  zero  value. 

The  first  term,  7^  sin  2;r/  (i  —  t^),  is  called  the  fundamental 
toave,  or  the  first  harmonic;  the  further  terms  are  called  the 
higher  hamumics,  or  "overtones,"  in  analogy  to  the  overtones 
of  sound  wavj^.    /«  sin  2  nnf  (t  —  tn)  is  the  n^  harmonic. 

By  resolvipg  the  sine  functions  of  the  time  differences,  t  —  t^, 
^  —  /,...,  we  reduce  the  general  expression  of  the  wave  to 
the  form: 

i  =  Aj  sin  2  nft  +  A^  sin  4  zr/i  +  -Ag  sin  Qnft  +  .  .  . 
+  B^  cos  2  Ttft  +  J5,  cos  4  ;r/<  +  Bj  cos  6  tt/^  +  ... 

The  two  half-waves  of  each  period,  the  positive  wave  and  the 
negative  wave  (counting  in  a  definite  direction  in  the  circuit), 
are  almost  always  identical,  because,  for  reasons  inherent  in 
their  construction,  practically  all  alternating-current  machine- 
generate  e.m.fs.  in  which  the  negative  half-wave  is  identical  witl; 
the  positive.  Hence  the  even  higher  harmonics,  which  cans 
a  difference  in  the  shape  of  Jihe  two  half-waves,  disappear,  ani 
only  the  odd  harmonics  exist,  except  in  very  special  cases. 
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Hence  the  general  alternating-current  wave  is  expressed  by: 
%  =  /i  sin    2  tt/  («  -  t^  +  /,  sin  6  nf  {t  -Q 


+  h  sin  10 ;:/  {t  -  h)  +  .  .  ., 


or, 


i  =  Aj  sin  2  7:ft  +  A,  sin  6  ?:/<  +  A5  sin  10  ;r/i  +    .  •  . 
+  J5j  cos  2nft  +  B^  cos  6  tt/^  +  £5  cos  10  Tzft  +    ... 

Such  a  wave  is  shown  in  Fig.  2,  while  Fig.  3  shows  a  wave 
whose  half-waves  are  different.     Figs.  2  and  3  represent  the 


11          11 

Ik           t  k 

t  \          t  ^^ 

t     ^        t       :^ 

^^      4      ^^ 

±  ^                ^ 

-C/              h-Z 

w               w 

X)                                       X> 

Fig.  2. — Wave  without  Even  Harmonics. 

secondary  currents  of  a  Ruhmkorff  coil,  whose  secondary  coil 
is  closed  by  a  high  external  resistance;  Fig.  3  is  the  coil  operated 


r\.                                 rv. 

^^                        s. 

^=-^            ^^.^ 

-=                    X-         -^                     \- 

^^           -  4 

-     -I                                       -     -4 

-t                     -t 

-t                      t 

4                     X 

\  -       A- 

Fio.  8.  —  Wave  with  Even  Harmonics. 


in  the  usual  way,  by  make  and  break  of  the  primary  battery 
current;  Fig.  2  is  the  coil  fed  with  reversed  currents  by  a  com- 
mutator from  a  battery. 
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7.  Inductive  reactance,  or  electromagnetic  momentum,  which 
is  always  present  in  akemating-current  circuits,  —  to  a  large 
extent  in  generators,  transformers,  etc.,  —  tends  to  suppress 
the  higher  harmonics  of  a  complex  harmonic  wave  more  than 
the  fundamental  harmonic,  since  the  inductive  reactance  is  pro- 
portional to  the  frequency,  and  is  thus  greater  with  the  higher 
harmonics,  and  thereby  causes  a  general  tendency  towards  simple 
sine  shape,  which  has  the  effect,  that,  in  general,  the  alternating 
currents  in  our  light  and  power  circuits  are  sufficiently  near  sine 
waves  to  make  the  assumption  of  sine  shape  permissible. 

Hence,  in  the  calculation  of  alternating-current  phenomena, 
we  can  safely  assume  the  alternating  wave  as  a  sine  wave, 
without  making  any  serious  error;  and  it  will  be  sufficient  to 
keep  the  distortion  from  sine  shape  in  mind  as  a  possible  dis- 
turbing factor,  which,  however,  is  in  practice  generally  negli- 
gible— except  in  the  case  of  low-resistance  circuits  containing 
large  inductive  reactance  and  large  condensive  reactance  in 
series  with  each  other,  so  as  to  produce  resonance  effects  of  these 
higher  harmonics,  and  also  under  certain  conditions  of  long- 
distance power  transmission  and  high-potential  distribution. 

8.  Experimentally,  the  impedance,  effective  resistance,  induc- 
tance, capacity,  etc.,  of  a  circuit  or  a  part  of  a  circuit  are 
conveniently  determined  by  impressing  a  sine  wave  of  alterna- 
ting e.m.f.  upon  the  circuit  and  measuring  with  alternating- 
current  ammeter,  voltmeter  and  wattmeter,  the  current,  i,  in 
the  circuit,  the  potential  difference,  e,  across  the  circuit,  and 
the  power,  p,  consumed  in  the  circuit. 

Then, 

The  impedance,  z  =  -) 

V 
The  phase  angle,  cos  0  =  -,] 

efi 

The  effective  resistance,  r  =  ~ . 

V 

From  these  equations, 
.  The  reactance,  x  =  ^/^  _  ^j. 
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If  the  reactance  is  inductive,  the  inductance  is 

X 

If  the  reactance  is  condensive,  the  capacity  or  its  equivalent  is 

1 


C  = 


2nfx' 


wherein  /  ==  the  frequency  of  the  impressed  e.m.f.  If  the  react- 
ance is  the  resultant  of  inductive  and  condensive  reactances 
connected  in  series,  i.e., 

L  and  C  can  be  found  by  measuring  the  reactance  at  two 
different  frequencies,  /j  and  /,,  and  writing 

1 


^x 

-2«/.L- 

2nW' 

a^i 

-2;r/^- 

1 

2^/,C' 

L 

^.u- 

^■^v 

2;r(/.' 

-//)' 

n 

A' 

-A' 

then, 


and 


A  moderate  deviation  of  the  wave  of  alternating  impressed 
e.m.f.  from  sine-shape  does  not  cause  any  serious  error  as  long 
as  the  circuit  contains  no  capacity. 

In  the  presence  of  capacity,  however,  even  a  very  slight 
distortion  of  wave-shape  may  cause  an  error  of  some  hundred 
per  cent. 

To  measure  capacity  and  condensive  reactance  by  ordinary 
alternating  currents,  it  is  therefore  advisable  to  insert  in  series 
with  the  condensive  reactance  a  non-inductive  resistance  or  indue- 
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tive  reactance,  which  is  larger  than  the  condensive  reactance, 
or  to  use  a  source  of  alternating  current,  in  which  the  higher 
harmonics  are  suppressed,  as  the  T  connection  of  Constant 
Potential  —  Constant-Current  Transformation,  paragraph  69. 

In  uronclad  inductive  reactances,  or  reactances  containing  iron 
in  the  magnetic  circuit,  the  reactance  varies  with  the  magnetic 
induction  in  the  iron,  and  thereby  with  the  current  and  the 
impressed  e.m.f.  Therefore  the  impressed  e.m.f.  or  the  mag- 
netic induction  must  be  given,  to  which  the  ohmic  reactance 
refers,  or  preferably  a  curve  is  plotted  from  test  (or  calcula- 
tion), giving  the  ohmic  reactance,  or,  as  usually  done,  the 
inapressed  e.m.f.  as  function  of  the  current.  Such  a  curve  is 
called  an  excitation  curve  or  impedance  curve,  and  has  the 
general  character  of  the  magnetic  characteristic.  The  same 
also  applies  to  electrolytic  reactances,  etc. 

The  calculation  of  an  inductive  reactance  is  accomplished  by 
calculating  the  magnetic  circuit,  that  is,  determining  the  ampere- 
turns  m.m.f.  required  to  send  the  magnetic  flux  through  the 
magnetic  reluctance.  In  the  air  part  of  the  magnetic  circuit, 
unit  permeability  (or,  referred  to  ampere-turns  as  m.m.f.,  reluc- 
tivity 2~  )  ^^  used,  for  the  iron  part,  the  ampere-turns  are  taken 

from  the  cun^e  of  the  magnetic  characteristic,  as  discussed  in 
the  following. 


CHAPTER  II. 

INSTANTANEOUS  VALUES  AND  INTEGRAL  VALUES. 

9.  In  a  periodically  varying  function,  as  an  alternating 
current,  we  have  to  distinguish  between  the  instantaneous 
value,  which  varies  constantly  as  ^function  of  the  time,  and  the 
integral  value,  which  characterizes  the  wave  as  a  whole. 

As  such  integral  value,  almost  exclusively  the  effective  value 
is  used,  that  is,  the  square  root  of  the  mean  square;  and  wher- 


^^  K                ^    \ 

-/    ^^            V 

t        \            t 

^^      0          i                         t 

7                    L              1 

i         X       t 

^^^^ 

Fio.  4. — Alternating  Wave. 

ever  the  intensity  of  an  electric  wave  is  mentioned  without 
further  reference,  the  effective  value  is  understood. 

The  maximum  value  of  the  wave  is  of  practical  interest  only 
in  few  cases,  and  may,  besides,  be  different  for  the  two  half- 
waves,  as  in  Fig.  3. 

As  arithmetic  mean,  or  average  value,  of  a  wave  as  in  Figs.  4 
and  5,  the  arithmetical  average  of  all  the  instantaneous  values 
during  one  complete  period  is  understood. 

This  arithmetic  mean  is  either  =  0,  as  in  Fig.  4,  or  it  differs 
from  0,  as  in  Fig.  5.  In  the  first  case,  the  wave  is  called  an 
alternating  wave,  in  the  latter  a  pulsating  wave. 

Thus,  an  alternating  wave  is  a  wave  whose  positive  values 
give  the  same  sum  total  as  the  negative  values;  that  is,  whose 

12 
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two  half-waves  have  in  rectangular  coordmates  the  same  area, 
as  shown  in  Fig.  4. 

A  pulsating  wave  is  a  wave  in  which  one  of  the  half-waves 
preponderates,  as  in  Fig.  5. 

By  electromagnetic  induction,  pulsating  waves  are  produced 
only  by  commutating  and  unipolar  machines  (or  by  the  super- 
position of  alternating  upon  direct  currents,  etc.). 

All  inductive  apparatus  without  commutation  give  exclu- 
sively alternating  waves,  because,  no  matter  what  conditions 
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Fig.  6.  —  Polaating  Wave. 


may  exist  in  the  circuit,  any  line  of  magnetic  force,  which  during 
a  complete  period  is  cut  by  the  circuit,  and  thereby  generates 
an  e.m.f.,  must  during  the  same  period  be  cut  again  in  the 
opposite  direction,  and  thereby  generate  the  same  total  amount 
of  e.m.f.  (Obviously,  this  does  not  apply  to  circuits  consisting 
of  different  parts  movable  with  regard  to  each  other,  as  in 
imipolar  machines.) 

Pulsating  currents,  and  therefore  pulsating  potential  dif- 
ferences across  parts  of  a  circuit  can,  however,  be  produced 
from  an  alternating  induced  e.m.f.  by  the  use  of  asymmetrical 
circuits,  as  arcs,  some  electrochemical  cells,  as  the  aluminum- 
carbon  cell,  etc.  Most  of  the  alternating-current  rectifiers  are 
based  on  the  use  of  such  asymmetrical  circuits. 

In  the  following  we  shall  almost  exclusively  consider  the 
alternating  wave,  that  is,  the  wave  whose  true  arithmetic  mean 
value  =0. 

Frequently,  by  mean  value  of  an  alternating  wave,  the  average 


Fig.  6. 
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of  one  half-wave  only  is  denoted,  or  rather  the  average  of  all 
instantaneous  values  without  regard  to  their  sign.  This  mean 
Vidua  of  one  half-wave  is  of  importance  mainly  in  the  rectifica- 
tion of  alternating  e.m.fs.,  since  it  determines  the  unidirectional 
value  derived  therefrom. 

10.  In  a  sine  wave,  the  relation  of  the  mean  to  the  maximum 
value  is  found  in  the  following  way: 

Let,  in   Pig.  6,  AOB   represent  a 
quadrant  of  a  circle  with  radius  1. 
Then,  while  the  angle  0  traverses 

the  arc  -    from  A   to  fi,  the    sine 

varies  from  0  to  OB  =  1.  Hence 
the  average  variation  of  the  sine 
bears  to  that  of  the  corresponding 

Tt  2 

arc  the  ratio  1  -f-  -  ,  or  -  -^  1.    The 

2  TT 

maximum  variation  of  the  sine  takes 
place  about  its  zero  value,  where  the  sine  is  equal  to  the  arc.  Hence 
the  maximum  variation  of  the  sine  is  equal  to  the  variation  of 
the  corresponding  arc,  and  consequently  the  maximum  variation 
of  the  sine  bears  to  its  average  variation  the  same  ratio  as  the 

2 

average  variation  of  the  arc  to  that  of  the  sine;  that  is,  1  -f-  -, 

and  since  the  variations  of  a  sine  function  are  sinusoidal  also,  we 
have 

2 
Mean  value  of  sine  wave  -^  maximum  value  =  -  -j-  1 

=  .63663. 

The  quantities,  "current,"  "e.m.f.,"  "magnetism,"  etc.,  are 
in  reality  mathematical  fictions  only,  as  the  components  of  the 
entities,  "energy,"  "power,"  etc.;  that  is,  they  have  no  inde- 
pendent existence,  but  appear  only  as  squares  or  products. 

Consequently,  the  only  integral  value  of  an  alternating  wave 
which  is  of  practical  importance,  as  directly  connected  with  the 
mechanical  system  of  units,  is  that  value  which  represents  the 
same  power  or  ejfed  as  the  periodical  wave.     This  is  called 
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the  effective  value.    Its  square  is  equal  to  the  mean  square  of 
the  periodic  function,  that  is, 

The  effective  value  of  an  alternating  wave,  or  the  volume  repre- 
senting the  same  effect  as  the  periodically  varying  wave,  is  the  square 
root  of  the  mean  square. 

In  a  sine  wave,  its  relation  to  the  maximum  value  is  found  in 
the  following  way: 

Let,  in  Fig.  7,  AOB  represent 
a  quadrant  of  a  circle  with  ra- 
dius 1. 

Then,  since  the  sines  of  any  angle, 
6j  and  its  complementary  angle, 
90^  -  e,  fulfill  the  condition,  — 

sin*  0  +  sin?  (90  -  ^)  =  1, 


Fig.  7. 


the  sines  in  the  quadrant,  AOB, 

can  be  grouped  into  pairs,  so  that 

the  sum  of  the  squares  of  any  pair  ==  1 ;  or,  in  other  words, 

the  mean  square  of  the  sine  -  J,  and  the  square  root  of   the 

mean  square,  or  the  effective  value  of  the  sine,  =  —z .    That  is, 

v2 

The  effective  value  of  a  sine  function  bears  to  its  maximum 
valve  the  ratio,  . 

— .  4-  1  =  0.70711. 

V2 

Hence,  we  have  for  the  sine  wave  the  following  relations: 


Max. 

Eff. 

Abith.  Mean.      | 

Half 
Period. 

Whole 
Period. 

1 

1 
V2 

2 

0 

1.0 

0.7071 

0.63663 

0 

1.4142 

1.0 

0.90034 

0 

1.6708 

1.1107 

1.0 

0 

11.  Coming  now  to  the  general  alternating  wave, 

i  =  A^  sin  2nft  +  A^  sin  inft  +  A^  sin  QTtft  +  . 
+  fii  cos  2  7tft  +  B^  cos  iTzft  +  B^  cos  6  tt/^  +  . 


16  ALTERNATING-CURRENT  PHENOMENA, 

we  find,  by  squaring  this  expression  and  cancelling  all  the  prod- 
ucts which  give  0  as  mean  square,  the  effective  value 

I  =  Vi  {A,'  +A,'  +  A,'  +  ...  +B,'  +  B,'  +  5/  . . .). 

The  mean  value  does  not  give  a  simple  expression,  and  is  of 
no  general  interest. 

12.  All  alternating-current  instruments,  as  ammeter,  volt- 
meter, etc.,  mefilsure  and  indicate  the  effective  valite.  The  maxi- 
mum value  and  the  mean  value  can  be  derived  from  the  curve 
of  instantaneous  values,  as  determined  by  wave-meter  or  oscillo- 
graph. 

Measurement  of  the  alternating  wave  after  rectification  by 
a  unidirectional  conductor,  as  an  arc,  gives  the  mean  value  with 
direct-current  instruments,  that  is,  instruments  employing  a 
permanent  magnetic  field,  and  the  effective  valve  with  alternating- 
current  instruments. 

Voltage  determination  by  spark-gap,  that  is,  by  the  strik- 
ing distance  between  needle  points,  gives  a  value  depending 
essentially  on  the  maximum,  and  less  on  the  mean  value  of 
the  wave. 


CHAPTER  III. 

LAW  OF   ELECTROMAGNETIC  INDUCTION. 

13.  If  an  electric  conductor  moves  relatively  to  a  magnetic 
field,  an  e.m.f.  is  generated  in  the  conductor  which  is  propor- 
tional to  the  intensity  of  the  magnetic  field,  to  the  length  of  the 
conductor,  and  to  the  speed  of  its  motion  perpendicular  to  the 
magnetic  field  and  the  direction  of  the  conductor;  or,  in  other 
words,  proportional  to  the  number  of  lines  of  magnetic  force 
cut  per  second  by  the  conductor. 

As  a  practical  unit  of  e.m.f.,  the  voU  is  defined  as  the  e.m.f. 
generated  in  a  conductor,  which  cuts  10*  =  100,000,000  lines  of 
magnetic  flux  per  second. 

If  the  conductor  is  closed  upon  itself,  the  e.m.f.  produces  a 
current. 

A  closed  conductor  may  be  called  a  turn  or  a  convolution. 
In  such  a  turn,  the  number  of  lines  of  magnetic  force  cut  per 
second  is  the  increase  or  decrease  of  the  number  of  lines  inclosed 
by  the  turn,  or  n  times  as  large  with  n  turns. 

Hence  the  e.m.f .  in  volts  generated  in  n  turns,  or  convolutions, 
is  n  times  the  increase  or  decrease,  per  second,  of  the  flux  inclosed 
by  the  turns,  times  10-*. 

If  the  change  of  the  flux  inclosed  by  the  turn,  or  by  n  turns, 
does  not  take  place  uniformly,  tlie  product  of  the  number 
of  turns,  times  change  of  flux  per  second,  gives  the  average 
e.m.f. 

If  the  magnetic  flux,  4>,  alternates  relatively  to  a  number  of 
turns,  n,  —  that  is,  when  the  turns  either  revolve  through  the 
flux,  or  the  flux  passes  in  and  out  of  the  turns,  —  the  total  flux  is 
cut  four  times  during  each  complete  period  or  cycle,  twice  pass- 
ing into,  and  twice  out  of,  the  turns. 

^  Hence,  if  /  =  number  of  complete  cycles  per  second,  or  the 
frequency  of  the  flux,  4>,  the  average  e.m.f.  generated  in  n  turns 
is 

^»Tg.  =4n<I>/10-*volts.      7 
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This  is  the  fundamental  equation  of  electrical  engineering, 
and  applies  to  continuous-current,  as  well  as  to  alternating- 
current,  apparatus. 

14.  In  continuous-current  machines  and  in  many  alternators, 
the  turns  revolve  through  a  constant  magnetic  field;  in  other 
alternators  and  in  induction  motors,  the  magnetic  field  revolves; 
in  transformers,  the  field  alternates  with  respect  to  the  sta- 
tionary turns;  in  other  apparatus,  alternation  and  rotation 
occur  simultaneously,  as  in  alternating-current  commutator 
motors. 

Thus,  in  the  continuous-current  machine,  if  n  =  number  of 
turns  in  series  from  brush  to  brush,  4>  =  flux  inclosed  per  turn, 
and  /  =  frequency,  the  e.m.f.  generated  in  the  machine  is 
E  =i  n^f  10-*  volts,  independent  of  the  number  of  poles,  of 
series  or  multiple  connection  of  the  armature,  whether  of  the 
ring,  drum,  or  other  type. 

^  In  an  alternator  or  transformer,  if  n  is  the  number  of  turns  in 
series,  *  the  maximum  flux  inclosed  per  turn,  and  /  the  frequency, 
this  formula  gives 

^avg.  =  *i  ri*/ 10- Wolts. 

Since  the  maximum  e.m.f.  is  given  by 


we  have 

J5?max.  =  2  xn^f  10-*  volts. 

And  since  the  effective  e.ni.f.  is  given  by 

E„ 


we  have 


=  4.44  n/<I>  10-*  volts,  J 

which  is  the  fundamental  formula  of  alternating-current  induc- 
tion by  sine  waves. 
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16.  If,  in  a  circuit  of  n  turns,  the  magnetic  flux,  *,  inclosed 
by  the  circuit  is  produced  by  the  current  in  the  circuit,  the 
ratio, 

flux  X  number  of  turns  X  10"^ 

current* 

is  called  the  inductance,  L,  of  the  circuit,  in  henrys. 
^The  product  of  the  number  of  turns,  n,  into  the  maximum 
flux,  *,  produced  by  a  current  of  /  amperes  effective,  or  Iy/2 
amperes  maximum,  is  therefore 

n<I>  =LZ\/210»; 
and  consequently  the  effective  e.m.f «  of  self-induction  is 

JS?  =  \/2  m^f  10-* 
-=  2  TrfLI  volts,     y 

The  product,  x  =  2  ;r/L,  is  of  the  dimension  of  resistance, 
and  is  called  the  inductive  reactance  of  the  circuit;  and  the  e.m.f. 
of  self-induction  of  the  circuit,  or  the  reactance  voltage,  is 

E  =Ix, 

and  lags  90°  behind  the  current,  since  the  current  is  in  phase 
with  the  magnetic  flux  produced  by  the  current,  and  the  e.m.f. 
lags  90°  behind  the  magnetic  flux.  The  e.m.f.  lags  90°  behind 
the  magnetic  flux,  as  it  is  proportional  to  the  rate  of  change  in 
flux;  thus  it  is  zero  when  the  magnetism  is  at  its  maximum 
value,  and  a  maximum  when  the  flux  passes  through  zero,  where 
it  changes  quickest. 


CHAPTER  IV. 

GRAPHIC  REPRESENTATION. 

16.  While  alternating  waves  can  be,  and  frequently  are, 
represented  graphically  in  rectangular  coordinates,  with  the 
time  as  abscissas,  and  the  instantaneous  values  of  the  wave  as 
ordinates,  the  best  insight  with  regard  to  the  mutual  relation 
of  different  alternating  waves  is  given  by  then-  representation  in 
polar  coordinates,  with  the  time  as  the  angle  or  the  amplitude, 
—  one  complete  period  being  represented  by  one  revolution, 
and  the  instantaneous  values  as  radius  vectors. 

Thus  the  two  waves  of  Figs.  2  and  3  are 
represented  in  polar  coordinates  in  Pigs.  8 
and  9  as  closed  characteristic  curves,  which, 
by  their  intersection  with  the  radius  vector, 
give  the  instantaneous  value  of  the  wave, 
corresponding  to  the  time  represented  by 
the  amplitude  or  angle  of  the  radius  vector. 

These  instantaneous  values   are   positive 
if   in   the   direction   of  the    radius  vector, 
and  negative  if  in  opposition.    Hence  the 
Fig*.  8.  *wo  half-waves  in  Fig.   2  are   represented 

by  the  same  polar  characteristic  curve,  which 
is  traversed  by  the  point  of  intersection  of  the  radius  vector 
twice  per  period,  —  once  in  the  direction  of  the  vector,  giving 
the  positive  half-wave,  and  once  in  opposition  to  the  vector, 
giving  the  negative  half-wave.  In  Figs.  3  and  9,  where 
the  two  half-waves  are  different,  they  give  different  polar 
characteristics. 

17.  The  sine  wave,  Rg.  1,  is  represented  in  polar  coordinates 
by  one  circle,  as  shown  in  Fig.  10.  The  diameter  of  the  charac- 
teristic curve  of  the  sine  wave,  /  =  OC^  represents  the  intensity 
of  the  wave;  and  the  amplitude  of  the  diameter  OC,  ^  Oq  = 
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AOC,  is  the  phase  of  the  wave,  which,  therefore,  is  represented 
analytically  by  the  function: 

i  =1  cos  {d  -  d^, 

where  0  =  2n  -  is   the  instantaneous  value  of  the  amplitude 

corresponding  to  the  instantaneous  value,  t,  of  the  wave. 


Fio.  9. 


The  instantaneous  values  are  cut  out  on  the  movable  radius 
vector  by  its  intersection  with  the  characteristic  circle.    Thus, 


for  instance,  at  the  amplitude,  AOB^ 


(Fig.  10),  the 


instantaneous  value  is  0B'\   at  the  amplitude,  AOB^  =^2  == 
2n  J,  the  instantaneous  value  is  OB*,  and  negative,  since  in 

opposition  to  the  radius  vector,  OBy 

The  angle,  0^,  so  represents  the  time,  and  increasing  time  is 
represented  by  an  increase  of  angle  0  in  counter-clockwise  rota- 
tion. That  is,  the  positive  direction,  or  increase  of  time,  is  chosen 
as  coimter-clockwise  rotation. 

The  characteristic  circle  of  the  alternating  sine  wave  is  deter- 
mined by  the  length  of  its  diameter  —  the  intensity  of  the  wave; 
and  by  the  amplitude  of  the  diameter  —  the  phase  of  the  wave. 

Hence  wherever  the  integral  value  of  the  wave  is  considered 
alone,  and  not  the  instantaneous  values,  the  characteristic 
circle  may  be  omitted  altogether,  and  the  wave  represented  in 
intensity  and  in  phase  by  the  diameter  of  the  characteristic 
circle. 
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Thus,  in  polar  coordinates,  the  alternate  wave  is  represented 
in  intensity  and  phase  by  the  length  and  direction  of  a  vector, 
OC,  Fig.  10,  and  its  analytical  expression  would  then  be  c  =  OC 
cos  (d  -  d^. 

Instead  of  the  maximum  value  of  the  wave,  the  effective  value, 
or  square  root  of  mean  square,  may  be  used  as  the  vector,  which 
is  more  convenient;  and  the  maximum  value  is  then  \/2  times 
the  vector  OC,  so  that  the  instantaneous  values,  when  taken 
from  the  diagram,  have  to  be  increased  by  the  factor  VJ. 

Thus,  the  wave, 


f-W"       B 

b=Bcos27:f  (t  -^ 
=  i5  cos  (^  -  »i), 

*-^           o 

^X^U=r  0 

_  A 

U^'-ISO** 

\ht9^0 

is,  in  Fig.  11,  represented  by 

«» 

9*-' 

^gttf 

vector  OB  =  ----, 
V2 

Fio.  11. 

of  phase       AOB  =  <?,; 

and  the  wave, 

c 

=  C  cos  2  Tcf  (t  +  Q 

=  C  cos  (e  +  ^,), 

is,  in  Fig.  11,  represented  by 


(7 

vector  OC  =  --=,  of  phase  AOC  =  —  0^. 

V2 


The  former  is  said  to  lag  by  angle  0^,  the  latter  to  lead  by 
^^gl^  ^3>  with  regard  to  the  zero  position. 

The  wave  b  lags  by  angle  {0^  +  (?,)  behind  wave  c,  or  c  leads 
b  by  angle  (d,  +  6^). 


18,  To  combine  different  sine  waves,  their  graphical  rep- 
resentations, or  vectors,  are  combined  by  the  parallelogram 
law. 
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TiQ.  12. 


If,  for  instance,  two  sine  waves,  OB  and  OC  (Fig.  12),  are 
superposed, —  as,  for  instance,  two  e.m.fs.  acting  in  the  same 
circuit, —  their  resultant  wave  is  represented  by  OD,  the  diago- 
nal of  a  parallelogram  with  OB 
and  OC  as  sides. 

For  at  any  time,  f,  repre- 
sented by  angle  0  =  AOX,  the 
instantaneous  values  of  the  three 
waves,  OB,  OC,  OD,  are  their 
projections  upon  OX,  and  the 
sum  of  the  projections  of  OB 
and  OC  is  equal  to  the  projec- 
tion of  OD;  that  is,  the  instan- 
taneous values  of  the  wave  OD 
are  equal  to  the  sum  of  the  instantaneous  values  "of  waves  OB 

and  OC. 

From  the  foregoing  considerations  we  have  the  conclu- 
sions: 

The  sine  wave  is  represented  graphically  in  polar  coordinates 
by  a  vector,  which  by  its  length,  OC,  denotes  the  intensity,  and  by 
its  amplitude,  AOC,  the  phase,  of  the  sine  wave. 

Sine  waves  are  combined  or  resolved  graphically,  in  polar 
coordinates,  by  the  law  of  the  parallelogram  or  the  polygon  of 
sine  waves, 

Kirchhoff's  laws  now  assume,  for  alternating  sine  waves,  the 
form: 

(a)  The  resultant  of  all  the  e.m.fs.  in  a  closed  circuit,  as 
found  by  the  parallelogram  of  sine  waves,  is  zero  if  the  counter 
e.m.fs.  of  resistance  and  of  reactance  are  included. 

(6)  The  resultant  of  all  the  currents  toward  a  distributing  point, 
as  found  by  the  parallelogram  of  sine  waves,  is  zero. 

The  power  equation  expressed  graphically  is  as  follows: 

The  f)Ower  of  an  alternating-current  circuit  is  represented  in 
polar  coordinates  by  the  product  of  the  current,  /,  into  the  pro- 
jection of  the  e.m.f.,  E,  upon  the  current,  or  by  the  e.m.f.,  E, 
into  the  projection  of  the  current,  /,  upon  the  e.m.f.,  or  by  IE 
cos  0,  where  0  =  angle  of  time-phase  displacement. 
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19.  Suppose,  as  an  example,  that  in  a  line  having  the 
resistance,  r,  and  the  reactance,  a?  =  2  nfL^  —  where  /  =  fre- 
quency and  L  =  inductance,  —  there  exists  a  current  of  / 
amperes,  the  line  being  connected  to  a  non-inductive  circuit 
operating  at  an  e.m.f.  of  E  volts.  What  will  be  the  e.m.f. 
required  at  the  generator  end  of  the  line? 

In  the  polar  diagram,  Fig.  13,  let 

the  phase  of  the  current  be  assumed 
as  the  initial  or  zero  line,  01. 
Since  the  receiving  circuit  is  non- 
inductive,  the  current  is  in  time- 
phase  with  its  e.m.f.  Hence  the 
e.m.f.,  E,  at  the  end  of  the  line, 
impressed  upon  the  receiving  cir- 
cuit, is  represented  by  a  vector, 
OE.  To  overcome  the  resistance,  r, 
of  the  line,  an  e.m.f.,  7r,  is  required  in  time-phase  with  the 
current,  represented  by  OEr  in  the  diagram.  The  induc- 
tive reactance  of  the  line  generates  an  e.m.f.  which  is 
proportional  to  the  current,  /,  and  reactance,  x,  and  lags  a 
quarter  of  a  period,  or  90®,  behind  the  current.  To  overcome 
this  counter  e.m.f.  of  inductive  reactance,  an  e.m.f.  of  the  value 
Ix  is  required,  in  time-phase  90®  ahead  of  the  current,  hence 
represented  by  vector  OE^.  Thus  resistance  consumes  e.m.f. 
in  phase,  and  reactance  an  e.m.f.  90  time-degrees  ahead  of  the 
current.  The  e.m.f.  of  the  generator,  E^,  has  to  give  the  three 
e.m.fs.,  E,  Er,  and  E^t  hence  it  is  determined  as  their  resultant. 
Combining  by  the  parallelogram  law,  OEr  and  OE^,  give  0-B,, 
the  e.m.f.  required  to  overcome  the  impedance  of  the  line,  and 
similarly  OEg  and  OE  give  OE^,  the  e.m.f.  required  at  the  gen- 
erator side  of  the  line,  to  yield  the  e.m.f.,  Ej  at  the  receiving  end 
of  the  line.    Algebraically,  we  get  from  Fig.  13 


or 


E,  =  V(E  +  Iry  +  (Ixy; 
E  =  VE,'  -  (Ixy  -  Ir. 


In  this  example  we  have  considered  the  e.m.f.  consumed  by 
the  resistance  (in  time-phase  with  the  current)  and  the  e.m.f. 
consumed  by  the  reactance  (90  timenlegrees  ahead  of  the  current) 
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as  parts,  or  components,  of  the  impressed  e.m.f.,  E^,  and  have 
derived  E^  by  combining  Er,  E^,  and  E. 

20.  We  may,  however,  introduce  the  effect  of  the  inductive 
reactance  directly  as  an  e.m.f.,  Ex\  the  counter  e.m.f.  of  inductive 
reactance  =  /x,  and  lagging  90  time-degrees  behind  the  current; 
and  the  e.m.f.  consumed  by  the  resistance  as  a  counter  e.m.f., 


Fig.  14. 


Fig.  16. 


E/  =  7r,  but  in  opposition  to  the  current,  as  is  done  in  Fig.  14; 
and  combine  the  three  e.m.fs.  E^,  E/,  Ex\  to  form  a  resultant 
e.m.f.,  E,  which  is  left  at  the  end  of  the  line.  E/  and  EJ  com- 
bine to  form  E/,  the  counter  e.m.f.  of  impedance;  and  since  E^' 
and  E^  must  combine  to  form  E,  E^  is  found  as  the  side  of  a 
parallelogram,  OE^E/^  whose  other  side,  OE/,  and  diagonal, 
OE,  are  given. 

Or  we  may  say  (Fig.  15),  that  to  overcome  the  counter  e.m.f. 
of  impedance,  OE/,  of  the  line,  the  component,  OEg,  of  the 
impressed  e.m.f.  is  required  which,  with  the  other  component 
OE,  must  give  the  impressed  e.m.f.,  OE^. 

As  shown,  we  can  represent  the  e.m.fs.  produced  in  a  circuit 
in  two  wajrs  —  either  as  counter  e.m.fs.,  which  combine  with 
the  impressed  e.m.f.,  or  as  parts,  or  components,  of  the  impressed 
e.m.f.,  in  the  latter  case  being  of  opposite  phase.  According 
to  the  nature  of  the  problem,  either  the  one  or  the  other  way 
may  be  preferable. 

As  an  example,  the  e.m.f.  consumed  by  the  resistance  is  /r, 
and  in  time-phase  with  the  current;  the  counter  e.m.f.  of  resist- 
ance is  in  opposition  to  the  current.    The  e.m.f.  consumed  by 
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the  reactance  is  Ix,  and  90  time-degrees  ahead  of  the  current, 
while  the  counter  e.m.f.  of  reactance  is  90  time-degrees  behind 
the  current;  so  that,  if,  in  Fig.  16,  01  is  the  current, 

OEr   =  e.m.f.  consumed  by  resistance, 

OE/  =  counter  e.m.f.  of  resistance, 

OEx   =  e.m.f.  consumed  by  inductive  reactance, 

OEx'  =  counter  e.m.f.  of  inductive  reactance, 

OEg   =  e.m.f.  consumed  by  impedance, 

OE/  =  counter  e.m.f.  of  impedance. 

Obviously,  these  counter  e.m.fs.  are  different  from,  for  instance, 
the  counter  e.m.f.  of  a  synchronous  motor,  in  so  far  as  they 
have  no  independent  existence,  but  exist 
only  through,  and  as  long  as  the  cur- 
rent exists.  In  this  respect  they  are 
analogous  to  the  opposing  force  of  fric- 
tion in  mechanics. 


EtO 


->-• 


21.  Coming  back  to  the  equation 
found  for  the  e.m.f.  at  the  generator 
end  of  the  line, 
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E,  =  V{E  +  Iry+{Ix)\ 
we  find,  as  the  drop  of  potential  in  the  line, 


e  =  ^,  -  ^  =  V{E  +  Iry  +  {Ixy  -  E. 
This  is  different  from,  and  less  than,  the  e.m.f.  of  impedance, 


E,^Iz=^  /vVT^. 


-'a 


Hence  it  is  wrong  to  calculate  the  drop  of  potential  in  a  circuit 
by  multiplying  the  current  by  the  impedance;  and  the  drop  of 
potential  in  the  line  depends,  with  a  given  current  fed  over  the 
line  into  a  non-inductive  circuit,  not  only  upon  the  constants  of 
the  line,  r  and  x,  but  also  upon  the  e.m.f.,  E,  at  end  of  line,  as 
can  readily  be  seen  from  the  diagrams. 
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22.  If  the  receiver  circuit  is  inductive,  that  is,  if  the  current, 
/,  lags  behind  the  e.m.f.,  E,  by  a  time-angle,  0,  and  we  choose 
again  as  the  zero  line,  the  current  01  (Rg.  17),  the  e.m.f.,  OE, 
is  ahead  of  the  current  by  the  time-angle,  6.  The  e.m.f.  consumed 
by  the  resistance,  /r,  is  in  time-phase  with  the  current,  and 
represented  by  OEri  the  e.m.f.  consumed  by  the  reactance,  /x, 
is  90  time-degrees  ahead_of  the  current,  and  represented  by 
OE^.  Combmmg  OB,  OEr,  and  OS,,  we  get  OE^,  the  e.m.f. 
required  at  the  generator  end  of  the  line.  Comparing  Fig.  17 
with  Rg.  14,  we  see  that  in  the  former  OE^  is  larger;  or  con- 
versely, if  Eq  is  the  same,  E  will  be  less  with  an  inductive  load. 
In  other  words,  the  drop  of  potential  in  an  inductive  line  is 
greater  if  the  receiving  circuit  is  inductive  than  if  it  is  non- 
inductive.    From  Fig.  17, 


E^  =  V{EcG8e  +  Irf  +  (J^sinfl  +  lx)\ 

If,  however,  the  current  in  the  receiving  circuit  is  leading, 
as  is  the  case  when  feeding  condensers  or  synchronous  motors 
whose  counter  e.m.f.  is  larger  than  the  impressed  e.m.f.,  then 


Fio.  17. 


Fio.  18. 


the  e.m.f.  will  be  represented,  in  Fig.  18,  by  a  vector,  OE,  lagging 
behind  the  current,  0/,  by  the  time-angle  of  lead,  ^;  and  in  this 
case  we  get,  by  combining  OE  with  OE^,  in  time-phase  with 
the  current,  and  OE^,  90  time-degrees  ahead  of  the  current,  the 
generator  e.m.f.,  OE^^  which  in  this  case  is  not  only  less  than  in 
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Fig.  17  and  in  Fig.  14,  but  may  be  even  less  than  E;  that  is,  the 
potential  rises  in  the  line.  In  other  words,  in  a  circuit  with 
leading  current,  the  inductive  reactance  of  the  line  raises  the 
potential,  so  that  the  drop  of  potential  is  less  than  with  a  non- 
inductive  load,  or  may  even  be  negative,  and  the  voltage  at  the 
generator  lower  than  at  the  other  end  of  the  line. 

These  diagrams.  Figs.  14  to  18,  can  be  considered  polar  dia- 
grams of  an  alternating-current  generator  of  an  e.m.f.,  E^,  a 
resistance  e.m.f.,  Er  =  /r,  a  reactance  e.m.f.,  Ej.  =  Ix,  and  a 
difference  of  potential,  -B,  at  the  alternator  terminals;  and  we 
see,  in  this  case,  that  with  an  inductive  load  the  potential  dif- 
ference at  the  alternator  terminals  will  be  lower  than  with  a 
non-inductive  load,  and  that  with  a  non-inductive  load  it  will 
be  lower  than  when  feeding  into  a  circuit  with  leading  current, 
as,  for  instance,  a  synchronous  motor  circuit  under  the  circum- 
stances stated  above. 


23.  As  a  further  example,  we  may  consider  the  diagram  of 
an  alternating-current  transformer,  feeding  through  its  secondary 
circuit  an  inductive  load. 

For  simplicity,  we  may  neglect  here  the  magnetic  hysteresis, 
the  effect  of  which  will  be  fully  treated  in  a  separate  chapter  on 
this  subject. 

Let  the  time  be  counted  from  the  moment  when  the  magnetic 
flux  is  zero.  The  time-phase  of  the  flux,  that  is,  the  amplitude 
of  its  maximum  value,  is  90°  in  this  case,  and,  consequently,  the 
time-phase  of  the  generated  e.m.f.  is  180°,  since  the  generated 
e.m.f.  lags  90  time-degrees  behind  the  generating  flux.  Thus 
the  e.m.f.,  E^,  generated  in  the  secondary,  will  be  represented 
by  a  vector,  OE^,  in  Fig.  19,  displaced  by  180  time-degrees  from 
the  zero  of  magnetic  flux.  The  secondary  current,  7^,  lags 
behind  the  e.m.f.,  E^,  by  an  angle,  0^,  which  is  determined  by 
the  resistance  and  inductive  reactance  of  the  secondary  circuit; 
that  is,  by  the  load  in  the  secondary  circuit,  and  is  represented 
in  the  diagram  by  the  vector,  OF^,  of  phase  180  +  0^. 

Instead  of  the  secondary  current,  /j,  we  plot,  however,  the 
secondary  m.m.f.,  F^  =  nj^,  where  n^  is  the  number  of  secon- 
dary turns,  and  F^  is  given  in  ampere-turns.  This  makes  us 
independent  of  the  ratio  of  transformation. 
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From  the  secondary  e.m.f.,  Ej,  we  get  the  flux,  4>,  required  to 
induce  this  e.m.f.,  from  the  equation 

E^  =\/2  7m,/*10-»; 
where 

£j  =  secondary  e.m.f.,  in  effective  volts, 

/  =  frequency,  in  cycles  per  second, 

rij  =  number  of  secondary  turns, 

4>  =  maximum  value  of  magnetic  flux,  in  lines  of  magnetic 
force. 

The  derivation  of  this  equation  has  been  given  in  a  preceding 
chapter. 

This  magnetic  flux,  4>,  is  represented  by  a  vector,  04>,  dis- 
placed 90°  in  time-phase,  and  to  produce  it  an  m.m.f.,  F,  is 
required,  which  is  determined  by  the  magnetic  characteristic  of 
the  iron,  and  the  section  and  length  of  the  magnetic  circuit  of 
the  transformer;  this  m.m.f.  is  in  time-phase  with  the  flux,  4>, 
and  is  represented  by  the  vector,  OF,  in  effective  ampere-tums. 


Ef-^ 


Fio.  19. 

The  effect  of  hysteresis,  neglected  at  present,  is  to  shift  OF 
ahead  of  04>,  by  an  angle,  a,  the  angle  of  hysteretic  lead.  (See 
Chapter  on  Hysteresis.) 

This  m.m.f.,  F,  is  the  resultant  of  the  secondary  m.m.f.,  F^, 
and  the  primary  m.m.f.,  F^;  or  graphically,  OF  is  the  diagonal 
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of  a  parallelogram  with  OF^^  and  OF^  as  sides.    OF^  and  OF 

being  known,   we  find  OF^,  the  primary  ampere-tums,   and 

therefrom,  and  the  number  of  primary  turns,  n^,  the  primary 

F 
current,  /,,  =  — ^  ,  which  corresponds  to  the  secondary  current,  /,. 

To  overcome  the  resistance,  r^,  of  the  primary  coil,  an  e.m.f., 
Er  =  /o^o,  is  required,  in  time-phase  with  the  current,  7^,  and 
represented  by  the  vector,  OEr. 

To  overcome  the  reactance,  x^  =2  tzjL^,  of  the  primary  coil, 
an  e.m.f.,  E^  =  Ifi^  is  required,  90®  ahead  of  the  current,  7^,  and 
represented  by  vector,  OE^, 

The  resultant  magnetic  flux,   O,    which   generates   in   the 

secondary  coil  the  e.m.f.,  E^,  generates  in   the    primary   coil 

n 
an  e.m.f.  proportional  to  E^  by  the  ratio  of  turns  —  ,  and  in 

phase  with  E^,  or, 

which  is  represented  by  the  vector  OE/.  To  overcome  this 
counter  e.m.f.,  E/,  a  primary  e.m.f.,  Ei,  is  required,  equal  but  in 
time-phase  opposition  to  -B/,  and  represented  by  the  vector, 
OEi. 

The  primary  impressed  e.m.f.,  E^,  must  thus  consist  of  the 
three  components,  OEi,  OEry  and  OEx,  and  is,  therefore,  their 
resultant  OE^,  while  the  difference  of  phase  in  the  primary 
circuit  is  found  to  be 

e.^EfiF,. 

24.  Thus,  m  Figs.  19  to  21,  the  diagram  of  a  transformer  is 
drawn  for  the  same  secondary  e.m.f.,  E^,  secondary  current, 
7^,  and  therefore  secondary  m.m.f.,  7^^,  but  with  different  condi- 
tions of  secondary  phase  displacement: 

In  Fig,  19,  the  secondary  current,  7^,  lags  60  time-degrees 
behind  the  secondary  e.m.f.,  Ey 

In  Fig.  20,  the  secondary  current,  7^,  is  in  time-phase  with  the 
secondary  e.m.f.,  E^ 
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In  Pig.  21,  the  secondary  current,  /j,  leads  by  60  time-degrees 
the  secondary  e.m.f.,  E^, 

These  diagrams  show  that  time-lag  of  the  current  in  the 
secondary  circuit  increases  and  lead  decreases  the  primary 
current  and  primary  e.m.f.  required  to  produce  in  the  secondary 


circuit  the  same  e.m.f.  and  current;  or  conversely,  at  a  given 
primary  impressed  e.m.f.,  E^,  the  secondary  e.m.f.,  E^,  will  be 
smaller  with  an  inductive,  and  larger  with  a  condensive  (leading 
current)  load,  than  with  a  non-inductive  load. 


_g1Np    \  '    El 


Fig.  21. 

At  the  same  time  we  see  that  a  difference  of  time-phase 
existing  in  the  secondary  circuit  of  a  transformer  reappears  in 
the  primary  circuit,  somewhat  decreased  if  the  current  is  leading, 
and  slightly  increased  if  lagging,  in  time-phase.  Later  we  shall 
see  that  hysteresis  reduces  the  displacement  in  the  primary  cir- 
cuit, so  that,  with  an  excessive  lag  in  the  secondary  circuit,  the 
li^  in  the  primary  circuit  may,  be  less  than  in  the  secondary. 

A  conclusion  from  the  foregoing  is  that  the  transformer  is 
not  suitable  for  producing  currents  of  displaced  phase,  since 
primary  and  secondary  current  are,  except  at  very  light  loads, 
very  nearly  in  phasei  or  rather,  in  opposition,  to  each  other. 


CHAPTER  V. 

SYMBOLIC   METHOD. 

26.  The  graphical  method  of  representing  aJtemating-current 
phenomena  by  polar  coordinates  of  time  affords  the  best  means 
for  deriving  a  clear  insight  into  the  mutual  relation  of  the 
dififerent  alternating  sine  waves  entering  into  the  problem.  For 
numerical  calculation,  however,  the  graphical  method  is  gener- 
ally not  well  suited,  owing  to  the  widely  different  magnitudes  of 
the  alternating  sine  waves  represented  in  the  same  diagram, 
which  make  an  exact  diagrammatic  determination  impossible. 
For  instance,  in  the  transformer  diagrams  (cf.  Figs.  1&-21), 
the  different  magnitudes  have  numerical  values  in  practice, 
somewhat  like  E^  =  100  volts,  and  I^  =  75  amperes.  For  a  non- 
inductive  secondary  load,  as  of  incandescent  lamps,  the  only 
reactance  of  the  secondary  circuit  thus  is  that  of  the  secondary 
coil,  or,  Xj  =  0.08  ohms,  giving  a  lag  of  ^i  =  3.6®.  We  have 
also, 

rij  =^     30  turns. 

n^  =    300  turns. 

jFj  =  2250  ampere-turns. 

F    =    100  ampere-turns. 

Er  =     10  volts. 

Ej,  =      60  volts. 

Ei  =1000  volts. 

The  corresponding  diagram  is  shown  in  Fig.  22.  Obviously, 
no  exact  numerical  values  can  be  taken  from  a  parallelogram 
as  flat  as  OF^FF^,  and  from  the  combination  of  vectors  of  the 
relative  magnitudes  1:6:  100. 

Hence  the  importance  of  the  graphical  method  consists  not 
so  much  in  its  usefulness  for  practical  calculation,  as  to  aid  in 
the  simple  understanding  of  the  phenomena  involved. 
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26.  Sometimes  we  can  calculate  the  numerical  values  trigo- 
nometrically  by  means  of  the  diagram.  Usually,  however,  this 
becomes  too  complicated,  as  will  be  seen  by  trjdng  to  calculate, 


Fio.  22. 


from  the  above  transformer  diagram,  the  ratio  of  transforma- 
tion.   The  primary  m.m.f.  is  given  by  the  equation, 

^0  «  Vi?^  +  F^  +  2Fi^iSindp 

an  expression  not  well  suited  as  a  starting-point  for  further 
calculation. 

A  method  is  therefore  desirable  which  combines  the  exactness 
of  anal}rtical  calculation  with  the  clearness  of  the  graphical 
representation. 

27.  We  have  seen  that  the  alternating  sine  wave  is  repre- 
sented in  intensity,  as  well  as  phase,  by  a  vector,  01,  which 
is  determmed  analytically  by  two  numerical  quantities  —  the 


i. 


xA 
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length,  07,  or  intensity;    and  the  amplitude, 
AOI,  or  phase  6,  of  the  wave,  /. 

Instead  of  denoting  the  vector  which  repre- 
sents the  sine  wave  in  the  polar  diagram  by 
the  polar  coordinates,  /  and  0,  we  can  repre- 
sent  it  by  its  rectangular  coordinates,    a  and  h  (Fig.  23), 
where 

a  =  7  cos  0  is  the  horizontal  component, 

h  «  7  sin  tf  is  the  vertical  component  of  the  sine  wave. 

This  representation  of  the  sine  wave  by  its  rectangular  com- 
ponents is  very  convenient,  in  so  far  as  it  avoids  the  use  of 
trigonometric  functions  in  the  combination  or  resolution  of  sine 
waves. 
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Since  the  rectangular  components,  a  and  6,  are  the  horizontal 
and  the  vertical  projections  of  the  vector  representing  the  sine 
wave,  and  the  projection  of  the  diagonal  of  a  parallelogram  is 
equal  to  the  sum  of  the  projections  of  its  sides,  the  combination 
of  sine  waves  by  the  parallelogram  law  is  reduced  to  the  addition, 
or  subtraction,  of  their  rectangular  components.  That  is, 
Sine  waves  are  combined,  or  resolved,  by  adding,  or  svbtractingf 
their  rectangular  components. 

For  instance,  if  a  and  b  are  the  rec- 
tangular components  of  a  sine  wave,  /, 
and  a'  and  V  the  components  of  another 
sine  wave,  /'  (Kg.  24),  their  resultant 
sine  wave,  /^,  has  the  rectangular  com- 
ponents a^=  {a  +  a'),  and  b^  =  (6+  V). 
To  get   from   the   rectangular  com- 
ponents, a  and  6,  of  a  sine  wave,  its 
intensity,  i,  and  phase,  0,  we  may  combine  a  and  6  by  the 
parallelogram,  and  derive 


i  =  Va'  +  V; 
b 
a 

Hence  we  can  analytically  operate  with  sine  waves,  as  with 
forces  in  mechanics,  by  resolving  them  into  their  rectangular 
components. 

28.  To  distinguish,  however,  the  horizontal  and  the  vertical 
components  of  sine  waves,  so  as  not  to  be  confused  in  lengthier 
calculation,  we  may  mark,  for  instance,  the  vertical  components, 
by  a  distinguishing  index,  or  the  addition  of  an  otherwise  mean- 
ingless symbol,  as  the  letter  /,  and  thus  represent  the  sine  wave 
by  the  expression 

/  =a  +  jb, 

which  now  has  the  meaning,  that  a  is  the  horizontal  and  6  the 
vertical  component  of  the  sine  wave  /,  and  that  both  components 
are  to  be  combined  in  the  resultant  wave  of  intensity 


i  =  Va'  +  b\ 


and  of  phase,  tan  0  = 
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Similarly,  a  —  jb  means  a  sine  wave  with  a  as  horizontal, 
and  —  6  as  vertical,  components,  etc. 

Obviously,  the  plus  sign  in  the  symbol,  a  +  j&,  does  not 
imply  simple  addition,  since  it  connects  heterogeneous  quan- 
tities —  horizontal  and  vertical  components  —  but  implied  com- 
bination by  the  parallelogram  law. 

For  the  present,  /  is  nothing  but  a  distinguishing  index,  and 
otherwise  free  for  definition  except  that  it  is  not  an  ordinary 
number. 


29.  A  wave  of  equal  intensity,  and  diflfering  in  phase  from 
the  wave,  a  +  jb,  by  180  time-degrees,  or  one-half  period,  is 
represented  in  polar  coordinates  by  a  vector  of  opposite  direc- 
tion, and  denoted  by  the  symbolic  expression,  —  a  —  jb.    Or, 

Multiplying  the  symbolic  expression, 
o  +  j6.  of  a  sine  wave  by  —X  means 
reversing  the  wave,  or  rotating  it  through 
180  time-degrees,  or  one^half  period, 

A  wave  of  equal  intensity,  but  lag- 
ging 90  time -degrees,  or  one -quarter  j.^^  26. 
period,  behind  a  +  jfe,  has  (Fig.  25)  the 

horizontal  component,  —  6,  and  the  vertical  component,  a,  and 
is  represented  symbolically  by  the  expression,  ja  —  6. 

Multiplying,  however,  a  +  j&  by  j,  we  get 


ja  +  fb; 


therefore,  if  we  define  the  heretofore  meaningless  symbol,  /,  by 
the  condition, 

f  =  -1. 

we  have 

j  (a  +  jb)  =  ja  -  6; 
hence, 

MvUiplying  the  symbolic  expression,  a  +  jb,  of  a  sine  wave  by 
j  means  rotating  the  wave  through  90  time-degrees,  or  one-qiwrter 
period;  thai  is,  retarding  the  wave  through  one-quarter  period. 

Similarly,  — 

MvUiplying  by  —  j  means  advancing  the  wave  through  one- 
quarter  period. 


36  ALTERNATING-CURRENT  PHENOMENA. 


Since  f  =  -  1,        j  =  V-  1; 

that  is, 

j  is  the  imaginary  unit,  and  the  sine  wave  is  represented  by  a 
complex  imaginary  quantity ^  a  +  jb. 

As  the  imaginary  unit,  j,  has  no  numerical  meaning  in  the 
system  of  ordinary  numbers,  this  definition  of  j  =  V—  1  does 
not  contradict  its  original  introduction  as  a  distinguishing 
index.  For  the  Algebra  of  Complex  Quantities  see  Appendix  I. 
For  a  more  complete  discussion  thereof  see  "Electrical  Engineer- 
ing Mathematics. " 

30.  In  the  polar  diagram  of  time,  the  sine  wave  is  represented 
in  intensity  as  well  as  phase  by  one  complex  quantity, 

a  +  ]b, 

where  a  is  the  horizontal  and  b  the  vertical  component  of  the 
wave;  the  intensity  is  given  by 


i 

=  Va'  +  b\ 

the  phase  by 

A. 

taxid 

a 

and 

a 

=  i  cos  d, 

b 

=  i  sin  d; 

hence  the  wave,  a  +  jb,  can  also  be  expressed  by 

i(cos^  +  jsinfl), 

or,  by  substituting  for  cos  0  and  sin  0  their  exponential  expres- 
sions, we  obtain 

Since  we  have  seen  that  sine  waves  may  be  combined  or 
resolved  by  adding  or  subtracting  their  rectangular  components, 
consequently, 

*  In  this  representation  of  the  sine  wave  by  the  exponential  expression  of 

the  complex  quantity,  the  angle  0  necessarily  must  be  expressed  m  radians, 

and  not  in  degrees,  that  is,  with  one  complete  revolution  or  cycle  as  2  ?r,  or 

180 
with «  57.3  degrees  as  unit, 
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Sine  waves  may  be  combined  or  resolved  by  adding  or  subtracting 
their  complex  algebraic  expressions. 
For  instance,  the  sine  waves, 

a  +  ]b 
and 

a'  +  ib\ 

combined  give  the  sine  wave, 

I  =.(a  +  a')  +  ]  {b  +  V). 

It  will  thus  be  seen  that  the  combination  of  sine  waves  is 
reduced  to  the  elementary  algebra  of  complex  quantities. 

31.  If  /  =  i  +  jf'  is  a  sine  wave  of  alternating  current,  and 
r  is  the  resistance,  the  e.m.f.  consumed  by  the  resistance  is  in 
phase  with  the  current,  and  equal  to  the  product  of  the  current 
and  resistance.    Or 

rl  ^ri  +  jri\ 

If  L  is  the  inductance,  and  x  =2  nfL  the  inductive  react- 
ance, the  e.m.f.  produced  by  the  reactance,  or  the  counter  e.m.f. 
of  self-induction,  is  the  product  of  the  current  and  reactance, 
and  lags  in  time-phase  90°  behind  the  current;  it  is,  therefore, 
represented  by  the  expression 

jxl  =  jxi  —  xi\ 

The  e.m.f.  required  to  overcome  the  reactance  is  consequently 
90  time-degrees  ahead  of  the  current  (or,  as  usually  expressed, 
the  current  lags  90  time-degrees  behind  the  e.m.f.),  and  repre- 
sented by  the  expression 

—  ]xl  =  —  jxi  +  xi\ 

Hence,  the  e.m.f.  required  to  overcome  the  resistance,  r,  and 
the  reactance,  x,  Ls 

(r  -  jx)  I ; 
that  is, 

Z  —r  —  jx  is  the  expression  of  the  impedance  of  the  circuit 
in  complex  quantities. 
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Hence,  if  /  =^i  +  pf  is  the  current,  the  e.m.f .  required  to 
overcome  the  impedance,  Z  =r  —  jXy  ib 


E  =ZI  =(r-jx)  (t  +  yi') 

hence,  since 

f  =  -  1      i  ^ 

E  =(n  +  a»')  +]'(n'  -xi); 

or,  if  -B  =  c  +  jef  is  the  impressed  e.m.f.  and  Z  =^t  —  jx  the 
impedance,  the  current  through  the  circuit  is 

'       Z      r  -]x' 

or,   multiplying  numerator  and  denominator  by   (r  +  jx)  to 
eliminate  the  imaginary  from  the  denominator,   we  have 

(e  +  7V)  (r  +  jx)      er  —  e'x       .  e'r  +  ex 

or,  if  ^  =  e  +  jV  is  the  impressed  e.m.f.  and  I=i  +  ji'  the 
current  in  the  circuit,  its  impedance  is 

-  __  ^  _  e  +  jV  _  (e  +  ?y)  (^  —  /tQ  _  et  +  g Y       .  e'l  ~  ei' 


'/a 


32.  If  C  is  the  capacity  of  a  condenser  in  series  in  a  circuit 
in  which  exists  a  current  /  =  i  +  ji',  the  e.m.f.  impressed  upon 

the  terminals  of  the  condenser  is  ^  =  ,  90  time-degrees 

j'l 
behind  the  current;  and  may  be  represented  by  ~-t^  or  jx^  /, 

where  x.  =^    .^  is  the  condensive  reactance  or  condensance  of 
2  tt/C 

the  condenser. 

Condensive  reactance  is  of  opposite  sign  to  inductive  react- 
ance; both  may  be  combined  in  the  name  reactance. 

We  therefore  have  the  conclusion  that 
If  r  =*  resistance  and  L  =  inductance, 
thus  X  =  2  nfL  =  inductive  reactance. 
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If  C  =  capacity,  x^  =  =  condensive  reactance, 

2  ;r/C 

2^  =  r  —  y  (x  —  Xj)  is  the  impedance  of  the  circuit. 
Ohm's  law  is  then  re-established  as  follows: 

The  more  general  form  gives  not  only  the  intensity  of  the  wave 
but  also  its  phase,  as  expressed  in  complex  quantities. 

33.  Since  the  combination  of  sine  waves  takes  place  by  the 
addition  of  their  sjmibolic  expressions,  Kirchhoff's  laws  are 
now  re-established  in  their  original  form: 

(o)  The  sum  of  all  the  e.m.fs.  acting  in  a  closed  circuit  equals 
zero,  if  they  are  expressed  by  complex  quantities,  and  if  the 
resistance  and  reactance  e.m.fs.  are  also  considered  as  counter 
e.m.fs. 

(6)  The  sum  of  all  the  currents  directed  towards  a  distributing 
point  is  zero,  if  the  currents  are  expressed  as  complex  quantities. 

If  a  complex  quantity  equals  zero,  the  real  part  as  well  as  the 
imaginary  part  must  be  zero  individually;  thus,  if 

a  +  jb  =  0,        a  =  0,  6  =  0. 

Resolving  the  e.m.fs.  and  currents  in  the  expression  of  Kirch- 
hoflf's  law,  we  find: 

(o)  The  sum  of  the  components,  in  any  direction,  of  all  the 
e.m.fs.  in  a  closed  circuit,  equals  zero,  if  the  resistance  and 
reactance  are  i*epresented  as  counter  e.m.fs. 

(6)  The  sum  of  the  components,  in  any  direction,  of  all  the 
currents  at  a  distributing  point,  equals  zero. 

Joule's  law  and  the  power  equation  do  not  give  a  simple 
expression  in  complex  quantities,  since  the  effect  or  power  is 
a  quantity  of  double  the  frequency  of  the  current  or  e.m.f. 
wave,  and  therefore  requires  for  its  representation  as  a  vector 
a  transition  from  single  to  double  frequency,  as  will  be  shown  in 
Chapter  XV. 
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In  what  follows,  complex  vector  quantities  will  always  be 
denoted  by  dotted  capitals  when  not  written  out  in  full;  abso- 
lute quantities  and  real  quantities  by  undotted  letters. 

34.  Referring  to  the  example  given  in  the  fourth  chapter, 
of  a  circuit  supplied  with  an  e.m.f.,  JB,  and  a  current,  /,  over  an 
inductive  line,  we  can  now  represent  the  impedance  of  the  Une 
by  Z  =  r  —  jx,  where  r  =  resistance,  x  =»  reactance  of  the  line, 
and  have  thus  as  the  e.m.f.  at  the  beginning  of  the  line,  or  at 
the  generator,  the  expression 

E^  =E  -hZI. 

Assuming  now  again  the  current  as  the  zero  line,  that  is, 
/  =  i,  we  have  in  general 

E^=-E  +  ir  -  jix; 
hence,  with  non-inductive  load,  or  E  =  c, 
JB?^  =  (e  +  ir)  -  jix, 

/ ix 

or  e^  =  V  (e  +  iry  +  (ix)\    tan  0^  = 


e  +  ir 


In  a  circuit  with  lagging  current,  that  is,  with  leading  e.m.f., 
jB  =  e  —  jV,  and 

jB^,  =  e  -  jV  +  (r  -  jx)  i 
==  (e  +  ir)  -  ]  (e'  +  tx), 

^— — ^^-^— — — — ^-^^^— ^  fif  -f-  ix 

or  6o  =  V(e  +  iry  +  (e'  +  ixy,     tan  0^  = :-  • 

^      e  -\-  ir 

In  a  circuit  with  leading  current,  that  is,  with  lagging  e.m.f., 
E  =e  +  je\  and 

^0  =  («  +  i^)  +  (r  -  jx)  i 
=  (e  +  ir)  +  j  (e'  -  ix), 

or        Co  =  V{e  +  ir)^  +  {e'  -  ^x)^    tan  0^  = r-, 

e  +  ir 

values  which  easily  permit  calculation. 
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36.  When  transferring  from  complex  quantities  to  absolute 
values,  it  must  be  kept  in  mind  that: 

The  absolute  value  of  a  product  or  a  ratio  of  complex  quantities 
is  the  product  or  ratio  of  their  absolute  values. 

The  phase  angle  of  a  product  or  a  ratio  of  complex  quantities 
is  the  sum  or  difference  of  their  phase  angles. 
That  is,  if 

A  =  a'  +  ja"  =  a  (cos  a  +  j  sin  a) 
B  =  6'  +  jV'  =  h  (cos^  +  /sin/?) 
C  =cf  +  jc^^  =c  (cos  7  +  y  sin  7) 

the  absolute  value  of  -^  is  given  by  — ,  and  its  phase  angle  by 

\j  c 

a  +  iS  —  7,  that  is,  it  is 

AB      ab.       ,         _        V        .  .    , 

-yp  =  ~  [cos  (  a  +  ^  -  7)  +  J  sm  (a  +  fi  -  7)], 

where 


a  =  Va"^  +  a" 


6  =\^WT^ 

c  =  Vc^  +  (/'^ 

are  the  absolute  values  of  A,  B  and  C. 

This  rule  frequently  simplifies  greatly  the  derivation  of  the 
absolute  value  and  phase  angle,  from  a  complicated  complex 
expression. 


CHAPTER  VI. 

POLAR  DIAGRAM   AND   CRANK  DIAGRAM. 

36.  In  the  graphic  representation  of  alternating-current  and 
e.m.f.  waves,  described  in  Chapter  IV,  and  used  exclusively  in 
the  following,  alternating-current  quantities  are  represented  in 
polar  coordinates,  with  the  instantaneous  values  as  radius  vectors, 
and  the  time  as  angles.  The  periodic  fimction  of  current  or 
e.m.f.  is  represented  by  a  closed  curve,  as  in  Figs.  8  and  9,  with 
an  angle  of  360  degrees  representing  a  complete  period  or  cycle. 
The  sine  wave  is  given  by  a  circle,  and  this  circle  of  instantaneous 
values  of  the  sine  wave  is  represented,  in  size  or  position,  by  its 
diameter.  That  is,  the  position  of  this  diameter  denotes  the 
time,  t,  or  angle,  d  =2 njt,  at  which  the  sine  wave  reaches  its 
maximum  value,  and  the  length  of  this  diameter  denotes  the 

intensity  of  the  maximum  value.  

If  then,  in^polar  coordinate  representation  Fig.  26,  OE  denotes 
an  e.m.f.,  01  a  current,  this  means,  that  the  maximum  value  of 
e.m.f.  equals  OE,  and  is  reached  at  the  time,  t^,  represented  by 
angle  AOE  =  0^  =  2  njt^.  The  current  in  this  diagram  then 
has  a  maximum  value  equal  to  0/,  and  this  maximum  value 

is  reached  at  the  time,  t^  represented  by 

angle' AOZ  =»,  ^2nft^. 

If  then  angle   0^  >  0^,  this  means  that 

the  current    reaches    its  maximum  value 
A    later  than    the  e.m.f.,  that  is,  the  current 

in  Fig.  26  lags  behind  the  e.m.f.,  by  angle 

EOI  =  ^2  -  ^j  =  2 ;:/  (<,  -  t^,  or  by  time 

Occasionally,  sine  waves  of  alternating  ciurents  and  e.m.fs. 
are  represented  by  the  so-called  crank  diagram,  as  projections 
of  a  revolving  vector  upon  the  horizontal.  That  is,  a  vector, 
equal  in  length  to  the  alternating  wave,  revolves  at  uniform 
speed  so  as  to  make  a  complete  revolution  per  period,  and  the 
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projections  of  this  revolving  vector  upon  the  horizontal  then 
denote  the  instantaneous  values  of  the  wave. 

Obviously,  by  the  crank  diagram  only  sine  waves  can  be 
represented.  

Let,  for  instance,  01  represent  in  length  the  maximum  value 
of  current,  i  =^  I  coa(d  —  0^.  Assuming,  then,  a  vector,  01,  to 
revolve,  left  handed  or  in  positive  direction,  so  that  it  makes  a 
complete  revolution  during  each  cycle  or  period.  If  then  at  a 
certain  moment  of  time,  this  vector  stands  in  position  0/^, 
(Fig.  27),  the  projection,  OA^,  of  01  on  OA  represents  the  in- 
stantaneous value  of  the  current  at  this  moment.  At  a  later 
moment,  01  has  moved  farther,  to  0/^,  and  the  projection,  OA^, 
of  07,  on  OA  is  the  instantaneous  value.  The  diagram  so 
shows  an  instantaneous  condition  of  the  sine  waves.  Each 
sine  wave  reaches  the  maximum  at  the  moment  where  its  re- 
volving vector,  01 J  passes  the  horizontal. 


Fio.  28. 


If  Fig.  28  represents  the  crank  diagram  of  an  e.m.f.,  OE,  and 
a  current,  07,  and  if  angle  AOE  >  AOI,  this  means,  the  e.m.f., 
OE,  is  ahead  of  the  current,  07,  passes  during  the  revolution  the 
zero  line  or  line  of  maximum  intensity,  OA,  earlier  than  the  cur- 
rent, or  leads;  that  is,  the  current  lags  behind  the  e.m.f.  The 
same  Fig.  28,  considered  as  polar  diagram,  would  mean  that 
the  current  leads  the  e.m.f.;  that  is,  the  maximum  value  of 
current,  01,  occurs  at  a  smaller  angle,  AOI,  that  is,  at  an  earlier 
tin^,  than  the  maximum  value  of  the  e.m.f.,  OE. 

In  the  crank  diagram,  the  first  quantity  therefore  can  be  put 
in  any  position.  For  instance,  the  current,  01,  in  Fig.  28,  could 
be  drawn  in  position  01,  Fig.  29.    The  e.m.f.  then,  being  ahead 
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of  the  current  by  angle  EOI  =  0^,  would  come  into  the  position, 

OE,  Fig.  29. 
A  polar  diagram,  Fig.  26,  with  the  current,  OT,  lagging  behind 

the  e.m.f.,  OE,  by  the  angle,  0,  thus  considered  as  crank  diagram 
would  represent  the  current  leading  the 
e.m.f.  by  the  angle,  0,  and  a  crank  dia- 
gram. Fig.  28  or  29,  with  the  current 
lagging  behind  the  e.m.f.  by  the  angle,  0, 
would  as  polar  diagram  represent  a  cur- 
rent leading  the  e.m.f.  by  the  angle,  0. 

Fio.  29.  __   __,  .      ,.„ 

37.  The  mam  difference  m   appearance 

between  the  crank  diagram  and  the  polar  diagram  therefore  is 

that,  with  the  same  direction  of  rotation,  lag  in  the  one  diagram 

is  represented  in  the  same  manner  as  lead  in  the  other  diagram, 

and  inversely.    Or,  a  representation  by  the  crank  diagram  looks 

like  a  representation  by  the  polar  diagram,  with  reversed  direction 

of  rotation,  and  vice  versa.    Or,  the  one  diagram  is  the  image  of 

the  other  and  can  be  transformed  into  it  by  reversing  right  and 

left,  or  top  and  bottom.    So  the  crank  diagram.  Fig.  29,  is  the 

image  of  the  polar  diagram.  Fig.  26. 

In  symboUc  representation,  based  upon  the  crank  diagram, 

the  impedance  is  denoted  by 

Z  =r  +  jx, 

where  x  =  inductive  reactance. 

That  is,  the  sjrmbolic  representation  of  the  crank  diagram 
differs  from  that  of  the  polai"  diagram  by  a  reversal  of  the  sign 
of  J,  and  by  substituting  —  j  for  +  j,  the  sjmibolism  of  the 
crank  diagram  can  be  transformed  into  that  of  the  polar  diagram, 
and  inversely. 

38.  The  crank  diagram  offers  the  disadvantage,  that  it  can 
be  applied  to  sine  waves  only,  while  the  polar  diagram  permits 
the  construction  of  the  curve  of  waves  of  any  shape,  as  those  in 
Figs.  8  and  9. 

This  objection  does  not  appear  serious,  since  in  diagrammatic 
and  symbolic  representation,  alternating  quantities  are  usually 
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assumed  as  sine  waves,  that  is,  the  general  wave  repre- 
sented by  the  equivalent  sine  wave,  that  is,  the  sine  wave 
of  the  same  effective  value  as 
the  general  wave. 

The  transformation  of  the 
general  wave  into  the  equiva- 
lent sine  wave,  however,  has  to 
be  carried  out  algebraically  in 
the  crank  diagram,  while  the 
polar  diagram  permits  a  gra- 
phical transformation  of  the 
general  wave  into  the  equiva- 
lent sine  wave. 

Let  Fig.  30  represent  a  general 
alternating  wave.    An  element  BfiB^  of  this  wave  then  has 
the  area 

^^  =  "2"' 


Fig.  80. 


and  the  total  area  of  the  polar  curve  is 


A 


Jr'r 
2^- 


The  effective  value  of  the  wave  is 


hence, 


R  =  Vmean  square 


m 


-»/ 


r'dd  ^A. 


The  area  of  the  polar  curve  of  the  general  periodic  wave,  as 
measured  by  planimeter,  therefore  equals  the  area  of  a  circle 
with  the  effective  value  of  the  wave  as  radius. 

The  effective  value  of  the  equivalent  sine  wave  therefore  is 


46  ALTERNATING-CURRENT  PHENOMENA. 

the  radius  of  a  circle  having  the  same  area  as  the  general  wave, 
in  polar  coordinates: 

^   n 
The  diameter  of  the  general  polar  circle  therefore  is 

BV5-V/13. 

And  the  phase  of  the  equivalent  sine  wave,  or  the  direction 
of  the  diameter  of  its  polar  circle,  is  the  vector  bisecting  the 
area  of  the  general  wave,  in  polar  coordinates. 

The  transformation  of  the  general  alternating  wave  in  polar 
coordinates,  into  the  equivalent  sine  wave,  therefore,  is  carried 
out  by  measuring  the  area  of  the  general  wave  in  polar  coor- 
dinates, and  drawing  the  sine  wave  circle  of  half  this  area. 

Since  the  polar  coordinate  system  is  universally  used  in  all 
other  sciences,  to  represent  periodic  functions,  as  in  astronomy, 
it  will  be  used  exclusively  in  the  following. 


CHAPTER  VII. 


TOPOGRAPHIC  METHOD 


39.  In  the  representation  of  alternating  sine  waves  by  vectors 
in  a  polar  diagram,  a  certain  ambiguity  exists,  in  so  far  as  one 
and  the  same  quantity  —  an  e.m.f.,  for  instance  —  can  be 
represented  by  two  vectors  of  opposite  direction,  according  as 
to  whether  the  e.m.f.  is  considered  as  a  part  of  the  impressed 
e.m.f.,  or  as  a  counter  e.m.f.  This  is  analogous  to  the  distinction 
between  action  and  reaction  in  mechanics. 

Further,  it  is  obvious  that  if  in  the  circuit  of  a  generator,  G 
(Fig.  31),  the  current  in  the  direction  from  terminal  A  over 


r ^1 

^\^ k 


Fig.  31. 


Fio.  32. 


resistance  R  to  terminal  5,  is  represented  by  a  vector,  01  (Fig. 
32),  or  by  /  =  i  +  yV,  the  same  current  can  be  considered  as 
being  in  the  opposite  direction,  from  terminal  B  to  terminal  A 
in  opposite  phase,  and  therefore  represented  by  a  vector  0/j 
(Fig.  32),  or  by  li  =  -  t  -  ji'. 

Or,  if  the  difference  of  potential  from  terminal  B  to  terminal 
A  is  denoted  by  the  jB  =  e  +  jV,  the  difiference  of  potential 
from  AioB^aE^  =  -  6  ~  jV. 

Hence,  in  dealing  with  alternating-current  sine  waves,  it  is 
necessary  to  consider  them  in  their  proper  direction  with  regard 
to  the  circuit.  Especially  in  more  complicated  circuits,  as  inter- 
linked polyphase  systems,  careful  attention  has  to  be  paid  to 
this  point. 
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40,  Let,  for  instance,  in  Fig.  33,  an  interlinked  three-phase 
system  be  represented  diagrammatically,  as  consisting  of  three 
e.m.fs.,  of  equal  intensity,  differing  in  phase  by  one-third  of  a 
period.  Let  the  e.m.fs.  in  the  direction  from  the  conmion 
connection,  0,  of  the  three-branch  circuits  to  the  terminals, 
Aj,  A,,  Aj,  be  represented  by  E^,  E^,  E^  Then  the  difference 
of  potential  from  A^  to  A^  is  E^  —  -B^,  since  the  two  e.m.fs.,  E^ 
and  JSj,  are  connected  in  circuit  between  the  terminals,  A^  and 
Ay  in  the  direction,  A^  —  0  —  A^;  that  is,  the  one,  E^  in  the 
direction,  OA^  from  the  common  connection  to  terminal,  the 
other,  J? J,  in  the  opposite  direction,  Afi,  from  the  terminal  to 
common  connection,  and  represented  by  —  E^.  CJonversely, 
the  difference  of  potential  from  A^to  A^ia  E^^  —  Ey 


FiG.  33.  Fig.  34. 

It  is  then  convenient  to  go  stiU  a  step  farther,  and  drop  the 
vector  line  altogether,  in  the  diagrammatic  representation; 
that  is,  denote  the  sine  wave  by  a  point  only,  the  end  of  the 
corresponding  vector. 

Looking  at  this  from  a  different  point  of  view,  it  means  that 
we  choose  one  point  of  the  system  —  for  instance,  the  common 
connection,  0  —  as  a  zero  point,  or  point  of  zero  potential,  and 
represent  the  potentials  of  all  the  other  points  of  the  circuit  by 
points  in  the  diagram,  such  that  their  distances  from  the  zero 
point  gives  the  intensity;  their  amplitude  the  phase  of  the  dif- 
ference of  potential  of.  the  respective  point  with  regard  to  the 
zero  point;  and  their  distance  and  amplitude  with  regard  to 
other  points  of  the  diagram,  their  difference  of  potential  from 
these  points  in  intensity  and  phase. 
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Thus,  for  example,  in  an  interlinked  three-phase  system  with 
three  e.m.fs.  of  equal  intensity,  and  differing  in  phase  by  one- 
third  of  a  period,  we  may  choose  the  common  connection  of  the 
star-connected  generator  as  the  zero  point,  and  represent,  in 
Fig.  34,  one  of  the  e.m.fs.,  or  the  potential  at  one  of  the  three- 
phase  terminals,  by  point  Ey  The  potentials  at  the  two  other 
terminals  will  then  be  given  by  the  points,  E^  and  J?,,  which 
have  the  same  distance  from  0  as  E^  and  are  equidistant  from 
E^  and  from  each  other. 

The  difference  of  potential  between  any  pair  of  terminals, 
for  instance,  E^  and  E^,  is  then  the  distance  E^^  or  E^E^ 
according  to  the  direction  considered. 

41.  If  now  the  three  branches,  OE^  OE^  and  0^,,  of  the 
three-phase  system  are  loaded  equally  by  three  currents  equal 
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BALANCED  THReE-PHASB  EVfTEM 
NON-INDUCTIVB  LOAD 

e:: 


Fig.  35. 


Fiu. 


in  intensity  and  in  difference  of  phase  against  their  e.m.fs., 
these  currents  are  represented  in  Fig.  35  by  the  Vectors  01^  — 
0/,  =  0/j  =  /,  lagging  behind  the  e.m.fs.  by  angles  Efil^  = 
B,0/,  =  Efil^  =  e. 

Let  the  three-phase  circuit  be  supplied  over  a  line  of  impte- 
dance,  Z^  =  r^  —  jx^,  from  a  generator  of  internal  impedance, 

^0  =  ^0  -  y^o- 
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BALANCED  THREE 
-PHASE  lYtTEM 


In  phase  OE^  the  e.m.f.  consumed  by  resistance  r^  is  repre- 
sented by  the  distance,  E^E^  =  /r^,  in  phase,  that  is,  parallel 
with  current  01^.  The  e.m.f.  consumed  by  reactance  x^  is 
represented  by  EjW^^  =  /Xj,  90  time-degrees  ahead  of  current 
0/j.  The  same  applies  to  the  other  two  phases,  and  it  thus 
follows  that  to  produce  the  e.m.f.  triangle,  E^E^^,  at  the 
terminals  of  the  consumer's  circuit,  the  e.m.f .  triangle,  E^^E^^E^^ 
is  required  at  the  generator  terminals. 

Repeating  the  same  operation  for  the  internal  impedance  of 
the  generator,  we  get  WW^  =  Ir^,  and  parallel  to  OTj,  W^  « 
/Xo,  and  90  time-degrees  ahead  of  0/^,  and  thus  as  triangle  of 
(nominal)  generated  e.m.fs.  of  the  generator,  E^E^E^. 

In  Fig.  35  the  diagram  is  shown 
for  45  time-degrees  lag,  in  Fig.  36 
for  non-inductive  load,  and  in 
Fig.  37  for  45  time-degrees  lead 
of  the  currents  with  regard  to 
their  e.m.fs. 

As  seen,  the  generated  e.m.f. 
and  thus  the  generator  excitation 
with  lagging  current  must  be 
higher,  and  with  leading  current 
lower,  than  at  non-inductive 
load,  or  conversely  with  the  same 
generator  excitation,  that  is,  the  same  internal  generator  e.m.f . 
triangle,  E^E^E^,  the  e.m.fs.  at  the  receiver's  circuit,  E^,  J?,, 
^,,  fall  off  more  with  lagging,  and  less  with  leading  current,  than 
with  non-inductive  load. 

42.  As  a  further  example  may  be  considered  the  case  of  a 
single-phase  alternating-current  circuit  supplied  over  a  cable 
containing  resistance  and  distributed  capacity. 

Let,  in  Fig.  38,  the  potential  midway  between  the  two  ter- 
minals be  assumed  as  zero  point  0.  The  two  terminal  voltages 
at  the  receiver  circuit  are  then  represented  by  the  points,  E  and 
E},  equidistant  from  0  and  opposite  each  other,  and  the  two 
currents  at  the  terminals  are  represented  by  the  points,  /  and 
/*,  equidistant  from  0  and  opposite  each  other,  and  under  angle 
0  with  E  and  E^  respectively. 


Fig.  37. 
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Considering  first  an  element  of  the  line  or  cable  next  to  the 
receiver  circuit.    In  this  an  e.m.f.,  EE^,  is  consumed  by  the 
resistance   of  the   line  ele- 
ment,   in    phase   with   the  ij*  «HOLe-RHA«  cirooit 

current,    0/,    and   propor-  |^      cAPAOTYANomMrrAiwe 

tional  thereto,  and  a  cur- 
rent, //j,  consumed  by  the 
cap>acity,  as  charging  cur- 
rent of  the  line  element,  90° 
ahead  in  time-phase  of  the 
e.m.f.,  OE,  and  proportional 
thereto,  so  that  at  the  gen-  P,q  3g 

erator  end  of  this  cable  ele-    

ment  current  and  e.m.f.  are  01^  and  OE^  respectively. 

Passing  now  to  the  next  cable  element  we  have  again  an 
e.m.f.,  E^Ey  proportional  to  and  in  phase  with  the  current,  O/^, 
and  a  current,  IJi^  proportional  to  and  90  time-degrees  ahead  of 
the  e.m.f.,  OE^,  and  thus  passing  from  element  to  element  along 
the  cable  to  the  generator,  we  get  curves  of  e.m.fs.,  e  and  eS  and 
curves  of  currents,  i  and  t*,  which  can  be  called  the  topographical 
circuit  characteristics,  and  which  correspond  to  each  other, 
point  for  point,  imtil  the  generator  terminal  voltages,  OE^  and 
OE^y  and  the  generator  currents,  01^  and  01^,  are  reached. 

Again,  adding  E^^  ==  Ijr^  and  parallel  to  01^  and  W^  = 
Ijc^  and  90®  ahead  of  0/^,  gives  the  (nominal)  generated  e.m.f. 
of  the  generator  OJS°,  where  Z^,  =  r^  —  jx^  =  internal  impe- 
dance of  the  generator. 

In  Rg.  38  is  shown  the  circuit  characteristics  for  60**  lag,  of 
a  cable  containing  only  resistance  and  capacity. 

Obviously  by  graphical  construction  the  circuit  characteristics 
appear  more  or  less  as  broken  lines,  due  to  the  necessity  of  using 
finite  line  elements,  while  in  reality  they  are  smooth  curves 
when  calculated  by  the  differential  method,  as  explained  in 
Section  III  of  ''  Theory  and  Calculation  of  Transient  Electric 
Phenomena  and  Oscillations." 

43.  As  further  example  may  be  considered  a  three-phase 
circuit  supplied  over  a  long-distance  transmission  fine  of  distrib- 
uted capacity,  self-induction,  resistance,  and  leakage. 
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Let,  in  Fig.  39,  OE^,  OE^,  OE^  =  three-phase  e.m.fs.  at 
receiver  circuit,  equidistant  from  each  other  and  =  E. 

Let  0/j,  0/j,  0/3  =  three-phase  currents  in  the  receiver 
circuit  equidistant  from  jeach  other  and  =  /,  and  making  with 
E  the  time-phase  angle,  0. 

Considering  again  as  in  §  42  the  transmission  line,  element  by- 
element,  we  have  in  every  element  an  e.m.f.,  E^E^f  consumed 
by  the  resistance  in  phase  with  the  current,  01  ^,  and  proportional 
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thereto,  and  an  e.m.f.,  £j\  E^^^,  consumed  by  the  reactance  of 
the  line  element,  90  time-degrees  ahead  of  the  current,  0/^, 
and  proportional  thereto. 

Li  the  same  line  element  we  have  a  current,  IJ^^,  in  time- 
phase  with  the  e.m.f.,  OE^,  and  proportional  thereto,  repre- 
senting the  loss  of  current  by  leakage,  dielectric  h3rsteresis, 
etc.,  and  a  current,  I^  Z^",  90  time-degrees  ahead  of  the  e.m.f., 
O^j,  and  proportional  thereto,  the  charging  current  of  the  line 
element  as  condenser,  and  in  this  manner  passing  along  the 
line,  element  by  element,  we  ultimately  reach  the  generator 
terminal  voltages,  E^,  E^,  E^,  and  generator  currents,  l^^ 
/,*,  /j®,  over  the  topographical  characteristics  of  e.m.f.,  e^,  c,,  6,, 
and  of  current,  i^,  ij,  1*3,  as  shown  in  Fig.  39. 

The  circuit  characteristics  of  current,  i,  and  of  e.m.f.,  c,  corre- 
spond to  each  other,  point  for  point,  the  one  giving  the  current 
and  the  other,  the  e.m.f  in  the  line  element. 


TOPOGRAPHIC  METHOD. 


63 


Only  the  circuit  characteristics  of  the  first  phase  are  shown, 
as  Cj  and  i^.  As  seen,  passing  from  the  receiving  end  towards 
the  generator  end  of  the  line,  potential  and  cnrrent  alternately 
rise  and  fall,  while  their  time-phase  angle  changes  periodically 
between  lag  and  lead. 


44.  a.  More  markedly  this  is  shown  in  Pig.  40,  the  topo- 
graphic circuit  characteristic  of  one  of  the  lines  with  90  time- 
degrees  lag  in  the  receiver  circuit.  Corresponding  points  of  the 
two  characteristics,  e  and  i,  are  marked  by  corresponding  figures 
0  to  16,  representing  equidistant  points  of  the  line.  The  values 
of  e.m.f.  current  and  their  dif- 
ference of  phase  are  plotted  in 
Kg.  41  in  rectangular  coordi- 
nates with  the  distance  as  ab- 
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Fig.  40. 


Fig.  41. 


scissas,  coimting  from  the  receiving  circuit  towards  the  generator. 
As  seen  from  Fig.  41,  e.m.f.  and  current  periodically  but  alter- 
nately rise  and  faU,  a  maximum  of  one  approximately  coinciding 
with  a  minimum  of  the  other,  and  with  a  point  of  zero  phase 
displacement.  The  time-phase  angle  between  current  and  e.m.f. 
changes  from  90°  lag  to  72°  lead,  44°  lag,  34°  lead,  etc.,  gradu- 
ally decreasing  in  the  amplitude  of  its  variation. 


CHAPTER  VIII. 

ADMITTANCE,  CONDUCTANCE,  SUSCEPTANCE. 

46.  If  in  a  continuous-current  circuit,  a  number  of  resistances, 
^v  ^2^  r^,  .  .  .ySre  connected  in  series,  their  joint  resistance,  R, 
is  the  sum  of  the  individual  resistances,  /2  =  r^  +  r,  +  Tj  +  . . .  . 

If,  however,  a  number  of  resistances  are  connected  in  multiple 
or  in  parallel,  their  joint  resistance,  R,  cannot  be  expressed  in  a 
simple  form,  but  is  represented  by  the  expression 

R-  ' 


1  1  1 

r.      r,      r. 


Hence,  in  the  latter  case  it  is  preferable  to  introduce,  instead  of 
the  term  resistance,  its  reciprocal,  or  inverse  value,  the  term 

conductance,    g  =  -'    If,   then,  a    number    of    conductances, 
r 

9v  ?2»  9v  '  '  '  ^r®  connected  in  parallel,  their  joint  conductance 
is  the  sum  of  the  individual  conductances,  or  G  =  g^  -h  g^  + 
^3  +  ...  When  using  the  term  conductance,  the  joint  con- 
ductance of  a  number  of  series-connected  conductances  becomes 
similarly  a  complicated  expression 

-   +   -+-+... 

9i      92      92 

Hence  the  term  resistance  is  preferable  in  case  of  series  con- 
nection, and  the  use  of  the  reciprocal  term  conductance  in 
parallel  connections;  therefore, 

The  joint  resistance  of  a  number  of  series-connected  resistances 
is  equal  to  the  sum  of  the  individual  resistances;  the  joint  conduc- 
tance of  a  number  of  parallel-connected  conductances  is  equal  to 
the  sum  of  the  individual  conductances. 
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46.  In  alternating-current  circuits,  instead  of  the  term 
resistance  we  have  the  term  impedance,  Z  =r  —  jx,  with  its 
two  components,  the  resistance,  r,  and  the  reactance,  x,  in  the 
formula  of  Ohm's  law,  E  =IZ.  The  resistance,  r,  gives  the 
component  of  e.m.f.  in  phase  with  the  current,  or  the  power 
component  of  the  e.m.f.,  Ir;  the  reactance,  x,  gives  the  com- 
ponent of  the  e.m.f.  in  quadrature  with  the  current,  or  the  watt- 
less component  of  e.m.f.,  Ix;  both  combined  give  the  total 
e-m.f.. 


Iz  =  /\V+^. 

Since  e.m.fs.  are  combined  by  adding  their  complex  expressions, 
we  have: 

The  joint  impedance  of  a  number  of  series-connected  impe- 
dances is  the  sum  of  the  individuol  impedances,  when  expressed  in 
complex  quantities. 

In  graphical  representation  impedances  have  not  to  be  added, 
but  are  combined  in  their  proper  phase  by  the  law  of 
parallelogram  in  the  same  manner  as  the  e.m.fs.  corresponding 
to  them. 

The  term  impedance  becomes  inconvenient,  however,  when 
dealing  with  parallel-connected  circuits;  or,  in  other  words,  when 
several  currents  are  produced  by  the  same  e.m.f.,  such  as  in 
cases  where  Ohm's  law  is  expressed  in  the  form, 


7  =  ^ 
•       Z 


It  is  preferable,  then,  to  introduce  the  reciprocal  of  impe- 
dance, which  may  be  called  the  admittance  of  the  circuit,  or 


-I- 

As  the  reciprocal  of  the  complex  quantity,  Z  =  r  —  jx,  the 
admittance  is  a  complex  quantity  also,  or  Y  =  g  +  jb;  it  con- 
sists of  the  component,  g,  which  represents  the  coeflBcient  of 
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current  in  time-phase  with  the  e.m.f.,  or  the  power  component* 
gEy  of  the  current,  in  the  equation  of  Ohm's  law, 

/  =  ys  =  (ff  +  jb)E, 

and  the  component,  6,  which  represents  the  coefficient  of  current 
in  quadrature  with  the  e.m.f.,  or  wattless  component,  6^,  of  the 
current. 

g  is  called  the  condtictoncc,  and  6  the  siisceptance,  of  the  cir- 
cuit. Hence  the  conductance,  g,  is  the  power  component,  and 
the  susceptance,  6,  the  wattless  component,  of  the  admittance, 
Y  ^g  +  jb,  while  the  numerical  value  of  admittance  is 


the  resistance,  r,  is  the  power  component,  and  the  reactance, 
X,  the  wattless  component,  of  the  impedance,  Z  =  r  —  jx,  the 
numerical  value  of  impedance  being 

z  =  Vr*  +  a?. 

47.  As  shown,  the  term  admiUance  implies  resolving  the 
current  into,  twaxomponents,  In  time-phase  and  in  time-quadra- 
ture with  the  e.m.f.,  or  the  power  component  and  the  wattless 
or  reactive  component;  while  the  term  irnj^edance  implies  resolv- 
ing the  e.mj.into  two  components,  in  time-phase  and  in  time- 
quadrature  with  the  current,  or  the  power  component  and  the 
wattless  or  reactive  component. 

It  must  be  understood,  however,  that  the  conductance  is  not 
the  reciprocal  of  the  resistance,  but  depends  upon  the  reactance 
as  well  as  upon  the  resistance.  Only  when  the  reactance  a;  =  0, 
or  in  continuous-current  circuits,  is  the  conductance  the  recip- 
rocal of  resistance. 

Again,  only  in  circuits  with  zero  resistance  (r  =0)  is  the 
susceptance  the  reciprocal  of  reactance;  otherwise,  the  suscep- 
tance depends  upon  reactance  and  upon  resistance. 

The  conductance  is  zero  for  two  values  of  the  resistance: 

(1)  If  r  =  00,  or  X  ==  00,  since  in  this  case  there  is  no  current, 
and  either  component  of  the  current  =  0. 
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(2)  If  r  =  0,  since  in  this  case  the  current  in  the  circuit  is  in 
time-quadrature  with  the  e.m.f.,  and  thus  has  no  power  com- 
ponent. 

Similarly,  the  susceptance,  6,  is  zero  for  two  values  of  the 
reactance: 

(1)  If  X  =  00,  or  r  =  00. 

(2)  If  X  =  0. 

From  the  definition  of  admittance,  Y  =  g  +  jb,  ob  the  recip- 
rocal of  the  impedance,  Z  =  r  —  jx, 
we  have 

7=-,orsf  +  jb  = 


r  —  jx 


or,  multiplsdng  numerator  and  denominator  on  the  right  side  by 
(r  +  jx), 

.    T.  r  +  jx 


y 

-r  ju- 

(r  -  jx)  (r  +  jx) 

t 

hence, 

since 

(r- 

'  ix)  (r 

+  jx)  = 

r'  +  x'  = 

=  8*. 

g  +  ]b  = 

r 

j^  « 

X          r 

.X 

V+a^'-V 

+  X'     z' 

9  - 

r 

r 

or 

r'  +  a? 

b- 

X 

X 

r'+x' 

and  conversely 

r  -- 

-      3 

9 

g'  +  H' 

X  ■■ 

b 

b 

g'  +  b' 

By  these  equations,  the  conductance  and  susceptance  can  be 
calculated  from  resistance  and  reactance,  and  conversely. 
Multipl3ring  the  equations  for  g  and  r,  we  get 
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hence,  z'y'  =  (f  +x*)  (g"  +  V)  ^1; 


aad 


^  1  _       1  >     the  absolute  value  of 

_,   y     V^  +  V'     )     impedance; 

1 1  ^     the  absolute  value  of 


I 


z     Vr*  +  x*'    ^     admittance. 


48.  If,  in  a  circuit,  the  reactance,  x,  is  constant,  and  the 
resistance,  r,  is  varied  from  r  =  0  to  r  =  oo ,  the  susceptance, 

6,  decreases  from  6  =  -atr=0,  to6=0atr  =  oo;  while  the 

X 

conductance,  g  =  0  at  r  =  0,  increases,  reaches  a  maximum  for 

r  =  x,  where  3  =  —  is  equal  to  the  susceptance,  or  j  =  6,  and 
^  7* 

then  decreases  again,  reaching  g  =  0  at  r  =  00. 

In  Fig.  42,  for  constant  reactance  x  =  0.5  ohm,  the  variation 

of  the  conductance,  g,  and  of  the  susceptance,  6,  are  shown  as 

functions  of  the  varying  resistance,  r.    As  shown,  the  absolute 

value  of  admittance,  susceptance,  and  conductance  are  plotted 

in  full  lines,  and  in  dotted  line  the  absolute  value  of  impedance. 


z  =  Vr'  +  x"  =  -  • 

y 

Obviously,  if  the  resistance,  r,  is  constant,  and  the  reactance, 
X,  is  varied,  the  values  of  conductance  and  susceptance  are 
merely  exchanged,  the  conductance  decreasing  steadily  from 

gf  =  -  to  0,  and  the  susceptance  passing  from  0  at  x  =  0  to  the 
r 

maximum,  6=— =ff=^r—  at  a;=r,  and  to  6  =  0  at  x  =  00. 
2r  2  X 

The  resistance,  r,  and  the  reactance,  x,  vary  as  functions  of 
the  conductance,  g,  and  the  susceptance,  6,  in  the  same  manner 
as  g  and  6  vary  as  functions  of  r  and  x. 

The  sign  in  the  complex  expression  of  admittance  is  always 
opposite  to  that  of  impedance;  this  is  obvious,  since  if  the  cur- 
rent lags  behind  the  e.m.f.,  the  e.m.f.  leads  the  current,  and 
conversely. 
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We  can  thus  express  Ohm's  law  in  the  two  forms, 

E  ^IZ, 

and  therefore, 

The  joint  impedance  of  a  number  of  series-connected  impedances 
is  equal  to  the  sum  of  the  individual  impedances)  the  joint  admit- 
tance of  a  number  of  paraUel-connected  admittances,  if  expressed 
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in  complex  quaniiiies,  is  equal  to  the  sum  of  the  individual  admit- 
tances. In  diagrammalic  representalion,  combination  by  the  paral- 
lelogram law  takes  the  place  of  addition  of  the  complex  quantities. 

49.  Experimentally,  impedances  and  admittances  are  most 
conveniently  detennined  by  establishing  an  alternating  current 
in  the  circuit,  and  measuring  by  voltmeter,  ammeter  and  watt- 
meter, the  volts,  e,  the  amperes,  i,  and  the  watts,  p. 
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It  is  then, 

Impedance:  2  =-  • 

Resistance  (effective) :  r  =  ^  • 


Reactance:  x  ^  Vr^-r^, 

Admittance:  y  =  -  • 
e 

Conductance  :</  =  —• 


Susceptance:  6  ==  Vy*  —  3*. 

Regarding  their  calculation,  see  "Theoretical  Elements  of 
Electrical  Engineering. " 


CHAPTER  IX. 

CIRCUITS  CONTAINING  RESISTANCE,  INDUCTIVE  REACT- 
ANCE,  AND  CONDENSIVE  REACTANCE. 

50.  Having,  in  the  foregoing,  re-established  Ohm's  law  and 
Kirchhoff's  laws  as  being  also  the  fundamental  laws  of  alter- 
nating-current circuits,  when  expressed  in  their  complex  form, 

E=ZI,  or,  /  ==YE, 

and  %E  =  0  in  a  closed  circuit, 

5/  =  0  at  a  distributing  point, 

where  JE,  /,  Z,  F,  are  the  expressions  of  e.m.f.,  current,  impe- 
dance, and  admittance  in  complex  quantities,  —  these  values 
representing  not  only  the  intensity,  but  also  the  phase,  of  the 
alternating  wave,  —  we  can  now  —  by  application  of  these  laws, 
and  in  the  same  manner  as  with  continuous-current  circuits, 
keeping  in  mind,  however,  that  E,  lyZ,  F,  are  complex  quan- 
tities—  calculate  alternating-current  circuits  and  networks  of 
circuits  containing  resistance,  inductive  reactance,  and  conden- 
sive  reactance  in  any  combination,  without  meeting  with  greater 
difficulties  than  when  dealing  with  continuous-current  circuits. 

It  is  obviously  not  possible  to  discuss  with  any  completeness 
all  the  infinite  varieties  of  combinations  of  resistance,  inductive 
reactance,  and  condensiye  reactance  which  can  be  imagined, 
and  which  may  exist,  in  a  system  of  network  of  circuits;  there- 
fore only  some  of  the  more  common  or  more  interesting  com- 
binations will  here  be  considered. 

(1)  Resistance  in  series  uoiih  a  circuit. 
61.  In  a  constant-potential  system  with  impressed  e.m.f., 


Eo-e,  +  je,',        E,  =  Ve,^  +  c/', 

61 
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let  the  receiving  circuit  of  impedance, 


be  connected  in  series  with  a  resistance,  r^. 
The  total  impedance  of  the  circuit  is  then 

2  +  ^  =  r  +  r^  -  jx; 
hence  the  current  is 

l^      Eo  Eo        ^Eo(r  -hr^  +  jx) ^ 

'       Z  +  r^      r  +  r^-jx       (r  +  r,)'  +  a?   ' 

and  the  e.m.f.  of  the  receiving  circuit  becomes 

E  =IZ  _Eo(r  -  jx)   ^  Eo  {r  (r  +  r,)  +  x'  -  jr^} 
r  +  r^-  jx  (r  +  r^^  +  31? 

2»  +  2  rr^  +  r^'     ' 

or,  in  absolute  values^we  have  the  following: 
Impressed  e.m.f., 


^0  =  ^^0    +  <\ 

current, 

/  - 

E,                          E, 

e.m.f.  at  terminals  of  receiver  circuit, 


difference  of  phase  in  receiver  circuit,  tan  0  =  -  ; 

X 

difference  of  phase  in  supply  circuit,  tan  d^  = 

since  in  general, 

ten  (phase)  =  '"^^^^  component  ^ 
real  component 
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(o)  If  z  is  negligible  with  respect  jto  r,  as_ii3La.xxQliTiliductive 
receiving  circuit, 

E  r 


and   the   current   and   e.m.f.   at   receiver  terminals   decrease 
steadily  with  increasing  r^. 

(6)  If  r  is  negligible  compared  with  x,  as  in  a  wattless  receiver 
circuitr  '  ' 


or,  for  small  values  of  r^ 
E 

that  is,  the  current  and  e.m.f.  at  receiver  terminals  remain 
approximately  constant  for  small  values  of  r^,,  and  then  de- 
crease with  increasing  rapidity. 

In  the  general  equations,  x  appears  in  the  expressions  for 
/  and  E  only  as  x",  so  that  7  and  E  assume  the  same  value  when 
X  is  negative,  as  when  x^  is.  positive ;  or,  in  other  words,  series - 
resistance  acts  upon  a  circuit  with  leading  current,  or  in  a 
condenser  circuit,  in  the  same  way  as  upon  a  circuit  with  lag- 
ging current,  or  an  inductive  circuit. 

For  a  given  impedance,  2,  of  the  receiver  circuit,  the  current, 
7,  and  e.m.f.,  E,  are  smaller,  the  larger  the  value  of  r;  that  is, 
the  less  the  difference  of  phase  in  the  receiver  circuit. 

As  an  instance,  in  Fig.  43  is  shown  the  e.m.f.,  Ey  at  the 
receiver  circuit,  for  E^  =  const.  =  100  volts,  2=1  ohm;  hence 
7  =  £,  and 

(a)  r^  =  0.2  ohm        (Curve    I.) 
(6)  r,  =  0.8  ohm        (Curve  II.) 


with   values   of   reactance,  x  =  Vt?  -  r*,   for  abscissae,  from 
X  =  +  1.0  to  X  =  —  1.0  ohm. 

As  shown,  7  and  E  are  smallest  for  x  =  0,  r  =  1.0,  or  for 
the  non-inductive  receiver  circuit,  and  largest  for  x  ==  ±  1.0, 
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r  =  0,  or  for  the  wattless  circuit,  in  which  latter  a  series  resist- 
ance causes  but  a  very  small  drop  of  potential. 
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Fio.  48. — Variation  of  Voltage  at  Constant  Series  Resistance  with 
Phase  Relation  of  Receiver  Circuit. 

Hence  the  control  of  a  circuit  by  series  resistance  depends 
upon  the  difference  of  phase  in  the  circuit. 

For  r^  =  0.8,  and  a;  =  0,  x  =  +  0.8,  x  =  -  0.8,  the  polar 
diagrams  are  shown  in  Figs.  44  to  46. 

(2)  Reactance  in  series  with  a  circuit. 
62.  In  a  constant  potential  system  of  impressed  e.m.f., 


Eo-e,  +  je,\  E,  =  Ve,'  +  e,'', 


Er.E 


Fio.  44. 


E,  Et. 


Pig.  46. 


Fig.  46. 


let  a  reactance,  x^,  be  connected  in  series  in  a  receiver  circuit 
of  impedance, 


Z  =r  -  jx,        0  =  vV+^. 
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Then,  the  total  impedance  of  the  circuit  is 

Z  -  jXo  =r  -  j(x +  x^, 
and  the  current  is 

Z  -  jx^     r  -]{x  +  X,) ' 
while  the  difference  of  potential  at  the  receiver  terminals  is 
ip_7v_c»         r  —  ]X 


-  J  (aJ  +  a;,) 

Or^  in  absolute  Quantities, 
current, 

1-.                ^0 

K 

\^r'  +  {x+  x,)» 

Vz'  +  2  aa;, 

+  *.'' 

e.m.f.  at  receiver  terminals, 

B?  „  B?   1/          r*  +  x* 

^0^ 

(x  4-  Xo)^    \/?TTxx7+^^' 

difference  of  phase  in  receiver  circuit, 

tan  0  =  - ; 
r 

difference  of  phase  in  supply  circuit, 

tan(?.  =^-:^». 
r 

(a)  If  a;  is  small  compared  with  r,  that  is,  if  the  receiver 
circuit  is  non-inductive,  /  and  E  change  very  little  for  small 
values  of  x^\  but  if  x  is  large,  that  is,  if  the  receiver  circuit  is 
of  large  reactance,  /  and  E  change  considerably  with  a  change 
of  x^. 

(6)  If  X  is  negative,  that  is,  if  the  receiver  circuit  contains 
condensers,  synchronous  motors,  or  other  apparatus  which 
produce  leading  currents  —  above  a  certain  value  of  x  the 


66  ALTERNATING-^JURRENT  PHENOMENA, 

denominator  in  the  expression  of  E  becomes  <  z,  or  E  >  E^\ 
that  is,  the  reactance,  x^,  raises  the  potential. 

(c)  E  =  Eq,  or  the  insertion  of  a  series  reactance,  x^,  does 
not  affect  the  potential  difference  at  the  receiver  terminals,  if 


Vz*  +  2xx^  +  x^  =«; 
or,  x^  =  -  2  X. 

That  is,  if  the  reactance  which  is  connected  in  series  in  the 

circuit  is  of  opposite  sign,  but  twice  as  large  as  the  reactance 

of  the  receiver  circuit,  the  voltage  is  not  affected,  but  E  =  E^, 

E 
/  =  — ®  •     If  x^  <  —  2  X,  it  raises,  if  x^  >  -2  x,  it  lowers,  the 
z 

voltage. 

We  see,  then,  that  a  reactance  inserted  in  series  in  an  alter- 
nating-current circuit  will  always  lower  the  voltage  at  the 
receiver  terminals,  when  of  the  same  sign  as  the  reactance  of  the 
receiver  circuit;  when  of  opposite  sign,  it  will  lower  the  voltage 
if  laiger,  raise  the  voltage  if  less,  than  twice  the  numerical  value 
of  the  reactance  of  the  receiver  circuit. 

(d)  If  X  =  0,  that  is,  if  the  receiver  circuit  is  non-inductive, 
the  e.m.f.  at  receiver  terminals  is 


Vr-  +  X ' 


(: 


— =  (1  +  x)"*  expanded  by  the  binomial  theorem 

Vl  +  X 

(1  +  xr  =  1  +  nx  +  ""^^^^^^  +  ...). 

Therefore,  if  x^  is  small  compared  with  r, 

?,         2\rr 


E,-E 


E^ 


CIRCUITS. 


67 


That  is,  the  percentage  drop  of  potential  by  the  insertion 
of  reactance  in  series  in  a  non-inductive  circuit  is,  for  small 
values  of  reactance,  independent  of  the  sign,  but  proportional 
to  the  square  of  the  reactance,  or  the  same  whether  it  be  induc- 
tive reactance  or  condensive  reactance. 

68.  As  an  example,  in  Fig.  47  the  changes  of  current,  /,  and 
of  e.m.f.  at  receiver  terminals,  E,  at  constant  impressed  e.m.f., 
E^  are  shown  for  various  conditions  of  a  receiver  circuit  and 
amounts  of  reactance  inserted  in  series. 

Fig.  47  gives  for  various  values  of  reactance,  x^  (if  positive, 
inductive  —  if  negative,  condensive),  the  e.m.fs.,  E,  at  receiver 
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terminals,  for  constant  impressed  e.m.f.,  £,  — 100  volts,  and 
the  following  conditions  of  receiver  circuit: 

2  =  1.0,  r  =  1.0,  a;  =        0  (Curve  I.) 
z  =  1.0,  r  =  0.6,  z  =     0.8  (Curve  II.) 
z  =  1.0,  r  =  0.6,  X  =  -0.8  (Curve  III.) 
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As  seen,  curve  I  is  ssonmetrieal,  and  with  increasing  x^  the 
voltage  E  remains  first  almost  constant,  and  then  drops  off 
with  increasing  rapidity. 

In  the  inductive  circuit  series  inductive  reactance,  or,  in  a 
condenser  circuit  series  condensive  reactance,  causes  the  voltage 
to  drop  off  very  much  faster  than  in  a  non-inductive  circuit. 

Series  inductive  reactance  in  a  condenser  circuit,  and  series 
condensive  reactance  in  an  inductive  circuit,  cause  a  rise  of 
potential.  This  rise  is  a  maximum  for  x^  =  ±  0.8,  or,  x^  = 
—  X  (the  condition  of  resonance),  and  the  e.m.f.  reaches  the 

value,  E  =  167  volts,  or,  E  =E^-  *    This  rise  of  potential  by 

T 

series  reactance  continues  up  to  x^  =  ±  1.6,  or,  x^,  =  —  2  x, 
where  E  =  100  volts'  again;  and  for  x^,  >  1.6  the  voltage  drops 
again. 

At  Xj,  =  ±  0.8,  X  =  T  0.8,  the  total  impedance  of  the  circuit 
is  r  —  J  (x  +  Xo)  =  r  =  0.6,  x  +  x^  =  0,  and  tan  0^  =  0;  that 
is,  the  current  and  e.ni.f.  in  the  supply  circuit  are  in  phase  with 
each  other,  or  the  circuit  is  in  electrical  resonance. 


y 


Fio.  48. 


Fig   49. 


Since  a  sjmchronous  motor  in  the  condition  of  efficient  work- 
ing acts  as  a  condensive  reactance,  we  got  the  nunarkable  result 
that,  in  synchronous  motor  circuits,  choking  coils,  or  reactive 
coils,  can  bo  used  for  raising  the  voltage. 

In  Figs.  48  to  50,  the  polar  diagrams  are  shown  for  the 
conditions 


E^  =  100,  Xo  =  0.6,  X  =  0 
X  =  +  0.8 
X  =  -  0.8 


(Fig.  48)  E  -  85.7 
(Fig.  49)  E  =  65.7 
(Fig.  50)  E  =  158.1 
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64.  In  Fig.  51  the  dependence  of  the  potential,  E,  upon  the 
difference  of  phase,  /?,  in  the  receiver  circuit  is  shown  for  the 
constant  impressed  e.m.f.,  E^  =  100;  for  the  constant  receiver 
impedance,  2=  1.0  (but  of  various  phase  dif- 
ferences d),  and  for  various  series  reactances,  ^~ 
as  follows: 


=  0.2 

(Curve  I.) 

=  0.6 

(Curve  II.) 

=  0.8 

(Curve  III.) 

=  1.0 

(Curve  IV.) 

=  1.6 

(Curve  V.) 

=  3.2 

(Curve  VI.) 

Since  z  =1.0,  the  current,  /,  in  all  these 
diagrams  has  the  same  value  as  E. 


Fig.  50. 
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Fio.  51.  — Variation  of  Voltage  at  Constant  Series  Keactance  with 
Phase  Angle  of  Receiver  Circuit. 

In  Figs.  52  and  53,  the  same  curves  are  plotted  as  in  Fig.  51, 
but  in  Fig.  52  with  the  reactance,  *  x,  of  the  receiver  circuit  as 
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Fio.  62.  —  Variation  of  Voltage  at  Constant  Series  Reactance  with 
Reactance  of  Receiver  Circuit. 
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Fio.  63.  —  Variation  of  Voltage  at  Constant  Series  Reactance  with 
Resistance  of  Receiver  Circuit. 


CIRCUITS.  71 

abscissas;  and  in  Fig.  53  with  the  resistance,  r,  of  the  receiver 
circuit  as  abscissas. 

As  shown,  the  receiver  voltage,  E,  is  always  lowest  when  x^ 
and  X  are  of  the  same  sign,  and  highest  when  they  are  of  oppo- 
site sign. 

The  rise  of  voltage  due  to  the  balance  of  x^  and  x  is  a  maxi- 
mum for  x^  =  +  1.0,  X  =  —  1.0,  and  r  =  0,  where  JS?  =  oo  ; 
that  is,  absolute  resonance  takes  place.  Obviously,  this  condi- 
tion cannot  be  completely  reached  in  practice. 

It  is  interesting  to  note,  from  Fig.  53,  that  the  largest  part 
of  the  drop  of  potential  due  to  inductive  reactance,  and  rise  to 
condensive  reactance  —  or  conversely  —  takes  place  between 
r  =  1.0  and  r  =0.9;  or,  in  other  words,  a  circuit  having  a 
power-factor  cos  d  =0.9,  gives  a  drop  several  times  larger 
than  a  non-inductive  circuit,  and  hence  must  be  considered  as 
an  inductive  circuit. 

(3)  Impedance  in  series  with  a  circuit. 

66.  By  the  use  of  reactance  for  controlling  electric  circuits, 
a  certain  amount  of  resistance  is  also  introduced,  due  to  the 
ohmic  resistance  of  the  conductor  and  the  hysteretic  loss,  which, 
as  will  be  seen  hereafter,  can  be  represented  as  an  effective 
resistance. 

Hence  the  impedance  of  a  reactive  coil  (choking  coil)  may 
be  written  thus: 

where  r^^  is  in  general  small  compared  with  x^. 
From  this,  if  the  impressed  e.m.f.  is 

Eo=e,  +  je,\        E,  =  Ve,^  +  e,'^, 

and  the  impedance  of  the  consumer  circuit  is 


Z  =  r  —  jXy  z  =  Vj^  -f  X*, 

we  get  the  current 

/  = 


Eq         Eo 


and  the  e.m.f.  at  receiver  terminals, 

•       -"Z+Z,      ■\r+r,)-i{x  +  x,) 
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Or,  in  absolute  quantities. 
the  current  is, 

J   ^    ^0 ^0 


^{r  +  r^y  +  {x  +  x^y     V2»+2:^'  +  2(rr,+  xa:J  ' 
the  e.m.f.  at  receiver  terminals  is 

^(r  +  rj'  +  {x  +  x,y     y/7TlJT2(jr^T^^  ' 
the  difiference  of  phase  in  receiver  circuit  is 

tan  fl  =  -  : 
r 

and  the  difference  of  phase  in  the  supply  circuit  is 

r  +  r^ 

66.  In  this  case,  the  maximum  drop  of  potential  will  not 
take  place  for  either  «  =  0,  as  for  resistance  in  series,  or  for 
r  =  0,  as  for  reactance  in  series,  but  at  an  intermediate  point. 
The  drop  of  voltage  is  a  maximum;  that  is,  S  is  a  minimum  if 
the  denominator  of  £  is  a  maximum;  or,  since  z,  z^,  r^^,  x^  are 
constant,  if  rr^  +  xx^  is  a  maximum,  that  is,  since  x  =  Vs?  —  H, 
if  TTf^  4-  x^  Vs?  —  H  is  a  maximum.  A  function,  f  =rr^  +  x^ 
Vs^  —  7^  is  a  maximum  when  its  diflferential  coefficient  equals 
zero.  For,  plotting  /  as  curve  with  values  of  r  as  abscissas,  at 
the  point  where  /  is  a  maximum  or  a  minimum,  this  curve  is 
fof  a  short  distance  horizontal,  hence  the  tangens-function  of 
its  tangent  equals  zero.  The  tangens-function  of  the  tangent 
of  a  curve,  however,  is  the  ratio  of  the  change  of  ordinates  to 
the  change  of  abscissas,  or  is  the  diflferential  coefficient  of  the 
function  represented  by  the  curve. 

Thus  we  have: 

f  =rr,  +  x^  Vz"  -r" 
is  a  maximum  or  minimum,  if 

dr      "• 
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Differentiating,  we  get 


r  -h  - 


(~2r)  =  0; 


or,  expanded, 


or, 


r^Vz^-  r'  -  xjr  =  r^  -  xjr  =  0, 


That  is,  the  drop  of  potential  is  a  maximum,  if  the  reactance 

X 

LCtor,  - ,  of  the  receiver 
r 

of  the  series  impedance. 


X  X 

factor,  - ,  of  the  receiver  circuit  equals  the  reactance  factor,  —  , 
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Fio.  54. 

67.  As  an  example,  Fig.  54  shows  the  e.m.f .,  E,  at  the  receiver 
terminals,  at  a  constant  impressed  e.m.f.,  E^  ==  100,  a  constant 
impedance  of  the  receiver  circuit,  z  =1.0,  and  constant  series 
impedances, 

Z,  =0.3  -J  0.4        (Curve  I.) 
Z,  =  1.2  -  y  1.6        (Curve  II.) 

as  functions  of  the  reactance,  x,  of  the  receiver  circuit. 
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Figs.  56  to  57  give  the  polar  diagram  for  E^  =  100,  x 
a;  =  0,  a;  =  -  0.95,  and  Z^  =  0.3  -  0.4  j. 
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Fig.  56. 
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(4)  Compensation  for  Lagging  Currents  by  Shunted  Condermve 
Reactance. 

58.  We  have  seen  in  the  preceding  paragraphs,  that  in  a 
constant  potential  alternating-current  system,  the  voltage  at 
the  terminals  of  a  receiver  circuit  can  be  varied  by  the  use  of 
a  variable  reactance  in  series  with  the  circuit,  without  loss  of 
energy  except  the  unavoidable  loss  due  to  the  resistance  and 
hysteresis  of  the  reactance;  and  that,  if  the  series  reactance  is 
very  large  compared  with  the  resistance  of  the  receiver  circuit, 
the  current  in  the  receiver  circuit  becomes  more  or  less  inde- 
pendent of  the  resistance,  —  that  is,  of  the  power  consumed  in 
the  receiver  circuit,  which  in  this  case  approaches  the  conditions 
of  a  constant  alternating-current  circuit,  whose  current  is 


/  = 


,  or,  approximately,  /  =  — ^ . 
V  r"  +  z^^  ^0 


This   potential    control,    however,    causes   the    current   taken 
from  the  mains  to  lag  greatly  behind  the  e.m.f.,  and  thereby 
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a?» 


requires  a  much  larger  current  than  corresponds  to  the  power 
consumed  in  the  receiver  circuit. 

Since  a  condenser  draws  from  the  mains  a  current  in  leading 
time-phase,  a  condenser  shunted  across  such  a  circuit  carrying 
current  in  lagging  time-phase  compensates  for  the  lag,  the 
leading  and  the  lagging  current  combining  to  form  a  resultant 
current  more  or  less  in  time- 
phase  with  the  e.m.f.,  and 
therefore  proportional  to  the 
power  expended. 

In  a  circuit  shown  dia* 
grammatically  in  Kg.  58,  let 
the  non-inductive  receiver 
circuit  of  resistance,  r,  be 
connected  in  series  with  the 


k- 


^m5 


Pig.  68. 


inductive  reactance,  x^,  and  the  whole  shunted  by  a  condenser 
of  condensive  reactance,  x^,  entailing  but  a  negligible  loss  of 
power. 

Then,  if  E^  « impressed  e.m.f., 
the  current  in  receiver  circuit  is 


^0 


^0 


the  current  in  condenser  circuit  is 


Vr"  +  x^ ' 


J              ^0             7      _   ^0  • 
i  1    =  T~  ,         ii    — / 

]Xe  Xc 


and  the  total  current  is 


•'       '^  (r  -]x^     jXc) 


or,  in  absolute  terms,  7,  =  E;\  (  ^    ^    ,)'  +  (,  ^''   ,--)' .' 

*    ^r*  +  x'f     V  +  x'     xj 


while  the  e.m.f.  at  receiver  terminals  is 

r 


E  =  Ir  ='E, 


•r  -  jx. 


E  = 


Ejr 


Vr»  +  X ' 
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69.  The  main  current,  /o»  is  in  time-phase  with  the  impressed 
e.m.f.,  E^,  or  the  lagging  current  is  completely  balanced,  or 
supplied  by,  the  condensive  reactance,  if  the  imaginary  term  in 
the  expression  of  / ^  disappears;  that  is,  if 

^-       -i   =0. 


r"  +  z. 


0 


This  gives,  expanded,  Xc  = 

Hence  the  capacity  required  to  compensate  for  the  lagging 
current  produced  by  the  insertion  of  inductive  reactance  in 
series  with  a  non-inductive  circuit  depends  upon  the  resistance 
and  the  inductive  reactance  of  the  circuit,  x^  being  constant, 
with  increasing  resistance,  r,  the  condensive  reactance  has  to  be 
increased,  or  the  capacity  decreased,  to  keep  the  balance. 

r*  +  x' 
Substituting  Xc  = ^, 


we  get,  as  the  equations  of  the  inductive  circuit  balanced  by 
condensive  reactance, 

J  ^      Eo      _  Eo(r  +  jx^)  J Ej, ^ 


r  -  /x,         r*  +  x„'    '  Vr*  +  x, 


•'  r*  +  X,"  •       f  +  xy 

••       r'+x,''  '"      r'  +  xy 

E=^-M-,  E^      ^^ 


r  -  ja;.  \V  +  x7 

and  for  the  power  expended  in  the  receiver  circuit, 

that  is,  the  main  current  is  proportional  to  the  expenditure  of 
power. 
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For  r  =  0,  we  have  x^  =  x^,  as  the  condition  of  balance. 
CJomplete  balance  of  the  lagging  component  of  current  by 
shunted  capacity  thus  requires  that  the  condensive  reactance  x^ 
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Fio.  50.  —  Compensation  of  Lagging  Currents  in  Receiving  Circuit  by 
Variable  Shunted  Condensance. 

be  varied  with  the  resistance,  r;  that  is,  with  the  varying  load 
on  the  receiver  circuit. 

In  Fig.  59  are  shown,  for  a  constant  impressed  e.m.f.,  E^  = 
1000  volts,  and  a  constant  series  reactance,  x^  =*  100  ohms, 
values  for  the  balanced  circuit  of 

current  in  receiver  circuit     (Curve  I.), 
current  in  condenser  circuit  (Curve  II.), 
current  in  main  circuit         (Curve  III.), 
e.m.f.  at  receiver  terminals  (Curve  IV.), 

with  the  values  the  resistance,  r,  of  the  receiver  circuit  as 
abscifisas. 


60.  If,  however,  the  condensive  reactance  is  left  unchanged, 
re  =  x^  at  the  no-load  value,  the  circuit  is  balanced  for  r  =  0, 


X 


78  ALTERNATING-CURRENT  PHENOMENA. 

but  will  be  overbalanced  for  r  >  0,  and  the  main  current  will 
become  leading. 
We  get  in  this  case, 


«« 


/   =  /+/  == — ^ —   /  = ?£ ■ 


r-]x.'  Vr"  +xy 

The  difiference  of  phase  in  the  main  circuit  is 

tando=  -r-» 

which  is  =  0,  when  r  ==  0  or  at  no-load,  and  increases  with 
increasing  resistance,  as  the  lead  of  the  current.  At  the  same 
time,  the  current  in  the  receiver  circuit,  7,  is  approximately  con- 
stant for  small  values  of  r,  and  then  gradually  decreases. 

In  Fig.  60  are  shown  the  values  of  /,  /j,  Z,,,  £,  in  Curves 
I,  II,  III,  IV,  similarly  as  in  Fig.  60,  for  E^  =  1000  volts, 
Xc  =x^  =  100  ohms,  and  r  as  abscissas. 

(5)  Constant  Potential  —  ConstanlrCurrent  Transformation. 

61.  In  a  constant  potential  circuit  containing  a  large  and 
constant  reactance,  x^y  and  a  varying  resistance,  r,  the  current 
is  approximately  constant,  and  only  gradually  drops  ofiF  with 
increasing  resistance,  r,  —  that  is,  with  increasing  load,  —  but 
the  current  lags  greatly  behind  the  e.m.f.  This  lagging  current 
in  the  receiver  circuit  can  be  supplied  by  a  shunted  condensance. 
Leaving,  however,  the  condensance  constant,  Xc  =  x,,,  so  as  to 
balance  the  lagging  current  at  no-load,  that  is,  at  r  =  0,  it  will 
overbalance  with  increasing  load,  that  is,  with  increasing  r,  and 
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thus  the  main  current  will  become  leading,  while  the  receiver 
current  decreases  if  the  impressed  e.m.f.,  E^,  is  kept  constant. 
Hence,  to  keep  the  current  in  the  recover  circuit  entirely  con- 
stant, the  impressed  e.m.f.,  E^,  has  to  be  increased  with  increasing 
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resistance,  r;  that  is,  with  increasing  lead  of  the  main  current. 
Since,  as  explained  before,  in  a  circuit  with  leading  current,  a 
series  inductive  reactance  raises  the  potential,  to  maintain  the 


<m(T)Tnm5 


_L 


Fig.  61. 


current  in  the  receiver  circuit  constant  under  all  loads,  an  in- 
ductive reactance,  x,,  inserted  in  the  main  circuit,  as  shown  in 
the  diagram,  Fig.  61,  can  be  used  for  raising  the  potential,  E^, 
with  increasing  load. 
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62.  The  generation  of  alternating-current  electric  power 
almost  always  takes  place  at  constant  potential.  For  some 
purposes,  however,  as  for  operating  series  arc  circuits,  and  to  a 
limited  extent  also  for  electric  furnaces,  a  constant,  or  approxi- 
mately constant,  alternating  current  is  required. 

Such  constant  alternating  currents,  therefore,  are  usually  pro- 
duced from  constant  potential  circuits  by  means  of  inductive 
reactances,  or  combinations  of  inductive  and  condensive  react- 
ances; and  the  investigation  of  different  methods  of  producing 
constant  alternating  current  from  constant  alternating  potential, 
or  inversely,  constitutes  a  good  illustration  of  the  application 
of  the  terms  "impedance,"  "reactance,"  etc.,  and  offers  a  large 
number  of  problems  or  examples  for  the  application  of  the 
method  of  complex  quantities. 

As  seen  in  the  preceding  paragraphs,  with  an  inductive 
reactance  inserted  in  series  with  an  alternating-current  non- 
inductive  circuit,  the  current  in  this  circuit  is  approximately 
constant,  as  long  as  the  resistance  of  the  circuit  is  small  com- 
pared with  the  series  inductive  reactance. 

Let 
E^  =e^  =  constant  =  impressed  e.m.f. 
r    =  resistance  of  non-inductive  receiver  circuit. 
x^  =  inductive  reactance  inserted  in  series  with  this  circuit. 

The  impedance  of  the  total  circuit  then  is 


Z  =  r  ~  jx^,  and  z  =  Vr*  +  x^\ 

and  thus,  the  current 

T          ^0                ^0        . 

(1) 

•      Z     r-jx: 

and  the  absolute  value  is 

,;_«»_         e,          _ 

(2) 

2       Vr'  +  X,' 

The  tangent  of  the  phase  angle  of  the  supply  circuit  is 

tan^,  =  ^", 

(3) 

and  the  power-factor, 

COS^B  =  - 

(4) 
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If  in  this  case,  r  is  small  compared  with  x^,  it  is 
.       e^  1 


^^' 


(5) 


or,  expanded  by  the  binomial  theorem, 

hence, 

that  is,  for  small  values  of  r,  the  current,  i,  is  approximately 
constant,  and  is 

For  small  values  of  r,  the  power-factor 

r 

cos^  =  - 

z 

is  very  low,  however. 

Allowing  a  variation  of  current  of  10  per  cent  from  short- 
circuit  or  no-load,  r  =  0,  to  full  load,  orr  =  r^  it  is,  substituted 
in  (2): 

No  load  current: 


Full  load  current: 


Hence, 


i  =     ,    ^''         =  0.9  V 


**         =  0.9  ^, 


and  therefore, 

r,  =  0.485  x„ 

and  the  power-factor,  from  (4),  is  0.437. 
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That  is,  even  allowing  as  large  a  variation  of  current,  i,  as 
10  per  cent,  the  maximum  power-factor  only  reaches  43.7  per 
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cent,   when   producing  constant   current   regulation   by  series 
inductive  reactance. 
As  illustrations  are  shown,  in  Fig.  62,  for  the  constants: 


the  current: 


e^  =6600  volts  applied  e.m.f.; 
x^  =  792  ohms  series  reactance; 


6600 


and  the  power-factor 
cos  d  = 


\/r^+  792^ 
8.33 


amperes; 


Vr*  +  792» 


'^^^^' 


with  the  voltage  at  the  secondary  terminals: 

^  =  ri 
as  abscissas. 
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63.  If  the  receiver  circuit  is  inductive,  that  is,  contains,  in 
addition  to  the  resistance,  r,  an  inductive  reactance,  x,  and  if 
this  reactance  is  proportional  to  the  resistance, 

X  =  At, 

as  is  commonly  the  case  in  arc  circuits,  due  to  the  inductive 
reactance  of  the  regulating  mechanism  of  the  arc  lamp  (the 
effective  resistance,  r,  and  the  inductive  reactance,  x,  in  this 
case  are  both  proportional  to  the  niunber  of  lamps,  hence  pro- 
portional to  each  other),  it  is: 
total  impedance: 

Z  =  r  -  /  (Xo  +  x)  =  r  -  y  (x^  +  At); 
or  the  absolute  value  is 


2  =  Vr"  +  (Xo  +  xy  =  >/r»  +  (x^  +  At)»; 
thus,  the  current 

^  =  r-;(x;+ifcr)'  ^ 

and  the  absolute  value  is 

en  c«  1 


Vr»  +  (x,  +  kry      X,  J^  ^2kr^_^  r"  (1+ ki') 
and  the  power-factor: 


;(8) 


cos  <9o  =  -  =      .  (Q) 


By  the  binomial  theorem,  it  is 


Xj  ^0 

Hence,  the  current 


(10) 
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that  is,  the  expression  of  the  current,  i  (10),  contains  the  ratio, 

— ,  in  the  first  power,  with  k  as  coefficient;  and  if  therefore  k 

is  not  very  small,  that  is,  the  inductive  reactance,  a;  =  At,   a 
very  small  fraction  of  the  resistance,  r,  the  current,  i,  is  not 
even  approximately  constant,  but  begins  to  fall  ofiF  immediately, 
even  at  small  values  of  r. 
Assuming,  for  instance^ 

k  =  0.4. 

That  is,  the  inductive  reactance  x  of  the  receiver  circuit  equals 
40  per  cent  of  its  resistance  r,  and  the  power-factor  of  the 
receiver  circuit  accordingly  is 

cosd  = 


1 


1  +  A;^ 
=  93  per  cent; 
it  is,  substituted  in  (8), 

/= 


As  illustration  are  shown,  in  the  same  Pig.  62,  for  the  constants: 

6o  =  6600  volts  supply  e.m.f.; 
x^  =    792  ohms  series  reactance; 
the  current: 

8.33 


vWH 


'■^o-^ffe) 


amperes. 


This  current  is  shown  by  dotted  line. 

In  this  case,  in  an  inductive  circuit,  the  current,  i  has  decreased 
by  10  per  cent  below  the  no-load  or  short-circuit  value  of  8.33 
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amperes,  that  is,  has  fallen  to  7.5  amperes,  at  the  resistance 
r  =  187  ohms,  or  at  the  voltage  of  the  receiving  circuit. 


e  =  i  Vr"  +  x"  =  ri  vTT^  =  1.077  n  =  1500  volts; 

while,  in  the  case  of  a  non-inductive  load,  the  current  has 
fallen  off  to  7.5  amperes,  or  by  10  per  cent,  at  the  resist- 
ance r  =  395  ohms,  or  at  the  voltage  of  the  receiving  circuit: 
e  =  2950  volts. 

64.  As  seen,  a  moderate  constant-current  regulation  can 
be  produced  in  a  non-inductive  circuit,  by  a  constant  series 
inductive  reactance,  at  a  considerable  sacrifice,  however,  of  the 
power-factor,  while  in  an  inductive  receiver  circuit,  the  con- 
stant-current regulation  is  not  even  approximate. 

To  produce  constant  alternating  current,  from  a  constant 
potential  supply,  by  a  series  inductive  reactance,  over  a  wide 
range  of  load  and  without  too  great  a  sacrifice  of  power-factor, 
therefore  requires  a  variation  of  the  series  inductive  reactance 
with  the  load.  That  is,  with  increasing  load,  or  increasing 
resistance  of  the  receiver  circuit,  the  series  inductive  reactance 
has  to  be  decreased,  so  as  to  maintain  the  total  impedance  of  the 
circuit,  and  thereby  the  current,  constant. 

In  constant-current  apparatus,  as  transformers  from  constant 
potential  to  constant  ciurent,  or  regulators,  this  variation  of 
series  inductive  reactance  with  the  load  is  usually  accomplished 
automatically  by  the  mechanical  motion 
caused  by  the  mechanical  force  exerted  by 
the  magnetic  field  of  the  current,  upon  the 
conductor  in  which  the  current  exists. 

For  instance,  in  the  constant  -  current 
transformer,  as  shown  diagrammatically  in 
Fig.  63,  the  secondary  coils,  S,  are  arranged  ^'*'  ^' 
so  that  they  can  ^move  away  from  the  primary  coils,  P,  or 
inversely.  Primary  and  secondary  currents  are  proportional 
to  each  other,  as  in  any  transformer,  and  the  magnetic  field 
between  primary  and  secondary  coils,  or  the  magnetic  stray 
field,  in  which  the  secondary  coils  float,  is  proportional  to 
either  current.  The  magnetic  repulsion  between  primary  coils 
and  secondary  coiLs  is  proportional  to  the  current  (or  rather 
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its  ampere-tums),  and  to  the  magnetic  stray  field,  hence  is 
proportional  to  the  square  of  the  current,  but  independent  of 
the  voltage.  The  secondary  coils,  S,  are  counter-balanced  by  a 
weight,  TF,  which  is  adjusted  so  that  this  weight,  TF,  plus  the 
repulsive  thrust  between  secondary  coils,  5,  and  primary  coils, 
P  (which,  as  seen  above,  is  proportional  to  the  square  of  the 
current),  just  balances  the  weight  of  the  secondary  coils.  Any 
increase  of  secondary  current,  as,  for  instance,  caused  by  short- 
circuiting  a  part  of  the  secondary  load,  then  increases  the 
repulsion  between  primary  and  secondary  coils,  and  the  second- 
ary coils  move  away  from  the  primary;  hence  more  of  the 
magnetic  flux  produced  by  the  primary  coils  passes  between 
primary  and  secondary,  as  stray  field,  or  self-inductive  flux, 
less  passes  through  the  secondary  coils,  and  therefore  the 
secondary  generated  voltage  decreases  with  the  separation  of 
the  coils,  and  also  thereby  the  secondary  current,  until  it  has 
resumed  the  same  value,  and  the  secondary  coil  is  again  at  rest, 
its  weight  balancing  counterweight  plus  repulsion. 

Inversely,  an  increase  of  load,  that  is,  of  secondary  imped- 
ance, decreases  the  secondary  current,  so  causes  the  secondary 
coils  to  move  nearer  the  primary,  and  to  receive  more  of  the 
primary  flux;  that  is,  generate  higher  voltage. 

In  this  manner,  by  the  mechanical  repulsion  caused  by  the  cur- 
rent, the  magnetic  stray  flux,  or,  in  other  words,  the  series  induc- 
tive reactance  of  the  constant-current  transformer,  varies  auto- 
matically between  a  maximum,  with  the  primary  and  secondary 
coils  at  their  maximum  distance  apart,  and  a  minimum  with  the 
coils  touching  each  other.  Obviously,  this  automatic  action  is 
independent  of  frequency,  impressed  voltage,  and  character  of 
load. 

Assuming  then,  in  the  constant-current  transformer  or  other 
apparatus,  a  device  to  vary  the  series  inductive  reactance  so  as 
to  maintain  the  current  constant.    Let 

E^  ^e^  ^  constant  =  impressed  e.m.f., 
Z   =  r  —  jx, 

=  r  (1  —  jk)  the  impedance  of  the  load,  and  let 
x^  =  inductive    series    reactance,    as    the    self-inductive 
internal  reactance  of  the  constant-current  transformer. 
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The  current  in  the  circuit  then  is 


/  = 


or,  the  absolute  value: 


and,  to  maintain  the  current,  i,  constant  (i  =  i^^ 
then  requires 


v9T(x7Txp' 


or,  transposed, 


or,  for 


-v/©' 


r»-x;  (11) 


X  =kry 


foV  -  r*  -  ftr;  (12) 


that  is,  to  produce  perfectly  constant  current  by  means  of  a 
variable  series  inductive  reactance,  this  series  reactance  must  be 
varied  with  the  load  on  the  circuit,  according  to  equation  (11) 
or  (12). 
For  non-inductive  load,  or  x  =  0,  it  is 


the  maximutn  load,  which  can  be  carried,  is  given  by 
and  is 


Xo  =0 


2=Vr»  +  a?  =  r\/l  +A^  =  ^-  (14) 
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As  seen  from  equation  (13),  the  decrease  of  inductive  reactance, 
z^,  required  to  maintain  constant  current  with  non-inductive 
load,  is  small  for  small  values  of  resistance,  r,  where  the  r^  under 
the  root  is  negligible.  With  inductive  load,  equation  (11),  the 
inductive  reactance,  x^,,  has  still  further  to  be  decreased  by  the 
inductive  reactance  of  the  load,  x. 

is  the  value  of  the  series  inductive  reactance  at  no-load  or  short- 
circuit,  equations  (11),  (12),  (13)  assume  the  fonn: 
General  inductive  load: 


=  V^oo'  -r'-x,  (14) 


X 

Inductive  load  of  -  =  fc: 
r 


^0  =  v'^oo'  -r^-kr.  (15) 


Non-inductive  load : 


^0  =  v^^oo'  -  ^  (16) 


66.  As  seen,  a  constant  series  inductive  reactance  gives 
an  approximately  constant  regulation  with  non-inductive  load, 
but  if  the  load  is  inductive  this  regulation  is  spoiled.  Inversely 
it  can  be  shown,  that  condensive  reactance,  that  is,  a  source  of 
leading  current  in  the  load,  improves  the  constant-current 
regulation. 

With  a  non-inductive  load,  series  condensive  reactance  exerts 
the  same  effect  on  the  current  regulation  as  series  inductive 
reactance;  the  equations  discussed  in  the  preceding  paragraphs 
remain  the  same,  except  that  the  sign  of  x^^  is  reversed  and  the 
current  always  leading. 

With  series  condensive  reactance,  condensive  reactance  in  the 
load  spoils,  inductive  reactance  in  the  load  improves  the  con- 
stant-current regulation. 

That  is,  in  general,  a  constant  series  reactance  gives  approxi- 
mately constant-current  regulation  in  a  non-inductive  circuit, 
and  with  a  reactive  load  this  regulation  is  impaired  if  the 
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reactance  of  the  load  is  of  the  same  sign  as  the  series  reactance, 
and  the  regulation  is  improved  if  the  reactance  of  the  load  is  of 
opposite  sign  as  the  series  reactance. 

Since  a  constant-current  load  is  usually  somewhat  inductive, 
it  follows  that  a  constant  series  condensive  reactance  gives  a 
better  constant-current  regulation,  in  the  average  case  of  a 
somewhat  inductive  arc-circuit,  than  the  constant  series  induc- 
tive reactance. 

Let  Eq  =  e^  =  constant  =  impressed,  or  supply  voltage. 

Z  =r  —  jx  =  impedance   of  the  load,   or  the  receiver 
circuit,  and 

X  =  kr, 
that  is,  Z=r(l  -  jk), 

or,  absolute, 

Let  now  a  constant  condensive  reactance  be  inserted  in  series 
with  this  circuit,  of  the  reactance,  —  x^  then  the  total  impedance 
of  the  circuit  is 

Z'  =  r  +  /  (Xc  -  krl  (17) 

The  current  is 

/  =rVT7T — IIX  (18) 

or,  the  absolute  value  is 

d=      ^,        :»    -^=;  (19) 

the  phase  angle  is 

tan^o  =  -  "^^  ^  "^'   ,  (20) 

and  the  power-factor  is 

COS0,  =  =^  (21) 

Vr"  +  (Xc  -  kr)\ 

for  A;  =  0, 

or  non-inductive  load,  equations  (19)  and  (21)  assume  the  form: 

:  and  cos  0  = 


r  + 

kr). 

%/?- 

+  {Xc 

-  krf  ' 

_  ^ 

-kr 

r 

r 

} 

Vr"  +  Xc  \/r  -f  Xc^ ' 

that  Ls,  the  same  as  with  series  inductive  reactance. 


90  ALTERNATINO-CURRENT  PHENOMENA, 

Prom  equation  (19)  it  follows,  that  with  increasing  current, 
i,  from  no-load: 

r  =0,  hence:  io  =  —  ;  (22) 

the  current,  %,  first  increases,  reaches  a  maximum,  and  then 
decreases  again.  When  decreasing,  it  once  more  reaches  the 
value  ig,  for  the  resistance,  r^,  of  the  load,  which  is  given  by 


,:    . 

_£•• 

,  expanded, 

2  toe 

Xc' 

(23) 


and  the  maximum  value  through  which  i  passes  between  r  =  0 
and  r  =  r^,  is  given  by 

di 


or 


4  {r"  +  (Xc  -  kry}  =0  =  2r  -  2k  {Xc  -  kr); 
or 


hence, 


'■-i^=5-  (^) 


This  maximum  value  is  given  by  substituting  (24)  in  (19),  as 

'  Xc 


=  i,\/l+A^,  (25) 

for  k  =  0.4, 

this  value  is 


i^  =  1.077  V 


that  is,  the  current  rises  from  no  load  to  a  maximum  7.7  per 
cent  above  the  no-load  value,  and  then  decreases  again. 
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As  an  example^  let 

e^  =»  6,600  volts  impressed  e.m.f. 
and  Xc  ==  880  ohm  condensive  reactance, 

Xc  being  chosen  so  as  to  give 


for 
then: 


i'    =  —  =  7.5  amperes; 


k  =  0.4. 

. 6600 

^  ^\/r»  +  (880-0.4r)'* 

r 

cos  ^0  =    ,  J 

\/r'+(880-0.4r)^ 

e  ^zi  ^  1.077  n. 


These  values  of  current  and  power-factor  are  plotted,  with 
the  receiver  voltage  as  abscissas,  in  Fig.  64. 

86.  The  conclusions  from  the  preceding  are  that  a  constant 
series  reactance,  whether  condensive  or  inductive,  when  inserted 
in  a  constant-potential  circuit,  tends  towards  a  constant-current 
regulation,  at  least  within  a  certain  range  of  load.  That  is,  at 
varying  resistance,  r,  and  therefore  varying  load,  the  current  is 
approximately  constant  at  light  load,  and  drops  off  only  grad- 
ually with  increasing  load. 

This  constant-current  regulation,  and  the  power-factor  of 
the  circuit,  are  best  if  the  reactance  of  the  receiver  circuit  is 
of  opposite  sign  to  the  series  reactance,  and  poorest  if  of  the 
same  sign.  That  is,  series  condensive  reactance  in  an  inductive 
circuit,  and  series  inductive  reactance  in  a  circuit  carrying 
leading  current,  give  the  best  regulation;  series  inductive 
reactance  with  an  inductive,  and  series  condensive  react- 
ance with  leading  current  in  the  circuit,  give  the  poorest 
regulation. 

Since  the  receiver  circuit  is  usually  inductive,  to  get  best 
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regulation,  either  a  series  condensive  reactance  has  to  be  used, 
as  in  Fig.  64,  or,  if  a  series  inductive  reactance  is  used,  the  cur- 
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Fio.  04. 

rent  in  the  receiver  circuit  is  made  leading,  as,  for  instance,  by 
shunting  the  receiver  circuit  by  a  condensive  reactance. 

Assuming,  then,  as  sketched  diagrammatically  in  Fig.  65, 
in  a  circuit  of  constant  impressed  e.m.f.,  E^^e^^  constant, 

a  constant  inductive  reactance,  x^^ 
inserted  in  series;  and  the  receiver 
circuit,  of  impedance, 

Z=r  —  ]x=r{l-  jk) 


Fio.  65. 


where 

A;  =  tangent  of  the  angle  of  lag  =  - ; 

r 


let  the  receiver  circuit  be  shunted  by  a  constant  condensive 
reactance,  Xc',  let  then: 
E  =  potential  difference  of  receiver  circuit,  and  also  at  the 

condenser  terminals, 
/  =  current    in   the    receiver   circuit,    or   the   "secondary 

current,'' 
/  J  =  current  in  the  condenser, 
lo  =  total  supply  current,  or  "primary  current." 
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Then  /,=  /  +  /,  (26) 

and  the  e.m.f.  at  receiver  circuit  is 

E=ZI;  (27) 

at  the  condenser, 

E=jXcU,  (28) 

z 

hence,  /.  =   -r- /,  (29) 

and,  in  the  main  circuit,  the  impressed  e.m.f.  is 

E,  =e,  =E  -jx,I,.  (30) 

Hence,  substituting  (26),  (27)  and  (29)  in  (30): 


or 


and 


e.^\zt^-i..\ 


(31) 


7=-^ (32) 


If  Xc  =  x^,,  that  is,  if  the  shunted  condensive  reactance  equals 
the  series  inductive  reactance,  equations  (32)  assume  the  form: 

l  =  -^  =  /J'.  (33) 

and  the  absolute  value  is 

t=J,  (34) 

that  is,  the  current,  t,  is  constant,  independent  of  the  load  and 
the  power-factor. 
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That  is,  if  in  a  constant-potential  circuit,  of  impressed  e.m.f .,  e^, 
an  inductive  reactance,  x^y  and  a  condensive  reactance  Xc^ 
are  connected  in  series  with  each  other,  and  if  Xc  ==  x^y  (35),  that 
is,  the  two  reactances  are  in  resonance  condition  with  each 
other,  any  circuit  shunting  the  capacity  reactance  is  a  con- 
stant-current circuit,  and  regardless  of  the  impedance  of  this 
circuit,  Z  =  r  —  jx,  the  current  in  the  circuit  is 


i  =  ^-2 


67.  Such  a  combination  of  two  equal  reactances  of  opposite 
sign  so  can  be  considered  as  a  transforming  device  from  con- 
stant potential  to  constant  current. 

Substituting,  therefore,  (35)  in  the  preceding  equation  gives: 
(33)  substituted  in  (29): 

Current  in  shunted  capacity 

i.  =^«.-  (36) 


or,  absolute, 

and,  substituting  (33)  and  (36)  in  (26): 
primary  supply  current  is 


(37) 


1.0=  ^4t^«.'  (38) 


or  the  absolute  value  is 


h-zi^r^+(x,^x)\  (39) 


and  the  power-factor  of  the  supply  current  is 
tan  e^  =  -  - 


r 
r 


cos^o  =    >^  .  ,  •  (40) 

Vr*  +  (x„  -  xy 
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In  this  case,  the  higher  the  inductive  reactance,  x,  of  the 
receiving  circuit  the  lower  is  the  supply  current,  Iq,  at  the  same 
resistance,  r,  and  the  higher  is  the  power-factor,  and  i(  x  =x^ 

/o=— J  and  cose  =1,  (41) 

that  is,  the  primary,  or  supply  circuit  is  non-inductive,  and  the 
primary  current  is  in  time-phase  with  the  supply  e.m.f.,  and 
the  power-factor  is  unity,  while  the  secondary  or  receiver  ciu"- 
rent  (33)  is  90°  in  time-phase  behind  the  primary  impressed 
e.m.f.,  6^. 

Inserting  therefore  an  inductive  reactance,  x^^x^  —  x^m 
series  in  the  receiver  circuit  of  impedance,  Z  ^r  —  jx,  raises 
the  power-factor  of  the  supply  current,  t^,  to  unity,  and  makes 
this  current,  %,  a  minimum.  Or,  if  the  inductive  reactance, 
x^,  is  inserted  in  the  receiver  circuit,  thus  giving  a  total  impe- 
dance, Z  —  jx^j  =  r  —  ]  {x  +  Xq)  by  equation  (38),  substitut- 
ing Z  —  jx^  instead  of  Z,  gives  the  primary  supply  current  as 

/,  =  — J  (42) 

or  the  absolute  value  as 


^0 


%  =-;  (43) 

and  the  tangent  of  the  primary  phase  angle 

x 
tan  0Q  =  -  =  tan  d, 

that  is,  the  primary  power-factor  equals  that  of  the  secondary. 
Hence,  as  shown  diagrammatically  in  Fig.  66,  a  combina- 
tion    of.  tjyo^.  equal  ^inductive   react-.  ^ 

aDces^  in   series  with  each  other  and 
with  the  receiver  cTrcuit,  and  shunted 
riSaway  ^between  the  inductive  react- 
ances by  a  condensive  reactance  equal     __^^^ 
to    the    inductive     reactance,  trans-     ^^  yio,  66. 

fonns  constant  potential  into  con- 
stant current,  and  inversely,  without  any  change  of  power- 
factor,  that  is,  the  primary  supply  current  has  the  same  power- 
factor  as  the  secondary  current. 
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With  an  inductive  secondary  circuit,  the  primary  power- 
factor  can  in  this  way  be  made  unity,  by  reducing  the  inductive 
reactance  of  the  secondary  side,  by  the  amount  of  secondary 
reactance. 

68.  Shunted  condensive  reactance,  x^,  and  series  inductive 
reactance,  x^,  therefore  transforms  from  constant  potential, 
6^,  to  constant  current,  t,  and  inversely,  if  their  reactances  are 
equal,  Xc  =  x^,  and  in  this  case,  the  main  current  is  leading, 
with  non-inductive  load,  and  the  time  lead  of  the  main  current 
decreases,  with  increasing  inductive  reactance,  that  is,  increasing 
lag,  of  the  receiving  circuit.  The  constant  secondary  current, 
i,  lags  90*^  behind  the  constant  primary  e.m.f.,  e^. 

Inversely,  by  reversing  the  signs  of  x^  and  x^  in  the  preceding 
equations,  that  is,  exchanging  inductive  and  condensive  reac- 
tances, it  follows  that  shunted  inductive  reactance,  x^,  and 
series  condensive  reactance,  x^,  if  of  equal  reactance,  Xc  =  x^, 
transform  constant  potential,  e^,  into  constant  current,  i,  and 
inversely.  In  this  case,  the  main  current  lags  the  more  the 
higher  the  inductive  reactance  of  the  receiving  circuit,  and 
the  constant  secondary  current,  i,  is  90  time-degrees  ahead  of 
the  constant  primary  e.m.f.,  e^. 

In  general,  it  follows  that,  if  equal  inductive  and  condensive 
reactances,  x^  =  x^,  that  is,  in  resonance  condition,  are  con- 
nected in  series  across  a  constant-potential  circuit  of  impressed 
e.m.f.,  e^f  any  circuit  connected  to  the  common  point  between 
the  reactances  is  a  constant-current    circuit,  and  carries  the 

current,  t  =  -^. 

Instead  of  connecting  this  secondary  or  constant-current 
circuit  with  its  other  terminal  to  line  A,  so  shunting  the  con- 
densive reactance  with  it,  and  causing  the  main  ciurent  to  lead 
(I  in  Fig.  67),  or  to  Ime,  5,  so  shunting  the  inductive  reactance 
with  it,  and  causing  the  main  current  to  lag  (II  in  Fig.  67),  it 
can  be  connected  to  any  point  intermediate  between  A  and  5, 
by  a  compensator,  as  in  III,  Fig.  67.  If  connected  to  the  middle 
point  between  A  and  5,  the  main  current  is  neither  lagging  nor 
leading,  that  is,  is  non-inductive  with  non-inductive  load,  and 
with  inductive  load,  has  the  same  power-factor  as  the  load. 

The  two  arrangements,  I  and  II,  can  also  be  combined,  by 
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connecting  the  constant-current  circuit  across,  as  in  IV,  Fig.  67, 
and  in  this  case  the  two  inductive  reactances  and  two  conden- 
sive  reactances  diagrammatically  form  a  square,  with  the  con- 
stant potential,  e^,  as  one,  the  constant  current,  t,  as  the  other 
diagonal,  as  shown  in  Pig.  68  on  page  111.  This  arrangement 
has  been  called  the  monocyclic  square. 

The  insertion  of  an  e.m.f.  into  the  constant-current  circuit, 
in  such  arrangements,  obviously  does  not  exert  any  effect  on 
the  constancy  of  the  secondary  current,  t,  but  merely  changes 
the  primary  current,  %,  by  the  amount  of  power  supplied  or 
consumed  by  the  e.m.f.  inserted  in  the  secondary  circuit. 

_A A  A A 

r  ^ 


While  theoretically  the  secondary  current  is  absolutely  con- 
stant, at  constant  primary  e.m.f.,  practically,  it  can  not  be  per- 
fectly constant  in  the  reactances  due  to  the  power  consumed, 
but  falls  off  slightly  with  increase  of  load,  the  more,  the  greater 
the  loss  of  power  in  the  reactances,  that  is,  the  lower  the  efficiency 
of  the  transforming  device. 

Two  t3rpical  arrangements  of  such  constant-current  trans- 
forming devices  are  the  T-connection  or  the  resonating-circuit, 
diagram  Rg.  66,  and  the  monocyclic  squarcy  diagram  Fig.  68. 
From  these,  a  very  large  number  of  different  combinations  of 
inductive  and  condensive  reactances,  with  addition  of  compen- 
sators, and  of  impressed  e.m.fs.,  can  be  devised  to  transform 
from  constant  potential  to  constant  current  and  inversely,  and 
by  the  use  of  quadrature  e.m.fs.  taken  from  a  second  phase  of 
the  poljrphase  system,  the  secondary  output,  for  the  same 
amount  of  reactances,  increased. 

These  combinations  afford  very  convenient  and  instructive 
examples  for  accustoming  oneself  to  the  use  of  complex 
quantities  in  the  solution  of  alternating-current  problems. 

Only  two  typical  cases,  the  T-connection  and  the  mono- 
cyclic square  will  be  more  fully  discussed  in  the  next  chapter. 


CHAPTER  X. 

CONSTANT  POTENTIAL  — CONSTANT-CURRENT  TRANS- 
FORMATION. 

A\  T-C(mnection  or  Resonating  Circuit. 

69.  General.  A  combination,  in  a  constant-potential  circuit, 
of  an  inductive  and  a  condensive  reactance  in  series  with  each 
other  in  resonance  condition,  that  is,  with  the  condensive  reac- 
tance equal  to  the  inductive  reactance,  gives  constant  current  in 
a  circuit  shunting  the  capacity.  This  circuit  thus  can  be  called 
the  "secondary  circuit"  of  the  constant  potential  —  constant- 
current  transforming  device,  while  the  constant-potential 
supply  circuit  may  be  called  the  **  primary  circuit." 

If  the  total  inductive  reactance  in  the  constant-current  cir- 
cuit is  equal  to  the  condensive  reactance,  the  primary  supply 
current  is  in  time-phase  with  the  impressed  e.m.f. 

Let,  as  shown  diagranmiatically  in  Pig.  66, 

Xq  =  value  of  the  inductive  and  the  condensive  reactances  which 
are  in  series  with  each  other. 

x^  =  the  additional  inductive  reactance  inserted  in  the  constant- 
current  circuit. 


Z  =^r  -  jx,  or  2  =  Vr^  +  a:*  =  the  absolute  value  of  the  im- 
pedance of  the  constant-current  load. 

Assuming  now  in  the  constant-current  circuit  the  inductive 
reactance  and  the  resistance  as  proportional  to  each  other,  as 
for  instance  is  approximately  the  case  in  a  series  arc  circuit, 
in  which,  by  varying  the  number  of  lamps  and  therewith 
the  load,  reactance  and  resistance  change  proportionally. 
Let,  then, 

X 

&  ==  -  =  ratio  of  inductive  reactance  to  resistance  of  the  load, 
r 

or  tangent  of  the  angle  of  lag  of  the  constant-current  circuit. 
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It  is  then 

Z=r(l  -jk) 

and  z^rVm?]  (1) 

let,  then, 

Eq  =e^  =  constant  =  primary     impressed     e.m.f.,     or 

supply  voltage, 
Bj  =  potential  .difference  at  condenser  terminals, 
E   =  secondary  e.m.f.,  or  voltage  at  constant-current 

circuit, 
I^  =  primary  supply  current, 
f  1  =  condenser  current, 
/    =  secondary  current, 

then,  in  the  secondary  or  receiver  circuit, 

E=ZI,  (2) 

at  the  condenser  terminals 

(3) 
(4) 

and  the  primary  current  is 
hence,  expanded, 

••  J**        • 

and  the  primary  supply  voltage  is 

hence,  substituting  (3)  and  (6), 

e,-[{Z  -jx,)-{Z  +  j(x,-x,)}]I, 


E.^E-jxJ 

=  {Z-jx,)l 

and,  also, 

^,  =  +  Mx, 

hence, 

.1               ^/r             . 
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or,  expanded, 

«o  =  -Kli  (7) 

or,  the  secondary  current  is 

7  =  ^-*  (8) 

and,  Bubstituting  (8)  in  (6)  and  (5) :    The  primary  current  is 

Z  4-  i(x    -  r.^ 

(9) 


(10) 

(11) 

(12) 
(13) 

X 

tan  6  ^-  =k gives  the  secondary  phase  angle,  (14) 

and 

X    "^  X   ~~  X 

tan  d^  = gives  the  primary  phase  angle.      (15) 

r 

This  phase  angle  6^  =  0,  that  is,  the  primary  supply  current  is 
non-inductive,  if 

x^  -  Xj  -  X  =  0, 
that  is, 

Xj  =  X,  -  X.  (16) 

The  primary  supply  can  in  this  way  be  made  non-inductive 
for  any  desired  value  of  secondary  load,  by  choosing  the  reac- 
tance, Xj,  according  to  equation  (16). 


/  = 

V 

«o» 

condenser  current  is 

ix  = 

or,  the  absolute  value 

is 

i  = 

to  = 

-x)» 

e, 

h  = 
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If  x  =  0,  that  is,  a  non-inductive  secondary  circuit  (series 
incandescent  lamps  for  instance),  x^  =  x^,  that  is,  with  a  non- 
inductive  secondary  circuit,  the  primary  supply  current  is 
always  non-inductive,  if  the  secondary  reactance,  x^,  is  made 
equal  to  the  primary  reactance,  a;^^. 

In  this   case  x^  =  a;^,   with  an  inductive  secondary  circuit 

X 

tan  0^  =  -  =  tan  0:  that  is,  the  primary  supply  current  has  the 

same  phase  angle  as  the  secondary  load,  if  all  three  reactances 
(two  inductive  and  one  condensive  reactance)  are  made  equal. 
In  general,  x^  would  probably  be  chosen  so  as  to  make  I^ 
non-inductive  at  full  load,  or  at  some  average  load. 

70.  Example:  A  100  lamp  arc  circuit  of  7.5  amperes  is  to  be 
operated  from  a  6600  volt  constant-potential  supply  e^  =  6600 
volts,  and  i  =  7.5  amperes. 

Assuming  75  volts  per  lamp,  including  line  resistance,  gives 
a  maximum  secondary  voltage,  for  100  lamps,  of  c'  =  7500  volts. 

Assuming  the  power-factor  of  the  arc  circuit  as  93  per  cent 
lagging,  gives 

cos  e  =  0.93,   or  tan  6  =0.4; 
hence, 

A;  =  5=0.4,   and   Z  =  r(l-0.4y), 
r 

or  z  =  1.077  r  at  full  load, 

of  e'  =  7500  volts, 


hence 
and 


/  =  -T  =  1000  ohms. 


r'  =  0.93  /  =  930  ohms, 
a/  =  0.4  r'    =  372  ohms, 


.      «o  «o     6600     ^^^    ^ 

t=-2-,   or   x.  =  -?  =  ——  =  880  ohms. 
x^  °       I       7.5 


To  make  the  primary  current  i^  non-inductive  at  full  load,  or  for 
xf  =  372  ohms,  this  requires 


Xj  =  x^  -  x'  =  508  ohms. 
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This  gives  the  equations 

i  =  7.5  amperes, 

e  =7.5z  =  8.08  r  volts. 

t>\/r'+(372-0.4r)»X^ 


,      ^  372- 0.4  r 

tan  ^^  =  -  - 


r 

/..       372 

=  0.4 , 

r 

hence,  leading  current  below  full  load,  non-inductive  at  full 
load  and  lagging  current  at  overload. 

71.  Apparatus  Economy.    Denoting  by  /,  r',  x'  the  respective 
full-load  values,  the  volt-ampere  output  at  full  load  is 

volt-ampere  input: 

^a.  =  Vo  =  -^-  (18) 

That  is,  the  volt-ampere  input  is  less  than  the  volt-ampere 
output,  since  the  input  is  non-inductive,  while  the  output  is  not. 
The  power  output  is 

p=tV  =  ^,  (19) 

which  is  equal  to  the  volt-ampere  input,  since  the  losses  of 
power  in  the  reactances  were  neglected  in  the  preceding  equa- 
tions. 
The  volt-amperes  at  the  condenser  are 

hence,  substituting  (13), 
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The  volt-ampere  consumption  of  the  first,  or  primary  induc- 
tive reactance,  x^,  is 

hence,  substituting  (12), 


the  volt-ampere  consumption  of  the  second, 
tive  reactance,  x^,  is 

or 

or  secondary  induc- 

■>'•■ 

(22) 

The  total  volt-ampere  rating  of  the  reactances  required  for 
the  transformation  from  constant  potential  to  constant  current 
then  is 

2r^(l  +  fc^)  +  2fe/  (2g,  -  X,)  +{x,'  -  x^,  +  2x^)  ^ , 
_ g^  ^    ^^^j 


and  the  apparatus  economy,  or  the  ratio  of  volt-amperes  output 
to  the  volt-ampere  rating  of  the  apparatus  is 


t^^^ ^^y^ (24) 

'       Pa       2 r^(l  +  A;*)  +  2 At'  (2 X, -  x^)  +  (x,^ -  x^,+2 x,') 

this  apparatus  economy  depends  upon  the  load,  r',  the  power- 
factor  or  phase  angle  of  the  load,  k,  and  the  secondary  additional 
inductive  reactance,  x^. 

To  determine  the  effect  of  the  secondary  inductive  reactance, 
x^i  The  apparatus  economy  is  a  maximum  for  that  value  of 

df 
secondary  inductive  reactance,  x^,  for  which:  -p  «0. 

Instead  of  directly  differentiating  /,  it  is  preferable  to  simplify 
the  function  f  first,  by  dropping  all  those  factors,  terms,  etc., 
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which  inspection  shows  do  not  change  the  position  of  the  maxi- 
mum or  the  minimum  value  of  the  function.  Thus  the  numer- 
ator can  be  dropped,  the  denominator  made  numerator,  and  its 
first  term  dropped,  leaving 

r  =  2  At'  (2x,  -  X,)  +  (X,'  -  x^,  +  2x,') 

as  the  simplest  function,  which  has  an  extreme  value  for  the  same 
value  of  Xp  as  /.    Then 

^  =4*7^  -x,  +  4x,  =0, 

and  ^^^x,  Y^,  (25) 

substituting  (25)  in  (24),  gives 

A  =    8/xyrTF_^  (26) 

ler^-SA/x. +  7Xo' 

To  determine  the  effect  of  the  load  f: 

/,  becomes  a  maximum  for  that  load,  r',  which  makes 

dr'     "' 
or,  simplified, 

16r^-8fe/x, +  7a;/ 

h   —  ^  1 

hence 

^  =  ^(32  r'  -  8  ftx.)  -  (16  r«  -  8  Ar'x,  +  7x.»)  =  0, 
dr 

hence  r'  =?o^,  (27) 

and,  substituting  (27)  in  (26), 


/,  ^^^n?,  (28) 

V7  -  A; 
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hence,  for  A;  =0: 

/,  =  4=  =  0-378. 

^^  V/7^Qgg2a; 
4 

x,=  |!=0.25a;.. 


for  k  =0.4: 


/,=  JiyL=  0.478. 
V7-0.4 

i^=?<L^=  0.662  «, 
4 

2*  =  Vne  5<L^  =  0.712  «, 
4 

Xj  =  1°  (1  -  0.4  V7)  =  -  0.016  X, 

=  approximately  zero. 

At  non-inductive  load 

k  =0 

and  mth  non-inductive  primary  supply,  that  is, 

by  substituting  these  values  in  (24),  the  apparatus  economy  is 


which  is  a  maximum  for       r'  =  x^,  (30) 

/,=  j  =  0.25,  (31) 

which  is  rather  low: 

That  is,  non-inductive  load  and  supply  circuit  do  not  give  very 
high  apparatus  economy,  but  inductive  reactance  of  the  load, 


/=o,-.   .'■n>  (29) 
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and  phase  displacement  in  the  supply  circuit,  gives  far  higher 
apparatus  economy,  that  is,  more  output  with  the  same  volt- 
amperes  in  reactance. 

By  inserting  in  (23),  with  the  quantities,  PJ,  Pa\  and  Pa''\ 
coefficients  n^,  n,,  rij,  which  are  proportional  respectively  to  the 
cost  of  the  reactances  per  kilovolt-ampere,  the  expression 

n,Pa' +  n^P^'' ^  n,PJ''  ^g^) 

then  represents  the  commercial  economy,  that  is,  the  maximum 
of  this  expression,  derived  by  analogous  considerations  as  before, 
gives  the  arrangement  for  minimum  cost  at  given  output. 

72.  Power  Losses  in  Reactances. 

In  the  preceding  equations,  the  losses  of  power  in  reactances 
have  been  neglected.  However  small  these  may  be,  in  accurate 
investigations,  they  require  consideration  as  to  their  efiFect  on 
the  regulation  of  the  transforming  device,  and  on  the  efficiency. 

Let 

a  =  power-factor  of  inductive  reactance,  that  is,  loss  of  power, 
as  fraction  of  total  volt-amperes. 

b  =»  power-factor  of  condensive  reactance,  that  is,  loss  of  power, 
as  fraction  of  total  volt-amperes. 

Here  a  and  b  are  very  small  quantities,  in  general  6,  the  loss 
in  the  condensive  reactance,  being  far  smaller  than  the  loss  in  the 
inductive  reactance. 

Approximately,  the  inductive  reactances  are  (a  —  j)  x^  and 
(a  —  j)  x^  respectively,  and  the  condensive  reactance  is  (6  +  fjx^. 

Assuming  the  same  denotations  as  in  the  preceding  paragraphs, 
receiver  circuit 

E=ZI,  (33) 

at  condenser  terminals 

E,  =E^{a-i)x,I 

=  {Z  +  (a-j)x,}/  (34) 

and  also 

E,^Q>^j)x,I,;  (35) 


hence 


and 
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Z+(a-i)x 


Z  +  (b  +  i)x,+  {a-j)x, 

and  the  impressed  e.m.f. 

e,  =E,  +  (o- j)x,/,; 

hence,  substituting  (35)  and  (37), 

X,  +  { Z(a + 5)  +  yx,(o  -b)-  jxjja + 6) }  +  {x,a6 + x,o  (o + 5)  I 
*•  "  h  +  j  ^■ 

(38) 
Since  o  and  6  are  very  small  quantities,  their  products  and 
squares  can  be  neglected,  then 

X,  +  {  Z  (o  +  6)  +  jx,  (g  -  b)  -  /x,  (g  +  6)} 
e, ^-^-^  /        (39) 

or 

/ (?+^)^o . .    (40) 

•       X,  +  jZ  (g  +  6)  +  jx,  (g  -  6)  -  jx,  (g  +  6)j  '         ' 

this  can  be  written 

1  -yb 


x» 


''•    1  +  j-  (a  +  6)  +  J  (g  -  6)  -  /-'  (g  +  &)  j 
hence 

/  =  ^-°  jl  -  ja  +  y  ^  (a  -f  6)  -  -  (a  -f  6)  !  (41) 

that  is,  due  to  the  loss  of  power  in  the  reactances,  the  secondary 
current  is  less  than  it  would  be  otherwise,  and  decreases  with 
increasing  load  still  further. 
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Equation  (41)  can  also  be  written 

here  the  imaginary  component  is  very  small  in  the  parenthesis, 
that  is,  the  secondary  current  remains  practically  in  quadra- 
ture with  the  primary  voltage. 
The  absolute  value  is,  neglecting  terms  of  secondary  order, 


1  =  ^1-  -(o  +  6)| 
The  primary  current  is,  by  equation  (37)  and  (40), 


(43) 


r  Z+/(a;o-x.)  +  (bXp  +  ox^)  e. 

•  V  I,  +  Z  (a  +  6)  +  jx,  (o  -  6)  -  jx,  (a  +  6)    x. 


=  ?• 


^0  1^  ^ i^  (a  +  b)  +  ;(a-6) 


73.  Example: 

Considering  the  same  example  as  before:  a  constant-potential 
circuit  of  e^  =  6600  volts  supplying  a  100-lamp  series  arc- 
circuit,  with  i'  =  7.5  amperes,  and  c'  =  7500  volts  at  full  load 
of  93  per  cent  power-factor,  that  is,  k  =  0.4,  and  Z  =  (1  —  0.4  j)r. 
Assuming  now,  however,  the  loss  in  the  inductive  react- 
ance as  3  per  cent,  and  in  the  capacity  as  1  per  cent,  that  is, 
a  =  0.03  b  =  0.01,  the  full-load  value  of  the  secondary  load 
impedance  is:  /  =  1000  ohms,  r^  =  930  ohms  and  x'  =  372 
ohms. 

To  give  non-inductive  primary  supply  at  full  load,  the  fol- 
lowing equation  must  be  fulfilled: 

a:,  =  x^  -  x'  =  Xo  -  372. 
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From  equation  (43),  the  secondary  current,  at  full  load,  is 


or 


hence 


75  =  ^ji  _  930  X  0-04|. 


«,  =  840  ohms,  and  x,  =  468  ohms. 
Substituting  in  (42),  (43),  (44), 

/  =7.86 ,{(1-0.04  ^)-, (0.052-0.0163^)} 

»  =  7.86  (1  -  0.04^) 
6  =  ie  =  1.077  ri 
.8.46r(l-0.04^) 

and  herefrom  the  power-factor,  efficiency,  etc. 

In  Fig.  69,  page  117,  there  are  plotted,  with  the  secondary, 
e.m.f.,  c,  as  abscissas,  the  values:  secondary  current,  i;  primary 
current,  i^;  primary  power-factor,  cos  6,  and  efficiency. 

74.  In  alternating-current  circuits  small  variations  of  fre- 
quency are  unavoidable,  as  for  instance,  caused  by  changes  of 
load,  etc.,  and  the  inductive  reactance  is  directly  proportional, 
the  fcondensive  reactance  inversely  proportional  to  the  frequency. 
Wherever  inductive  and  condensive  reactances  are  used  in  series 
with  each  other  and  of  equal  or  approximately  equal  reactance, 
so  more  or  less  neutralizing  each  other,  even  small  changes  of 
frequency  may  cause  very  large  variations  in  the  result,  and  in 
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such  cases  it  is  therefore  necessary  to  investigate  the  effect  of  a 
change  of  frequency  on  the  result:  for  instance,  in  a  resonating 
circuit  of  very  small  power  loss/  a  small  change  of  frequency 
at  constant  impressed  e.m.f.  may  change  the  current  over  an 
enormous  range. 

Since  in  the  preceding,  constant-current  regulation  is  pro- 
duced by  inductive  and  condensive  reactances  in  series  with  each 
other,  the  effect  of  a  variation  of  frequency  requires  investi- 
gation. 

Let,  then,  the  frequency  be  increased  by  a  small  fraction,  s. 

The  inductive  reactance  thereby  changes  to  x^  (1  +  s)  and 
x  (1-f  s),  and  Z  ==  r  —  J  (1  +  s)  a;  respectively,  and  the  con- 

densive  reactance  to       ' 


1+s 

Leaving  all  the  other  denotations  the  same,  and  neglecting 
the  loss  of  power  in  the  reactances, 

£,  =  {Z-y(l+s)x,}/ 


hence, 


and 


thus 


(i  +  8){z-y(i  +  s)x.) 


J^o 


.0        .  .,  y^^ 


e.  =  B,-y(l+8)x./, 
=  [Z  -  j(l+  «)x,-(l+  syZ  -  j(l+  s)  {x,  -(1+  s)»x,}]/ 

hence,  expanding  and  dropping  terms  of  higher  order, 
«o J7  {».  +  8  (*.  -  2Xj  -  4Zy)-  s»(3x,-  2;-)}, 
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Hence,  the  current  is  not  greatly  affected  by  a  change  of 
frequency.  That  is,  the  constant-current  regulation  of  the 
above  discussed  device  does  not  depend,  or  require,  a  constancy 
of  frequency  beyond  that  available  in  ordinary  alternating- 
current  circuits. 

B.  Monocyclic  Square. 
75.  General. 

A  combination  of  four  equal  reactances,  two  condensive  and 

two  inductive,  arranged  in  a  square  as  shown  diagrammatically 

in  Fig.  68,  transforms  a  constant  voltage,  impressed  upon  one 

diagonal,  into  a  constant  current  across  the  other  diagonal,  and 

inversely. 

Let,  then, 

E^=  C(,==  constant  =  primary  impressed  e.m.f .,  or  supply  voltage, 

E  =  secondary  terminal  voltage, 

E^  =  voltage  across  the  condensive 

reactance, 
£,  =  voltage  across  the  inductive 
reactance, 
and 

/  ^  =  primary  supply  current, 
/   =  secondary  current, 
/  J  =  current  in  condensive  reactance, 
/,  =  current  in  inductive  reactance, 
these  currents  and  e.m.fs.  being  assumed  in  the  direction  as 
indicated  by  the  arrows  in  Fig.  68. 
Let 

Xq  =  condensive  and  inductive  reactances; 
hence, 

Zj  =  +  jx^  «  condensive  reactance,  (1) 

Z,  =  —  jx^  =  inductive  reactance.  (2) 

Then,  at  the  dividing  point, 

io=(i  +  /,>  (3) 

and  /    =  i,  -  L;  (4) 

hence, 

/.==  ^  (5) 

and  /,=  ^^'  (6) 
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In  the  e.m.f .  triangle, 

e,=  ZJ,  +  Z,I,  (7) 

and  £?=Z,/,-Z,/,  (8) 

and  E^zi;  (9) 

substituting  (1)  and  (2)  in  (7)  and  (8)  gives 

«,  =  y^.(li-i,)  (10) 

and  Z/=yx.(/,  +  /^,  (11) 

and,  substituting  herein  the  current, 

and  ZI=+jx,I^  (13) 

hence,  the  secondary  current  is 


!=?-•;  (14) 


«« 


the  primary  current, 
the  condenser  current. 


2x,» 

and  the  current  in  the  inductive  reactance, 

Z  +  jx. 


/.=^;  (15) 

h  =  ^^'  (16) 


2x/ 
The  secondary  terminal  voltage  is 


/,  =  ^^^rrP-  (17) 


E  =  ]\^;  (18) 


the  condenser  voltage, 

and  the  inductive  reactance  voltage, 


^.  =  K/.=  ^^^^o;  (19) 


J?  i-rl     -         ?(^+Fo)  ^  nff. 
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The  tangent  of  the  primary  phase  angle  is 

^an  »^  =  -  =  tan  »;  (21) 

hence,  the  absolute  value  of  the  secondary  current  is 

<-J;  (22) 

of  the  primary  current, 

».-^;  (23) 

of  the  condenser  current, 

i,^  ::^f±K±Re^  (24) 

2x* 


and  of  the  inductive  reactance  current 


Vr»  +  (x.-x)» 


2x» 


0 


The  secondary  tenmnal  voltage  is 
the  condenser  voltage, 


^o" 


Vr*  +  {x^  -f  xf 


^  2x, 


0 


and  the  inductive  reactance  voltage: 


e. 


2 


Vr*  +  (X,-  X)' 
2x, 


(25) 


e  -  r«.;  (26) 


(27) 


eo-  (28) 


76.  From  these  equations  follow  the  apparent  powers,  or  volt- 
amperes  of  the  different  circuits  as: 
Output, 


e.'z 


Input, 


Pa.  =et  =  fi'  (29) 


%=e.t.  =  ^-  (30) 

0 


Inductance, 
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Hence  the  input  is  the  same  as  the  output.    This  is  obvious, 
since  the  losses  of  power  in  the  reactances  are  neglected,  and  it 
was  found  (21),  that  the  phase  angle  or  the  power-factor  of  the 
primary  circuit  equals  that  of  the  secondary  circuit. 
Apparent  power  of  the  condensive  reactance, 

Fa^  =  Cjtj  =   4^1 ^0  >  (31) 

and,  therefore,  total  volt-ampere  capacity  of  the  reactances  is 

Pa=2(Pa,  +Pa,) 

hence  ^        . 

Pa-^^e,\  (33) 

and, 

apparatus  economy, 


f-^-:j^.^  (34) 


Pa         ^  +  X,' 

hence  a  maximum  for  z  ==  x^y  (35) 

and  this  maximum  is  equal  to   /o  =  i  or  50  per  cent.  (36) 

That  is,  the  maximum  apparatus  economy  of  the  monocyclic 
square,  as  discussed  here,  is  50  per  cent,  or  in  other  words,  for 
every  kilovolt-ampere  output,  two  kilovolt-amperes  in  reactances 
have  to  be  provided. 

This  apparatus  economy  is  higher  than  that  of  the  T-connec- 
tion,  in  which  under  the  same  conditions,  that  is  for  x^  =  x^  the 
apparatus  economy  was  only  25  per  cent. 

The  commercial,  or  cost  economy  would  be  given  by 

^  =  2(n,Pa^  +  n,P„,)  =  maxin*"'".  (37) 

where 

rij  =  price  per  kilovolt-ampere  of  condensive  reactance,  n,  = 
price  per  kilovolt-ampere  of  inductive  reactance. 
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77.  Example: 

Considering  the  same  problem  as  mider  A.  From  a  constant 
impressed  e.m.f.  e^  =  6600  volts,  a  100-lamp  arc  circuit,  of  93 
per  cent  power-factor,  is  to  be  operated,  requiring 

I   =  7.5  amperes, 
Z  =r  —  ]x 
=  r(l-j&) 


where 
hence 
and  at  full  load 


k  =  ^  =0.4; 
r 

Z  =r(l  -0.4J-), 
e'  =  7500  volts. 


Then,  from  (22), 

e  e' 

x.  =  -?  =  880  ohms,  2^  =  -  =  1000  ohms; 

hence     r'  =  930  ohms,  x"  =  k/  =372  ohms, 

and,  therefore, 

i   =  7.5  amperes, 

^'0=7.5  -—amperes,. 


€  =  7.5  z, 

and  at  full  load,  or  r  =  930,  when  denoting  full  load  values  by 
prime, 

i'  =  7.5  amperes, 

iV  =  7.93  amperes, 

i/  =  6.65  amperes, 

t/  =  4.52  amperes, 

e"  =  7500  volts, 

6/  =  5850  volts, 

e/  =  3980  volts, 

p/     _  >  56.25  kv-amp. 

P'a  =38.9  kv-amp. 
P'a^  =  18.0  kv-amp. 
P'a'  =  113.8  kv-amp. 

f  =  0.4943 
or  49-43  per  cent,  that  is,  practically  the  maximum. 
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78.  Power  Loss  in  Reactances. 

In  the  preceding,  as  first  approximation,  the  loss  of  power  in 
the  reactances  has  been  neglected,  and  so  the  constancy  of 
current,  i,  was  perfect,  and  the  output  equal  to  the  input. 
Considering,  however,  the  loss  of  power  in  the  reactances,  it  is 
found  that  the  current,  t,  varies  slightly,  decreasing  with  increas- 
ing load,  and  the  input  exceeds  the  output. 

Let,  then, 

Zj  =  (6  +  f)  x^  =  condensive  reactance, 
Z,  =  (a  —  j)  Xq  =  inductive  reactance, 

otherwise  retaining  the  same  denotations  as  in  the  preceding 
paragraphs. 
Then,  substituting  in  (7)  and  (8), 

lo=(6  +  j-)/^+(a-j-)/,,  (38) 

^  =  (6  +  j-)/.-(a-j-)/,-  (39) 


Assuming 


o  =  c,  +  c,  "I 
6  =  c,  -  c,  j 


a  +  b 


(40) 
(41) 


Substituting  in  (38)  and  (39) 

5^  =;•(/,- /,)  +  c.(/,  + /J -c.a.-/^ 

^  =/(/,  +  /,)  +c,(/,  -  /.)  -c,(/.  +  /,), 
substituting  herein  from  equations  (3)  and  (4)  gives 

J  =  (c, -?•)/+"./„  (42) 

and  ^  =  -  c,  /  +  (j  -  c,)  /.,  (43) 

*0 
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and  from  these  two  equations  with  the  two  variables,  /  and  /,, 
it  follows  from  (43)  that 


(44) 
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Substituting  (44)  in  (42),  transposing,  and  dropping  terms  of 
secondary  order,  that  is,  products  and  squares  of  Cj  and  c,,  gives: 

substituting  (45)  in  (44),  and  transposing, 

then,  substituting  (45)  and  (46)  in  (5)  and  (6), 


2xJ 


(48) 


and  the  absolute  value  is 


or,  approximately, 

t  =  -'fl-c.  ^),etc. 
z.V,         '  r/ 


(49) 
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79.  Example: 

Considering  the  same  example  as  before,  of  a  7.5-ampere 
100-lamp  arc  circuit  operated  from  a  6600-volt  constant-poten- 
tial supply,  and  assuming  again  as  in  §  73: 

3  per  cent  power-factor  of  inductive  reactance,  or  a  =  0.03. 
1  per  cent  power-factor  of  condensive  reactance,  or  6  =  0.01. 

It  is  then: 

q  =  0.02,  c,  =  0.01, 

and  at  full  load 

7^.  ?™« (1-0.02??°); 

«,  =861,  and  i  =  7.66(l  -002-^), 
and  we  have,  approximately, 

e  =  ^i  =  1.077  rL 

In  Pig.  70  are  plotted,  with  the  secondary  terminal  voltage,  e, 
as  abscissas,  the  values  of  secondary  current,  i\  primary  current, 
\\  condenser  current,  i\;  inductive  reactance  current,  i,,  and 
efficiency. 

As  seen,  with  the  monocyclic  square,  the  current  regulation 


or 

6600  /.      ^  ^^  930 
7.5  = 

hence 
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is  closer,  and  the  eiEciency  higher  than  with  the  T-connection. 
This  is  due  to  the  lesser  amount  of  reactance  required  with  the 
monocyclic  square. 
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The  investigation  of  the  effect  of  a  variation  of  frequency 
on  the  current  regulation  by  the  monocyclic  square,  now  can 
be  carried  out  in  the  analogous  manner  as  in  A  with  the  T- 
connection. 


C    General  Discussion  of  Constant-Potentialy  Constant-Current 
Transformation. 

80.  In  the  preceding  methods  of  transformation  between 
constant  potential  and  constant  current  by  reactances,  that  is, 
by  combinations  of  inductive  and  condensive  reactances,  the 
constant  alternating-current  is  in  quadrature  with  the  constant 
e.m.f.  Even  in  constant-current  control  by  series  inductive 
reactances,  the  constancy  of  current  is  most  perfect  for  light 
loads,  where  the  reactance  voltage  is  large  and  thus  the  con- 
stant-current voltage  almost  in  quadrature,  and  the  constant- 
current  control  is  impaired  in  direct  proportion  to  the  shift  of 
phase  of  the  constant  current  from  quadrature  relation. 

The  cause  hereof  is  the  storage  of  energy  required  to  change 
the  character  of  the  flow  of  energy.  That  is,  the  energy  supplied 
at  constant  potential  in  the  primary  circuit,  is  stored  in  the 
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reactances,  and  returned  at  constant  current,  in  the  secondary 
circuit. 

The  storage  of  the  total  transformed  energy  in  the  reactances 
aUows  a  determination  of  the  theoretical  minimum  of  reactive 
power,  that  is,  of  inductive  and  condensive  reactances  required 
for  constant-potential  to  constant-current  transformation,  since 
the  energy  supplied  in  the  constant-current  circuit  must  be 
stored  for  a  quarter  period  after  being  received  from  the  con- 
stant-potential circuit. 
Let 

p  =P(1  +cos2tf) 

=  Power  supplied  to  the  constant-current  circuit; 
thus,  neglecting  losses, 
Po  =^(1  -cos2fl) 

=  Power  consumed  from  the  constant-potential  cir- 
cuit, and 
p^  -  p=2Pcos2(? 

=  Power  in  the  reactances. 

That  is,  to  produce  the  constant-current  power,  P,  from  a 
single-phase  constant-potential  circuit,  the  apparent  power,  2  P, 
must  be  used  in  reactances;  or,  in  other  words,  per  kw.  constant- 
current  power  produced  from  a  single-phase  constant-potential 
circuit,  reactances  rated  at  2  kv-amp.  as  a  minimum  are 
required,  arranged  so  as  to  be  shifted  45  time-degrees  against 
the  constant-potential  and  the  constant-current  circuit. 

The  reactances  used  for  the  constant-potential,  constant- 
current  transformation  may  be  divided  between  inductive  and 
condensive  reactances  in  any  desired  proportion. 

The  additional  wattless  component  of  constant-potential 
power  is  obviously  the  difference  between  the  wattless  volt- 
amperes  of  the  inductive  and  that  of  the  condensive  reactances. 
That  is,  if  the  wattless  volt-amperes  of  reactance  is  one-half  of 
inductive  and  one-half  of  condensive,  the  resultant  wattless 
volt-amperes  of  the  main  circuit  is  zero,  and  the  constant- 
potential  circuit  is  non-inductive,  at  non-inductive  load,  or 
consumes  current  proportional  to  the  load. 

If  A  is  the  condensive  and  B  the  inductive  volt-amperes,  the 
resultant  wattless  volt-amperes  is  B-A;  that  is,  a  lagging  watt- 
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less  volt-amperes  of  R-A  (or  a  leading  volt-ampere  of  A-B) 
exist  in  the  main  circuit,  in  addition  to  the  wattless  volt- 
amperes  of  the  secondary  circuit,  which  reappear  in  the 
primary  circuit. 

81.  These  theoretical  considerations  permit  the  criticism  of 
the  difiFerent  methods  of  constant-potential  to  constant-current 
transformation  in  regard  to  what  may  be  called  their  apparatus 
economy,  that  is,  the  kilovolt-ampere  rating  of  the  reactance 
used,  compared  with  the  theoretical  minimum  rating  required. 

1.  ^Series  Inductive  Reactance,  that  is,  a  reactive  coil  of 
constant  inductive  reactance  in  series  with  the  circuit.  This 
arrangement  obviously  gives  only  imperfect  constant-current 
control.  Permitting  a  variation  of  five  per  cent  in  the  value 
of  the  current  (that  is,  full-load  current  is  five  per  cent  less  than 
no-load  current)  and  assuming  four  per  cent  loss  in  the  reactive 
coil,  a  reactance  rated  at  3.46  kv-amp.  is  required  per  kw. 
constant-current  load.  This  apparatus  operates  at  87.9  per 
cent  economy  and  30  per  cent  power-factor. 

Assuming  10  per  cent  variation  in  the  value  of  the  current, 
reactance  rated  at  2.22  kv-amp.  is  required  per  kw.  constant- 
current  load.  This  arrangement  operates  at  an  economy  of 
91.8  per  cent,  and  a  power-factor  of  89.5  per  cent. 

In  the  first  case,  the  apparatus  economy,  that  is,  the  ratio  of 
the  theoretical  minimum  kilovolt-ampere  rating  of  the  reactance 
to  the  actual  rating  of  the  reactance  is  88  per  cent,  and  in  the 
last  case  92  per  cent,  thus  the  objection  to  this  method  is  not 
the  high  rating  of  the  reactance  and  the  economy,  but  the 
poor  constant-current  control,  and  especially  the  very  low 
power-factor. 

2.  Inductive  and  Condensive  Reactances  in  Resonance  Condition, 
the  condensive  reactance  being  shunted  by  the  constant-current 
circuit.  In  this  case,  condensive  reactance  rated  at  1  kv-amp. 
and  inductive  reactance  rated  at  2  kv-amp.  are  required  per 
kw.  constant-cun-ent  load,  and  the  main  circuit  gives  a  constant 
wattless  lagging  apparent  power  of  one  kv-amp.  Assuming 
again  four  per  cent  loss  in  the  inductive  and  two  per  cent  loss  in 
the  condensive  reactances,  gives  a  full-load  efficiency  of  91  per 
cent  and  a  power-factor  (lagging)  of  74  per  cent.  The  appara- 
tus economy  by  this  method  is  66.7  per  cent. 
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3.  Inductive  and  condensive  reactances  in  resonance  condition, 
the  inductive  reactance  shunted  by  the  constant-current  circuit. 
In  this  case,  as  a  minimum,  per  kw.  constant-current  load,  con- 
densive  reactance  rated  at  2  kv-amp.  and  inductive  reactance 
rated  at  1  kv-amp.  is  required,  and  the  main  circuit  gives  a 
constant  wattless  leading  apparent  power  of  1  kv-amp.  The 
efficiency  of  transformation  is  at  full  load  92.5  per  cent,  the 
power-factor  (leading)  73  per  cent,  the  apparatus  economy 
66.7  per  cent. 

4.  T-Connection,  that  is,  two  equal  inductive  reactances  in 
series  to  the  constant-current  circuit  and  shunted  midway  by 
an  equal  condensive  reactance.  In  this  case  per  kw.  constant- 
current  load,  condensive  reactance  rated  at  2  kv-amp.  and 
inductive  reactance  rated  at  2  kv-amp.  are  required. 

The  main  circuit  is  non-inductive  at  all  non-inductive  loads, 
that  is,  the  power-factor  is  100  per  cent. 

The  full-load  efficiency  is  89.3  per  cent,  apparatus  economy 
50  per  cent. 

5.  The  Monocyclic  Square.  In  this  case  a  condensive  react- 
ance rated  at  1  kv-amp.  and  inductive  reactance  rated  at 
1  kv-amp.  are  required  per  kw.  constant-current  load.  The 
main  circuit  is  non-inductive  at  all  non-inductive  loads,  that  is, 
the  power-factor  is  100  per  cent.  The  full-load  efficiency  is 
94.3  per  cent,  the  apparatus  economy  100  per  cent. 

6.  The  Monocyclic  Square  in  combination  with  a  constant- 
potential  polyphase  system  of  impressed  e.m.f.  In  this  case,  per 
kw.  constant-current  load,  condensive  reactance  rated  at  0.5 
kv-amp.  and  inductive  reactance  rated  at  0.5  kv-amp.  are 
required.  The  main  circuits  are  non-inductive  at  all  loads, 
that  is,  the  power-factor  is  100  per  cent.  The  full-load  efficiency 
is  over  97  per  cent,  the  apparatus  economy  200  per  cent, 

82.  In  the  preceding,  the  constant-potential  to  constant- 
current  transformation  with  a  single-phase  system  of  constant 
impressed  e.m.f.,  has  been  discussed;  and  shown  that  as  a  mini- 
mum in  this  case,  to  produce  1  kw.  constant-current  output, 
reactances  rated  at  2  kv-amp.  are  required  for  energy  storage. 
The  constant  current  is  in  quadrature  with  the  main  or  im- 
pressed e.m.f.,  but  can  be  either  leading  or  lagging.  Thus  the 
total  range  available  is  from  1  kw.  leading,  to  zero,  to  1  kw. 
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lagging.    Hence  if  a  constant-quadrature  e.m.f.  is  available  by 
the  use  of  a  polyphase  system,  the  range  of  constant  current 


Fig.  71. 


can  be  doubled,  that  is,  reactance  rated  at  2  kv-amp.  can  be 
made  to  control  the  potential  for  2  kw.  constant-current  output 
in  the  way  shown  in  Kg.  71  for  a  three-phase,  and  Fig.  72  for 
a  quarter-phase  system  of  impressed  e.m.f. 


Pig.  72. 


In  this  case,  one  transformer  feeds  a  monocyclic  square,  the 
other  transformer  inserts  an  equal  constant  e.m.f.  in  quadrature 
with  the  former,  which  from  no-load  to  half-load  is  subtractive, 
from  half-load  to  full  load  is  additive,  that  is,  at  full  load,  both 
phases  are  equally  loaded;  at  half-load  only  one  phase  is  loaded 
and  at  no-load  one  phase  transforms  energy  into  the  other  phase. 

The  monocyclic  e.m.f.  square  in  this  case,  when  passing 
from  fuU  load  to  no-load,  gradually  collapses  to  a  straight  line 
at  half-load,  then  overturns  and  opens  again  to  a  square  in  the 
opposite  direction  at  no-load.    That  is,  at  full  load  the  trans- 
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formation  is  from  constant  potential  to  constant  current,  and  at 
no-load  the  transformation  is  from  constant  current  to  constant- 
potential. 

Obviously  with  this  arrangement  the  eflSciency  is  greatly 
increased  by  the  reduction  of  the  losses  to  one-half,  and  the  con- 
stant-current control  improved. 

At  the  same  time,  the  sensitiveness  of  the  arrangement  for  dis- 
tortion of  the  wave-shape,  as  will  be  discussed  in  Chapter  XXIX, 
is  greatly  reduced,  due  to  the  insertion  of  a  constant-potential 
e.m.f.  into  the  constant-current  circuit. 

Obviously  the  arrangements  in  Figs.  71  and  72  are  not  the 
only  ones,  but  many  arrangements  of  inserting  a  constant-quad- 
rature e.m.f.  into  the  monocyclic  square  or  triangle  are  suitable. 

Different  arrangements  can  also  be  used  of  the  constant-current 
control,  for  instance,  the  inductive  and  condensive  reactances  in 
resonance  condition  with  their  common  connection  connected 
to  the  center  of  a  compensator  or  transformer,  with  the  insertion 
of  the  constant-potential  quadrature  e.m.f.  in  the  latter  circuit 
as  shown  in  Fig.  73,  or  the  T-connection,  shown  applied  to  a 
quarter-phase  system  in  Fig.  74. 

Constant-potential  apparatus  and  constant-current  single- 
phase  circuits  can  also  be  operated  from  the  same  transformer 


secondaries  in  a  similar  manner,  as  indicated  in  Fig.  73,  for  a 
three-phase  secondary  system. 

In  Figs.  71  to  74,  the  arrangement  has  been  shown  as  applied 
to  step-down  transformers,  but  in  the  estimate  of  the  efficiency 
the  losses  in  these  transformers  have  not  been  included,  since 
these  transformers  are  obviously  not  essential  but  merely  for  the 
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convenience  of  separating  electrically  the  constant-current  cir- 
cuit from  the  high-potential  line.  It  is  evident,  for  instance,  in 
Fig«  73,  that  the  constant-current  and  constant-potential  circuits 

INO.  INO. 

CONO. 


CONSTANT  CURRENT 
SINGLE- PHASE 


Fig.  74. 


instead  of  being  operated  from  the  three-phase  secondaries  of  the 
step-down  transformers  can  be  operated  directly  from  the  three- 
phase  primaries  by  replacing  the  central  connection  of  the  one 
transformer  by  the  central  connection  of  the  compensator. 

D.  Problems. 

83.  In  the  following  problems  referring  to  constant-potential 
to  constant-current  transformation  by  reactances,  it  is  recom- 
mended: 

a.  To  derive  the  equation  of  all  the  currents  and  e.m.fs.,  in 
complex  quantities  as  well  as  in  absolute  terms,  while  neglecting 
the  loss  of  power  in  the  reactances. 

h.  To  determine  the  volt-amperes  in  the  different  parts  of 
the  circuit,  as  load,  reactances,  etc.,  and  therefrom  derive  the 
apparatus  economy,  to  find  its  maximum  value,  and  on  which 
condition  it  depends. 

c.  To  determine  the  effect  of  inductive  load  on  the  power 
of  the  primary  supply  circuit,  to  investigate  the  phase-angle 
of  the  primary  supply  circuit,  and  the  conditions  under  which  it 
becomes  a  minimum,  or  the  primary  supply  becomes  non- 
inductive. 

A  To  redetermine  the  equations  of  the  problem,  while  con- 
sidering the  power  lost  in  the  reactances,  and  apply  these  equa- 
tions to  a  numerical  example,  plotting  all  the  interesting  values. 
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e.  To  investigate  the  effect  of  a  change  of  frequency  on  the 
equations,  more  particularly  on  the  constant-current  regulation. 

/.  To  investigate  the  effect  of  a  distortion  of  wave-shape, 
that  is,  the  existence  of  higher  harmonics  in  the  impressed 
e.m.f.,  and  their  suppression  or  reappearance  in  the  secondary 
circuit. 

g.  To  study  the  reversibility  of  the  problem,  that  is,  apply 
(a.)  to  (/.)  to  the  reversed  problem  of  transformation  from 
constant  current  to  constant  potential. 

Some  of  the  transforming  devices  between  constant  potential 
and  constant  current  are: 

A.  Single-phase. 

a.  The  resonating  circuit,  or  condensive  and  inductive 
reactances,  of  equal  values,  in  series  with  each  other  in  the  con- 
stant-potential circuit,  and  the  one  reactance  shunted  by  the 
constant-current  circuit. 

6.  T-connection,  as  partially  discussed  in  (A.). 

c.  The  monocyclic  square,  as  partially  discussed  in  (B.). 

d.  The  monocyclic  triangle:  a  condensive  reactance  and  an 
inductive  reactance  of  equal  values,  in  series  with  each  other 
across  the  constant-potential  circuit,  the  constant-current 
circuit  connecting  between  the  reactance  neutral,  or  the  common 
connection  between  the  two  (opposite)  reactances,  and  the 
neutral  of  a  compensator  or  auto-transformer  connected  across 
the  constant-potential  circuit.  Instead  of  the  compensator 
neutral,  the  constant-current  circuit  can  be  carried  back  to  the 
neutral  of  the  transformer  connected  to  the  constant-potential 
circuit. 

B.  Polyphase. 

a.  In  the  two-phase  system  the  two  phases  of  e.m.fs.,  e^ 
and  je^,  are  connected  in  series  with  each  other,  giving  the 
outside  terminals,  A  and  B,  and  the  neutral  or  common  con- 
nection, C.  A  condensive  reactance  and  an  inductive  reactance 
of  equal  values,  in  series  with  each  other  and  with  their  neutral 
or  conmion  connection,  D,  are  connected  either  between  A  and 
B,  and  the  constant-current  circuit  between  C  and  D,  or  the 
reactances  are  connected  between  A  and  C,  and  the  constant- 
current  circuit  between  B  and  D,  In  either  case,  several 
arrangements  are  possible,  of  which  only  a  few  have  a  good 
apparatus  economy. 
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b.  In  a  three-phase  system,  a  condensive  reactance,  an  induc- 
tive reactance  equal  in  value  to  that  of  the  condensive  reactance 
and  the  constant-current  circuit,  are  connected  in  star  connec- 
tion between  the  three-phase,  constant-potential  terminals. 
Here  also  two  arrangements  are  possible,  of  which  one  only 
gives  good  apparatus  economy. 

c.  In  a  constant-potential  three-phase  system,  each  of  the 
three  terminals,  il,  5,  C,  connects  with  a  condensive  and  an 
inductive  reactance,  and  all  these  reactances  are  of  equal  value, 
and  joined  together  in  pairs  to  three  terminals,  a,  6,  c,  so  that 
each  of  these  terminals,  a,  6,  c,  connects  an  inductive  with  a 
condensive  reactance,  a,  6,  c,  then,  are  constant-current  three- 
phase  terminals,  that  is,  the  three  currents  at  a,  6,  c  are  constant 
and  independent  of  the  load  or  the  distribution  of  load,  and 
displaced  from  each  by  one-third  of  a  period.  This  arrange- 
ment is  especially  suitable  for  rectification  of  the  constant 
alternating-current,  to  produce  constant  direct-current. 

84.  Some  further  problems  are: 

1.  In  a  single-phase,  constant-current  transforming  device, 
as  the  monocyclic  square,  the  constant  current,  i,  is  in  quadrature 
with  the  constant  impressed  e.m.f .,  e^.  By  inserting  a  constant 
potential  e.m.f.,  JE,,  into  the  constant-current  circuit,  the  appa- 
ratus economy  can  be  greatly  increased,  in  the  maximum  can 
be  doubled;  that  is,  the  e.m.f.,  E^,  gives  constant  power  output, 
and  from  no-load  to  half-load,  the  transformation  is  from  con- 
stant current  to  constant  potential,  that  is,  a  part  of  the  power 
supply,  JSj,  is  transformed  into  the  circuit,  of  e.m.f.,  e^,  that 
is,  the  circuit,  e^,  receives  power.  Above  half-load  the  circuit 
of  e^  transforms  power  from  constant  potential  to  constant 
current,  into  the  circuit  of  e.m.f.,  ^3. 

Since  i  is  in  time  quadrature  with  e^,,  with  non-inductive 
secondary  load,  that  is,  the  secondary  terminal  voltage,  E,  in 
time-phase  with  the  secondary  current,  i,  E^  should  also  be  in 
phase  with  i,  that  is,  E^  =  je^  With  inductive  secondary  load, 
of  phase  angle,  6,  JE,  should  be  in  phase  with  JSJ,  that  is,  lead- 
ing i  by  angle  d,  or  should  be:  E,  =  je^  (1  —  kj). 

It  is  interesting,  therefore,  to  investigate  how  the  equation  of 
the  constant-potential,  constant-current  devices  are  changed 
by  the  introduction  of  such  an  e.m.f.,  ^3,  at  non-inductive  as 
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well  as  at  inductive  load,  if  E^  =  J63,  or  E^  =  j  (e^  —  je/),  in 
either  case,  and  also  to  determine  how  such  an  e.m.f.,  ^3,  of 
the  proper  phase  relation,  can  be  derived  directly  or  by  trans- 
formation from  a  two-phase  or  three-phase  system. 

2.  If  in  the  constant-potential,  constant-current  transform- 
ing device  one  of  the  reactances  is  gradually  changed,  increased 
or  decreased  from  its  proper  value,  then  in  either  case  the  regu- 
lation of  the  system  is  impaired.  That  is,  the  ratio  of  full-load 
current  to  no-load  current  falls  off,  but  at  the  same  time,  the 
no-load  current  also  changes. 

With  increase  of  load,  the  frequency  of  the  system  decreases, 
due  to  the  decreasing  speed  of  the  prime  mover,  if  the  output 
of  the  system  is  an  appreciable  part  of  the  rated  output.  If, 
therefore,  the  reactances  are  adjusted  for  equality  of  the  frequency 
of  full  load,  at  the  higher  frequency  of  no-load,  the  inductive 
reactance  is  increased,  and  thereby  the  no-load  current  decreased 
below  the  value  which  it  would  have  at  constant  reactance,  and 
in  this  manner  the  increase  of  current  from  full  load  to  no-load 
is  reduced. 

Such  a  drop  of  speed  and  therefore  of  frequency,  s,  can  there- 
fore be  foimd,  that  the  current  at  full  load,  with  perfect  equality 
between  the  reactances,  equals  the  current  at  no-load,  where 
the  reactances  are  not  quite  equal.  That  is,  the  variation  of 
frequency  compensates  for  the  incomplete  regulation  of  the 
current,  caused  by  the  energy  loss  in  the  reactances.  Further- 
more, with  a  given  variation  of  frequency,  s,  from  no-load  to  full 
load,  the  reactances  can  be  chosen  so  as  to  be  slightly  unequal 
at  full  load,  and  more  unequal  at  no-load;  the  change  of  current 
caused  hereby  compensates  for  the  incomplete  current  regu- 
lation, that  is,  with  a  given  frequency  variation,  s  (within 
certain  limits),  the  current  regulation  can  be  made  perfect  from 
no-load  to  full  load,  by  the  proper  degree  of  unequality  of  the 
reactances. 

It  is  interesting  to  investigate  this,  and  apply  to  an  example, 
a.,  to  determine  the  proper  s,  for  perfect  equality  of  reactance  at 
full  load;  6.,  with  a  given  value  of  s  =  0.04,  to  determine  the  in- 
equality of  reactance  required.    Assuming  a  =  0.03;  6  =  0.01. 

3.  If  one  point  of  the  constant-current  circuit,  either  a 
terminal  or  an  intermediate  point,  connects  to  a  point  of  the 
constant-potential   circuit,   either  a  terminal  or  some  inter- 
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mediate  point  (as  inside  of  a  transformer  winding),  the  constant 
current  is  not  changed  hereby,  that  is,  the  regulation  of  the 
system  is  not  impaired,  and  no  current  exists  in  the  cross  between 
the  two  circuits.  The  distribution  of  potential  between  the 
reactances,  however,  may  be  considerably  changed,  some  react- 
ances receiving  a  higher,  others  a  lower  voltage. 

It  follows  herefrom,  that  a  ground  on  a  constant-current 
system  does  not  act  as  a  ground  on  the  constant-potential  system, 
but  electrically  the  two  systems,  although  connected  with  each 
other,  are  essentially  independent,  just  as  if  separated  from  each 
other  by  a  transformer.  So,  for  instance,  in  the  monocyclic 
square,  one  side  may  be  short-circuited  without  change  of 
current  in  the  secondary,  but  with  an  increase  of  current  in  the 
other  three  sides.  It  is  interesting  to  investigate  how  far  this 
independence  of  the  circuit  extends. 

In  general,  as  an  example,  the  following  constants  may  be 
chosen:  In  the  constant-potential  circuit:  e^  =  6600  volts  and 
i/  =  10  amperes  at  full  load. 

In  the  constant-current  circuit:  i  =  7.5  amperes,  e'  =  7500 
volts  at  full  load. 

Or,  especially  in  polyphase  systems,  e',  respectively,  i^ 
corresponding  to  the  maximum  economy  point, 

and  a  =0.03;  b  =0.01. 


CHAPTER  XI. 

RESISTANCE  AND  REACTANCE  OF  TRANSMISSION   LINES. 

86.  In  alternating-current  circuits,  e.m.f.  is  consumed  in 
the  feeders  of  distributing  networks,  and  in  the  lines  of 
long-distance  transmissions,  not  only  by  the  resistance,  but 
also  by  the  reactance,  of  the  line.  The  e.m.f.  consumed  by 
the  resistance  is  in  phase,  while  the  e.m.f.  consumed  by  the 
reactance  is  in  quadrature,  with  the  current.  Hence  their 
influence  upon  the  e.m.f.  at  the  receiver  circuit  depends  upon 
the  difference  of  phase  between  the  current  and  the  e.m.f.  in 
that  circuit.  As  discussed  before,  the  drop  of  potential  due  to 
the  resistance  is  a  maximum  when  the  receiver  current  is  in 
phase,  a  minimum  when  it  is  in  quadrature,  with  the  e.m.f. 
The  change  of  potential  due  to  line  reactance  is  small  if  the 
current  is  in  phase  with  the  e.m.f.,  while  a  drop  of  potential  is 
produced  with  a  lagging,  and  a  rise  of  potential  with  a  leading, 
current  in  the  receiver  circuit. 

Thus  the  change  of  potential  due  to  a  line  of  given  resistance 
and  reactance  depends  upon  the  phase  difference  in  the  receiver 
circuit,  and  can  be  varied  and  controlled  by  varying  this  phase 
difference;  that  is,  by  varying  the  admittance,  F  =  g  +  j6,  of 
the  receiver  circuit. 

The  conductance,  g,  of  the  receiver  circuit  depends  upon 
the  consumption  of  power, — that  is,  upon  the  load  on  the 
circuit,  —  and  thus  cannot  be  varied  for  the  purpose  of  regu- 
lation. Its  susceptance,  6,  however,  can  be  changed  by  shunt- 
ing the  circuit  with  a  reactance,  and  will  be  increased  by  a 
shunted  inductive  reactance,  and  decreased  by  a  shunted  con- 
densive  reactance.  Hence,  for  the  purpose  of  investigation,  the 
receiver  circuit  can  be  assumed  to  consist  of  two  branches,  a 
conductance,  gf, — the  non-inductive  part  of  the  circuit, — 
shunted  by  a  susceptance,  6,  which  can  be  varied  without 
expenditure  of  energy.  The  two  components  of  current  can 
thus  be  considered  separately,  the  energy  component  as  deter- 
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mmed  by  the  load  on  the  circuit,  and  the  wattless  component, 
which  can  be  varied  for  the  purpose  of  regulation. 

Obviously,  in  the  same  way,  the  e.m.f.  at  the  receiver  circuit 
may  be  considered  as  consisting  of  two  components,  the  power 
component,  in  phase  with  the  current,  and  the  wattless  com- 
ponent, in  quadrature  with  the  current.  This  will  correspond 
to  the  case  of  a  reactance  connected  in  series  to  the  non-inductive 
part  of  the  circuit.  Since  the  effect  of  either  resolution  into 
components  is  the  same  so  far  as  the  line  is  concerned,  we  need 
not  make  any  assumption  as  to  whether  the  wattless  part  of  the 
receiver  circuit  is  in  shunt,  or  in  series,  to  the  power  part. 

Let 

Zj,  =  r^j  -  jx^j  =  impedance  of  the  line; 

Y  =  g  +  jb     =  admittance  of  receiver  circuit; 


y    :=Vg'  +  V; 
Eq  =^6^  +  je^  =  impressed  e.m.f.  at  generator  end  of  line; 


E 

-io  +  jio' 

=  e.m.f.  at  receiver  end 

E 
=  current  in  the  line; 

of  line; 

/. 

=  Ve»  +  e«; 

=  Vt.'  +  i.". 

The  simplest  condition  is  the  non-inductive  circuit. 

(1.)   Nimrinductive   Receiver   Circuit   Supplied   over   an 
Inductive  Line. 

86.  In  this  case,  the  admittance  of  the  receiver  circuit  is 
y  =  <7,  since  6=0. 

We  have  then 
current,  I^'^Eg] 

impressed  e.m.f.        E^^E  +  ZJ^  =  E(1  +  Z^). 
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Hence  —  e.m.f.  at  receiver  circuit, 


E  ^ 
current,  /o= 


Eo Eo . 

'^      1  +Z^     1  +gr^-igx^' 

Bid  ES 


1  +Z^    1  +gr^-  jgx. 
Hence,  in  absolute  values  —  e.m.f;  at  receiver  circuit, 


E  = 


current,  /,  ■= 


-^O.+groY  +  g'xy 


The  ratio  of  e.m.fs.  at  receiver  circuit  and  at  generator,  or 
supply  circuit,  is 

E  1 


and  the  power  delivered  in  the  non-inductive  receiver  circuit,  or 
output,  P=I^  = 


K'9 


H+grX+g'^o' 

As  a  function  of  g,  and  with  a  given  E^,  r,,  and  x,,  this  power 
is  a  maximum,  if 

that  is^ 

hence, 

conductance  of  receiver  circuit  for  maximum  output, 
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Resistance  of  receiver  circuit,  r^  =  —  =  ««; 

9m 

and,  substituting  this  in  P, 

Maximum  output,       Pm  = 


"-'Tr 


and  — 

ratio  of  e.m.f .  at  receiver  and  at  generator  end  of  line, 

E  1 

efficiency,  = • 

That  is,  the  output  which  can  be  transmitted  over  an 
inductive  line  of  resistance,  r^,  and  reactance,  x^,  —  that  is, 
of  impedance,  z^,  —  into  a  non-inductive  receiver  circuit,  is  a 
maximum,  if  the  resistance  of  the  receiver  circuit  equals  the 
impedance  of  the  line,  r  =  z^y  and  is 

p  =    ^«'-    - 


2(ro+^o) 
The  output  is  transmitted  at  the  efficiency  of 


^0  +  2^0 

and  with  a  ratio  of  e.m.fs.  of 

1 

am  = 


V/2(l.^j 


87.  We  see  from  this,  that  the  maximum  output  which  can 
be  delivered  over  an  inductive  line  is  less  than  the  output 
delivered  over  a  non-inductive  line  of  the  same  resistance  — 
that  is,  which  can  be  delivered  by  continuous  currents  with  the 
same  generator  potential. 
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In  Fig.  76  are  shown,  for  the  constants, 

E^  « 1000  volts, 

Z^  =2.5  —  6  j]  that  is,  r^  =  2.5  ohms,  x^  =%  ohms,  z^  =  6.5 
ohms, 

with  the  current  /^  as  abscissas,  the  values  — 

e.m.f.  at  receiver  circuit, -B,  (Curve  I.) ; 

output  of  transmission,  P,  (Curve  II.); 

eflSciency  of  transmission,  (Curve  III.). 


AND  OVER  NON-INDUCTIVE  LINE  OF  RESISTANCE 
n  =  2.5 

CURVE  1.   E.  M.  F.  AT  RECEIVER  CIRCUIT,  INDUCTIVE  LINE 
n      IV.          If        M            V            "  NON-INDUCTIVE      »» 
»»      II.  OUTPUT  IN           1.            »»             INDUCTIVE?     »» 
f»     V.          i»         fi            i»            ».  NON-INDUCTIVE      »» 

K 

Fur 
100 

g^ 

'^ 

^ 

y 

t 

t 

M 

•  1     III.  EFFICIENCY  OF  TRANUIIMION,  INDUCTIVE     tt 

•  •VI.            tt             fi                 If     NON-INDUCTIVE      't^ 

/^ 

S 

a 

K 

Y 

A 

CO 

z 

0 

ao 

/ 

p 

111 

/ 

11. 
o 

^ 

70 

/ 

\ 

t 

/ 

111 
n 

flO 

ao 

/ 

r— 

It 

^ 

/. 

^ 

X 

\ 

lOQ] 

1000 

50 

'^ 

1^ 

^ 

/ 

/> 

^ 

80^ 

900 

^ 

^ 

^ 

\ 

8Q2 

AOO 

40 

V 

^ 

V 

^ 

\ 

791 

TOO 

I 

N 

>?> 

T7 

\ 

«*•! 

000 

ao 

J 

r~ 

:?^ 

"s 

\ 

-\ 

«l 

no 

■-- 

/ 

\ 

\ 

40f 

400 

ao 

/ 

\ 

\ 

ml 

»0 

f 

\ 

99] 

soo 

10 

/ 

LlOl 

100 

1 

cu 

IRE 

^T 

N  L 

INE 

;i« 

AMf 

ERE 

8 

1 

0    I 

R)    2 

0    4 

0    J 

0    fl 

10     ] 

V    £ 

10    S 

0  u 

10   U 

10  U 

»  12 

»  \i 

10  L 

»  u 

»  1 

ro  u 

» 

Fio.  76. — Non-inductive  Receiver-Circuit  supplied  over  Inductiye  Line. 

The  same  quantities,  E  and  P,  for  a  non-inductive  line  of 
resistance,  r^  =  2.5  ohms,  x^  =  0,  are  shown  in  Curves  IV.,  V., 
and  VI 
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(2.)   Maximum  Power  Supplied  over  an  Inductive  Line. 

88.  If  the  receiver  circuit  contains  the  susceptance,  6,  in 
addition  to  the  conductance,  g,  its  admittance  can  be  written 
thus:  — 


Then,  current,  I^  ="  EY; 

Impressed  e.m.f.,  E^^  E  +  I^^  =  E  (1  +  YZ^). 

Hence,  e.m.f.  at  receiver  terminals, 


E  = 


J^o  Ao 


l  +  YZ,     (l+r^  +  xj>)-j(x^-r,b)' 
current, 


EJ  E.(9  +  Jb) 


:  0 


1  +  YZ,     (l+r^  +  xjk)-j{x^-rjb)' 
or,  in  absolute  values,  e.m.f.  at  receiver  circuit, 


V(l,  +  r^  +  xj>r  +  (x^  -  rjby  ' 
current, 

/  =E  J  g'  +  ^ 

ratio  of  e.m.fs.  at  receiver  circuit  and  at  generator  circuit, 


^0     V(l  +  r^  +  xjiy  +  (x^  -  r,6)» ' 
and  the  output  in  the  receiver  circuit  is 
P  ^E^g  =  E^cfg. 
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89.  (a.)  Dependence  of  the  outjmt  upon  the  msceptance  of 
the  receiver  circuit. 

At  a  given  conductance,  g,  of  the  receiver  circuit,  its  output, 
P  =  E^a^g,  is  a  maximum,  if  a'  is  a  maximum;  that  is,  when 

/  =  ^  =  (1+  r^  +  xjby  +  (x^  -  rjby 

is  a  minimum. 
The  condition  necessary  is 


db 

=  0, 

or,  expanding. 

««(1  +'•«?  +  *o&)  - 

r.  (x^  - 

■rJ>)-0. 

Hence 

Susceptance 

i  of  receiver  circuit, 

6 

=  -  5. 

=  -&.; 

^          r.'  +  x.' 

or 

&  +  &. 

=  0, 

that  is,  if  the  sum  of  the  susceptances  of  line  and  of  receiver 
circuit  equals  zero. 

Substituting  this  value,  we  get 
ratio  of  e.m.fs.  at  maximum  output, 

E  1 


^*     E.     z.ia-^g^' 
maximum  output, 

current, 

,    „      EJ      E,{3  -  jb,) 

{  0 


l  +  Z,Y      1  +  (r,  -  jx.)  (g  -  j6^ 

^ go(g  -  ;'&o) . 

(1  +  r^  -  z,6^  -  J  (r„6,  +  x^)  ' 


(1  +  r^  -  x,&,)»  +  (r,6,  +  x^ 


^»  ' 
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and,  since, 


^0   =  ^  a     "  ^  a  '     S^o  = 


it  is. 


^0     "^  "^0  ''o     ~^^( 


it  is, 


^0  (ff  +  So) 
phase  difference  in  receiver  circuit, 

tand  =  ^  =-  h>; 
9  9 

phase  difference  in  generator  circuit, 
tan  5,= 


x  +  x,  _  &.  (y*  -  y,*) 


90.  (&.)  Dependence  of  the  output  upon  the  conductance  of  the 
receiver  circuit. 

At  a  given  susceptance,  b,  of  the  receiver  circuit,  its  output, 
P  =  E^c^g,  is  a  maximum,  if 

'  dgWgl      dg\  g  /       ' 

that  is,  expanding, 

(1  +  r^  +  x,6)»  +  (x^  -  rj>y  -2g  (r,  +  r,' g  +  x,'g)  =  0; 
or,  expanding, 

{b  +  b^'=g'-g*;    g  =  Vg,'  +  {b  +  6,)». 
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Substituting  this  value  in  the  equation  for  a,  §  88,  we  get  — 
ratio  of  e.m.fs., 


z,^2g(g-Vg,)      V2g{g  +  g,)' 
power, 

'       2  (ff  +  ff,)      2  {</,  +  Vg,»  +  (6  +  6;j5] 


2{'-.+\/ro'  +  (x,  +  x|y} 


As  a  function  of  the  susceptance,  &,  this  power  beconjes  a 

dP 
maximum  for  -^  =  0,  that  is,  according  to  §  89  if 
do 

6  =  -  6o- 

Substituting  this  value,  we  get 

6  =  -  6^,  g  =  flfo,  2/  =  J/o»  hence:  Y  =  g  +  jb  =  g^  -  jb^] 
X  =  -  x^,r  =r^,z  =z^,  Z  ^  r  -  jx  =-r^ -h  jx^] 

substituting  this  value,  we  get  — 

ratio  of  e.m.fs.,  <^m='  tt-  "=  <7^9 

2ffo      2r^ 

E^ 
power,  Pfn=  r^  ; 

that  is,  the  same  as  with  a  continuous-current  circuit;  or,  in 
other  words,  the  inductive  reactance  of  the  line  and  of  the 
receiver  circuit  can  be  perfectly  balanced  in  its  eflfect  upon  the 
output. 
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91.  As  a  summary,  we  thus  have: 

The  output  delivered  over  an  inductive  line  of  impedance, 
Zj  =  r^  —  ]Xq,  into  a  non-inductive  receiver  circuit,  is  a  maxi- 
mum for  the  resistance,  r  =  z^,  or  conductance,  g  =  y^,  of  the 
receiver  circuit,  and  this  maximum  is 


2(r, +  ?,)' 
at  the  ratio  of  voltages, 


a  = 


With  a  receiver  circuit  of  constant  susceptance,  6,  the  out- 
put, as  a  function  of  the  conductance,  3,  is  a  maximum  for  the 
conductance. 


9  =  ^/ffo'  +  (6  +  Kr^ 
and  is 

at  the  ratio  of  voltages, 


a  =5 


With  a  receiver  circuit  of  constant  conductance,  gf,  the  output,  as 
a  function  of  the  susceptance,  6,  is  a  maximum  for  the  susceptance 
t  =  —  6o»  *^d  is 


^o'i9  +  9oy' 
at  the  ratio  of  voltages, 


a  = 


«o  (9  +  9o) 


The  maximum  output  which  can  be  delivered  over  an  induc- 
tive line,  as  a  function  of  the  admittance  or  impedance  of  the 
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receiver  circuit,  takes  place  when  Z  =r^  +  jx^,  or  Y  =  gf©  "~  i^o> 
that  is,  when  the  resistance  or  conductance  of  receiver  circuit 
and  line  are  equal,  the  reactance  or  susceptance  of  the  receiver 


circuit  and  line  are  equal  but  of  opposite  sign,  and  is,  P  = 


El 

4ro. 


or  independent  of  the  reactances,  but  equal  to  the  output  of  a 
continuous-current  circuit  of  equal  line   resistance.    The   ratio 


of  voltages  is,  in  this  case,   a  =  — ^ 

2r« 


while  in  a  continuous- 


current  circuit  it  is  equal  to  0.5.    The  efficiency  is  equal  to  50 
per  cent. 
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Fio.  76. — ^Variation  of  the  Potential  in  Line  at  Different  Loads. 


92.  As  an  example  in  Fig.  76  are  shown,  for  the  constants 
E^  =  1000  volts,  and      Z^  =2.5-6  j ;  that  is,  for 


r^    =  2.5  ohms. 


Xj,  =  6  ohms, 


z^  =  6.5  ohms, 
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and  with  the  variable  conductances  as  abscissas,  the  values 

of  the 

output,  in  Curve  I.,  Curve  III.,  and  Curve  V.; 

ratio  of  voltages,  in  Curve  II,,  Curve  IV.,  and  Curve  VI.; 

Curves  I.  and  II.  refer  to  a  non-inductive  receiver 
circuit; 

Curves  III.  and  IV.  refer  to  a  receiver  circuit  of 

constant  susceptance 6  =»  0.142 

Curves  V.  and  VI.  refer  to  a  receiver  circuit  of 

constant  susceptance 6  =  —  0.142 

Curves  VII.  and  VIII.  refer  to  a  non-inductive  re- 
ceiver circuit  and  non-inductive  line. 


'^=-.^    i.a'  -'a  '-.i       6'    '  4^.1 '  4-'i  '  4.'.3    +.4 
Fio.  77. —  Variation  of  the  Potential  in  line  at  Various  Loads. 


In  Fig.  77,  the  output  is  shown  as  Curve  I.,  and  the  ratio 
of  voltages  as  Curve  II.,  for  the  same  line  constants,  for  a 
constant  conductance,  g  =  0.0592  ohms,  and  for  variable  sus- 
ceptances,  6,  of  the  receiver  circuit. 
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(3.)  Maximum  Effldency. 

93.  The  output,  for  a  given  conductance,  g,  of  a  receiver 
circuit,  is  a  maximum  if  6  =  —  b^.  This,  however,  is  generally 
not  the  condition  of  maximum  efficiency. 

The  loss  of  power  in  the  line  is  constant  if  the  current  is 
constant;  the  output  of  the  generator  for  a  given  current  and 
given  generator  e.m.f,  is  a  maximum  if  the  current  is  in  time- 
phase  with  the  e.m.f.  at  the  generator  terminals.  Hence  the 
condition  of  maximum  output  at  given  loss,  or  of  maximum 
efficiency,  is 

tan  d^  =  0. 
The  current  is 

T   _,      Eo      __  Eo , 

•»      Z+Z,     (r  +  r,)-y(x  +  x,)' 

The  current  /,,,  is  in  phase  with  the  e.m.f.,  E^,  if  its  quad- 
ratiUB  component  —  that  is,  the  imaginary  term  —  disappears, 
or 

X  +  Xq  =  0. 

This,  therefore,  is  the  condition  of  maximum  efficiency. 


Hence,  the  condition  of  maximum  efficiency  is,  that  the 
reactance  of  the  receiver  circuit  shall  be  equal,  but  of  opposite 
sign,  to  the  reactance  of  the  line. 

Substituting  x  =  —  x^,  we  have, 
ratio  of  e.m.fs., 

_  E  ^      z  Vr"  +  x^,' 

Eh 
power,  p  =  ^/ja>=^_«-y^, 

and  depending  upon  the  resistance  only,  and  not  upon  the 
reactance. 


IMPEDANCE  OF  TRANSMISSION  LINES, 


143 


This  power  is  a  maximum  if  9  =  g^,  as  shown  before;  henee> 
substituting  g  =g^,r  ^  r^, 


maximum  power  at  maximum  eflBiciency,  P«  =  j^  > 

at  a  ratio  of  potentials,  a«  =  ;r-^  , 

or  the  same  result  as  in  §  90. 

In  Fig.  78  are  shown,  for  the  constants, 
£0  =  1000  volts, 
Z^  =  2.5  -  6  j;  r^j  =  2.6  ohms,  x^  =  6  ohms,  z^  =  6.5  ohms, 
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Fig.  78.— Load  Characteristics  of  Transmission  Lines. 

and  with  the  variable  conductances,  g,  of  the  receiver  circuit 
as  abscissas,  the 

Output  at  maximum  efficiency,     (Curve  I.) ; 

Volts  at  receiving  end  of  line,        (Curve  II.) ; 

Efficiency  = ,  (Curve  III.). 

'    >  '  ft 
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(4.)   Control  of  Receiver  Voltage  by  Shunted  Susceptance. 

94.  By  varying  the  susceptance  of  the  receiver  circuit,  the 
potential  at  the  receiver  terminals  is  varied  greatly.  Therefore, 
since  the  susceptance  of  the  receiver  circuit  can  be  varied  at 
will,  it  is  possible,  at  a  constant  generator  e.m.f.,  to  adjust  the 
receiver  susceptance  so  as  to  keep  the  potential  constant  at  the 
receiver  end  of  the  line,  or  to  vary  it  in  any  desired  manner,  and 
independently  of  the  generator  potential,  within  certain  limits. 

The  ratio  of  e.m.fs.  is 

E  1 

a  = 


Eo     V(l  +r^  +  xjby  +  {x^  -  rjby 

If  at  constant  generator  potential  E^,  the  receiver  potential 
E  shall  be  constant, 

a  =  constant; 
hence, 


(1  +  r^  +  xJby  +  (x^  -  rjby=^^,; 


or,  expanding. 


v/©'-. 


b=-\+\r~^    -{g  +  g,)\ 


which  is  the  value  of  the  susceptance,  6,  as  a  function  of  the 
receiver  conductance,  —  that  is,  of  the  load,  —  which  is  required 
to  yield  constant  potential,  aE^,  at  the  receiver  circuit. 

For  increasing  g,  that  is,  for  increasing  load,  a  point  is  reached 
where,  in  the  expression 


v/a 


the  term  under  the  root  becomes  imaginary,  and  it  thus  becomes 
impossible  to  maintain  a  constant  potential,  aE^,  Therefore 
the  maximum  output  which  can  be  transmitted  at  potential 
aBp,  is  given  by  the  expression 


\¥^ 


+  ?,)'  =  0; 
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hence  the  susceptance  of  receiver  circuit  is  6  =  —  b^y  and  the 
conductance  of  receiver  circuit  is  g  =  —  ^0+  "^» 

P  =  E.'ga^  =  a'E,'  (^  -  g^,  the  output. 

96.  If  a  =  1,  that  is,  if  the  voltage  at  the  receiver  circuit 
equals  the  generator  potential 

?  =  J/o  -  9o'y  P  =  ^o'  (yo  -  tfo)- 
If       a  =  1,  when  j  =  0,       6=0 
when  ff  >  0,       6  <  0; 
if        a  >  1,  when  gf  =  0,  or  g  >  0,   6  <  0, 

that  is,  condensive  reactance; 
if        a  <  1,  when  g  ==  0,     6  >  0, 


when  J  =  -  r/^  + 


\/©'-6/,     6=0; 
when  3  >  -  g^  +^  V  (^J  -  6,^     6  <  0, 

or,  in  other  words,  if  a  <  1,  the  phase  difference  in  the  main 
line  must  change  from  lag  to  lead  with  increasing  load. 

96.  The  value  of  a  giving  the  maximum  possible  output  in 

a  receiver  circuit  is  determined  by    3—  ==  0; 

da 

expanding  2  a  (^"  -  g}i-  ^  =  0; 

\a  I         or 

hence,  Vo  =  2  ag,, 

2?,     2v^/;      2r/ 


and  «  =  li.=_JU=-A: 
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the  maximum  output  is  determined  by 

and  is,  P  =  -—-  • 

4r 

the  line  reactance,  x,,,  can  be  found,  which  delivers  a  maximum 
output  into  the  receiver  circuit  at  the  ratio  of  potentials,  a, 

as  2;^  =  2  r^a, 

X,  =  r,V4a'-  1; 
for  a  =«  1, 

^0  =2r,; 


x„  =r 


0^- 


resistance,  the  maximum  output,  P  ==  j^,  is  transmitted  into 


If,  therefore,  the  line  impedance  equals  2  a  times  the  line 

E^ 
jsistance,  the  maximum  output,  P  ==  j^,  is 

the  receiver  circuit  at  the  ratio  of  potentials,  a. 

/-  E^ 

If  z^  =  2r^„  or  x^  =  r^  v3,  the  maximum  output,  P  =  7-^, 

can  be  supplied  to  the  receiver  circuit,  without  change  of  poten- 
tial at  the  receiver  terminals. 

Obviously,  in  an  analogous  manner,  the  law  of  variation 
of  the  susceptance  of  the  receiver  circuit  can  be  found  which 
is  required  to  increase  the  receiver  voltage  proportionally  to 
the  load;  or,  still  more  generally,  — to  cause  any  desired  varia- 
tion of  the  potential  at  the  receiver  circuit  independently  of 
any  variation  of  the  generator  potential,  as,  for  instance,  to 
keep  the  potential  of  a  receiver  circuit  constant,  even  if  the 
generator  potential  fluctuates  widely. 

97.  In  Figs.  79,  80,  and  81,  are  shown,  with  the  output, 
P  =  E^  ga^,   as  abscissas,   and  a   constant  impressed  e.m.f ., 
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Fio.  70. — Variation  of  Voltage  of  TransmiBsion  Lines. 
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Eq  =  1000  volts,  and  a  constant  line  impedance,  Z^  =2.5  —  6  j, 
or  r^  =  2.5  ohms,  x^,  =  6  ohms,  z  =  6.5  ohms,  the  following 
values: 


power  component  of  current, 
reactive,  or  wattless  component  of  current, 
total  current, 
for  the  following  conditions: 
a  =  1.0  (Fig.  79);  a  =  0.7  (Fig.  80);  a  =  1.3  (Fig.  81) 


gE,  (Curve!.); 

bE,  (Curve  II.); 

yE,  (Curve  III.), 


— 
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Fio.  81.  —  Variation  of  Voltage  of  Tranemisaion  Lines. 

For  the  non-inductive  receiver  circuit  (in  dotted  lines),  the 
curve  of  e.m.f.,  E,  and  of  the  current,  /  =  gE^  are  added  in  the 
three  diagrams  for  comparison,  as  Curves  IV.  and  V. 

As  shown,  the  output  can  be  increased  greatly,  and  the 
potential  at  the  same  time  maintained  constant,  by  the  judicious 
use  of  shunted  reactance,  so  that  a  much  larger  output  can  be 
transmitted  over  the  line  with  no  drop,  or  even  with  a  rise,  of 
potential. 
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(5.)   Maximum  Rise  of  Potential  at  Receiver  Circuit. 

98«  Since,  under  certain  circumstances,  the  potential  at  the 
receiver  circuit  may  be  higher  than  at  the  generator,  it  is  of 
interest  to  determine  what  is  the  maximum  value  of  jx)tential,  E, 
that  can  be  produced  at  the  receiver  circuit  with  a  given  genera- 
tor potential,  E^. 

The  condition  is  that 

1 
a  =  maximum  or  -r  =  mmimum; 
a* 

that  is, 

substituting, 

and  expanding,  we  get, 
d 


& 


Off  ^0 

—  a  value  which  is  impossible,  since  neither  r^  nor  g  can  be 
negative.  The  next  possible  value  is  flf  =  0,  —  a  wattless 
circuit. 

Substituting  this  value,  we  get, 


a 
and  by  substituting,  in 


\  =  (l+xJby+r,W; 


<i) 


db  =«'   ^  =  -^=-^' 

&  +  5,  =  0; 

that  is,  the  sum  of  the  susceptances  =  0,  or  the  condition  of 
resonance  is  present. 
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Substituting 
we  have 

&  =  -  &o, 

«  «       1        ^  ^0  _  J/o 

The  current  in  this 

case  is 

/=^^o=^. 

or  the  same  as  if  the  line  resistance  were  short-circuited  without 
any  inductive  reactance. 
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Pio.  82. —  Efficiency  and  Output  of  Transmiasion  Lines. 

This  is  the  condition  of  perfect  resonance,  with  current  and 
e.m.f .  in  phase. 
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99.  As  summary  to  this  chapter,  in  Fig.  82  are  plotted,  for  a 
constant  generator  e.m.f .,  E^  =  1000  volts,  and  a  line  impedance, 
Z^  =2.5  —  6  J,  or,  r^  =  2.5  ohms,  x^  =Q  ohms,  z^  =  6.5  ohms; 
and  with  the  receiver  output  as  abscissas  and  the  receiver 
voltages  as  ordinates,  curves  representing 

the  condition  of  maximum  output,  (Curve  I.) ; 

the  condition  of  maximum  efficiency,  (Curve  II.) ; 

the  condition  6  =  0,  or  a  non-inductive  receiver 

circuit,  (Curve  III.) ; 

the   condition   6  =  0,  6^  =  0,  or  a  non-inductive  line  and 
non-inductive  receiver  circuit. 

In  conclusion,  it  may  be  remarked  here  that  of  the  sources 
of  susceptance,  or  reactance, 

a  choking  coil  or  reactive  coil  corresponds  to  an  inductive 
reactance; 

a  condenser  corresponds  to  a  condensive  reactance; 

a  polarization  cell  corresponds  to  a  condensive  reactance; 

a  sjmchronous  machine  (motor,  generator  or  converter)  cor- 
responds to  an  inductive  or  a  condensive  reactance  at  will; 

an  induction  motor  or  generator  corresponds  to  an  inductive 
reactance. 

The  choking  coil  and  the  polarization  cell  are  specially  suited 
for  series  reactance,  and  the  condenser  and  synchronous  machine 
for  shunted  susceptance. 


CHAPTER  Xn. 

PHASE  CONTROL. 

100.  At  constant  voltage,  e^,  impressed  upon  a  circuit,  as  a 
transmission  line,  resistance,  r,  inserted  in  series  with  the  receiv- 
ing circuit,  causes  the  voltage,  e,  at  the  receiver  circuit  to  decrease 
with  increasing  current,  /,  through  the  resistance.  The  decrease 
of  the  voltage,  e,  is  greatest  if  the  current,  /,  is  in  time-phase 
with  the  voltage,  e,  —  less,  if  the  current  is  not  in  time-phase. 
Inductive  reactance  in  series  with  the  receiving  circuit,  d,  at 
constant  impressed  e.m.f.,  e^,  causes  the  voltage,  6,  to  drop  less 
with  a  unity  power-factor  current,  /,  but  far  more  with  a  lag- 
ging current,  and  causes  the  voltage,  6,  to  rise  with  a  leading 
current. 

While  series  resistance  always  causes  a  drop  of  voltage, 
series  inductive  reactance,  x,  may  cause  a  drop  of  voltage  or  a 
rise  of  voltage,  depending  on  whether  the  current  is  lagging  or 
leading,  and  if  the  supply  line  contains  resistance,  r,  as  well  as 
reactance,  x,  and  the  time-phase  of  the  current,  /,  can  be  varied 
at  will,  by  producing  in  the  receiver  circuit  lagging  or  leading 
currents,  the  change  of  voltage,  e,  with  a  change  of  load  in 
the  circuit  can  be  controlled ;  as  for  instance,  by  changing  the 
current  from  lagging  at  no-load  to  lead  at  heavy  load,  the 
reactance,  x,  can  be  made  to  lower  the  voltage  at  light  load, 
and  raise  it  at  overload,  and  so  make  up  for  the  increasing  drop 
of  voltage  with  increasing  load,  caused  by  the  resistance,  r, 
that  is,  to  maintain  constant  voltage,  or  even  a  voltage,  e, 
which  rises  with  the  load  on  the  receiving  circuit,  at  constant 
voltage,  e^y  at  the  generator  side  of  the  line.  Or  the  wattless 
component  of  the  current  can  be  varied  so  as  to  maintain  unity 
power-factor  at  the  generator  end  of  the  line,  e^,,  etc. 

This  method  of  controlling  a  circuit  supplied  over  an  induc- 
tive line,  by  varying  the  phase  relation  of  the  current  in  the 
circuit,  has  been  called  "phase  control,^'  and  is  used  to  a  great 
extent,  especially  in  the  transmission  of  three-phase  power  for 
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conversion  to  direct  current  by  synchronous  converters   for 
railroading. 

It  requires  a  receiving  circuit,  in  which,  independent  of  the 
load,  a  lagging  or  leading  component  of  current  can  be  produced 
at  will.  Such  is  the  case  in  synchronous  motors  or  converters: 
in  a  synchronous  motor,  a  lagging  current  can  be  produced  by 
decreasing,  a  leading  current  by  increasing  the  field  excitation. 

101,  If  in  a  direct-current  motor,  at  constant  impressed 
e.m.f.,  the  field  excitation  and  therefore  the  field  magnetism  is 
decreased,  the  motor  speed  increases,  as  the  armature  has  to 
revolve  faster,  to  consume  the  impressed  e.m.f.,  and  if  the  field 
excitation  is  increased,  the  motor  slows  down.  A  synchronous 
motor,  however,  cannot  vary  in  speed,  since  it  must  keep  in 
step  with  the  impressed  frequency,  and  if,  therefore,  at  constant 
impressed  voltage,  the  field  excitation  is  decreased  below  that 
which  gives  a  field  magnetism,  that  at  the  sjmchronous  speed 
consumes  the  impressed  e.m.f.,  the  field  magnetism  still  must 
remain  the  same,  and  the  armature  current  so  changes  in  phase 
in  such  a  manner  as  to  magnetize  the  field,  and  make  up  for 
the  deficiency  in  the  field  excitation.  That  is,  the  armature 
current  becomes  lagging.  Inversely,  if  the  field  excitation  of  the 
S}mchronous  motor  is  increased,  the  magnetic  flux  still  must 
remain  the  same  as  to  correspond  to  the  impressed  e.m.f.  at 
synchronous  speed,  and  the  armature  current  so  becomes 
demagnetizing — that  is,  leading. 

By  varjdng  the  field  excitation  of  a  synchronous  motor  or 
converter,  quadrature  components  of  current  can  be  produced 
at  will,  proportional  to  the  variation  of  the  field  excitation  from 
the  value  that  gives  a  magnetic  flux,  which  at  synchronous  speed 
just  consumes  the  impressed  e.m.f.  (after  allowing  for  the 
impedance  of  the  motor). 

Phase  control  of  transmission  lines  is  especially  suited  for 
circuits  supplying  synchronous  motors  or  converters;  since  such 
machines,  in  addition  to  their  mechanical  or  electrical  load, 
can  with  a  moderate  increase  of  capacity  carry  or  produce  con- 
siderable values  of  wattless  current.  For  instance,  a  quadrature 
component  of  current  equal  to  50  per  cent  of  the  power  com- 
ponent of  current  consumed  by  a  synchronous  motor,  would 
increase  the  total  current  only  to  Vl  +  0.5^  =  1.118,  or  11.8 
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per  cent,  while  a  quadrature  component  of  current  equal  to  30 
per  cent  of  the  power  component  of  the  current  would  give  an 
increase  of  4.4  per  cent  only,  that  is,  could  be  carried  without 
any  appreciable  increase  of  the  motor  heating. 

Phase  control  depends  upon  the  inductive  reactance  of  the 
line  or  circuit  between  generating  and  receiving  voltage,  e^  and 
e,  and  where  the  inductive  reactance  of  the  transmission  line 
is  not  sufficient,  additional  reactance  may  be  inserted  in  the 
form  of  reactive  coils.  This  is  usually  the  case  in  railway 
transmissions  to  sjmchxonous  converters. 

While,  therefore,  the  resistance,  r,  of  the  line  is  fixed,  as  it 
would  not  be  economical  to  increase  it,  the  reactance,  x,  can  be 
increased  beyond  that  given  by  line  and  transformer,  by  the 
insertion  of  reactive  coils;  and  therefore  can  be  adjusted  so  as 
to  give  best  results  in  phase  control,  which  are  usually  obtained 
when  the  quadrature  component  of  the  current  is  a  minimum. 

102.  Let  then 

e  =  voltage  at  receiving  circuit,  chosen  as  zero  vector. 

I  =  i  +  pf  =  current  in  receiving  circuit,  comprising  a  power 
component,  i,  which  depends  upon  the  load  in  the  receiving 
circuit,  and  a  quadrature  component,  i',  which  can  be  varied  to 
suit  the  requirements  of  regulation,  and  is  considered  positive 
when  lagging,  negative  when  leading. 

E^  =  e/  +  je/'  =^  voltage  impressed  upon  the  system  at  thp 
generator  end,  or  supply  voltage,  and  the  absolute  value  is 


Z  =^r  ^  jx  ^  impedance  of  the  circuit  between  voltage  e 
and  voltage  e^,  and  the  absolute  value  is  ^  =  Vr*  +  a?. 

If  e  =  terminal  voltage  of  receiving  station,  e^  =  terminal 
voltage  of  generating  station,  Z  =  impedance  of  transmission 
line;  if  e  ==  nominal  induced  e.m.f.  of  receiving  synchronous 
machine,  that  is,  voltage  corresponding  to  its  field  excitation, 
and  e^  =  nominal  induced  e.m.f.  of  generator,  Z  also  includes 
the  synchronous  impedance  of  both  machines,  and  of  step-up  and 
step-down  transformers,  where  used. 
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It  is 

E,^e  +  ZI, 
or: 

E^-={e  +  ri-h  xi')  +  /  (inf  -  xi),  (1) 

and  in  absolute  value  we  have 

e^»  =  (6  +  ri  +  xiy  4-  {pf  -  xi)\  (2) 

This  is  the  fundamental  equation  of  phase  control,  giving 
the  relation  of  the  two  voltages,  e  and  e^,  with  the  two  com- 
ponents of  current,  i  and  i',  and  the  circuit  constants  r  and  x. 

From  equation  (2),  follows: 


.  e  «  Ve^  -  {pf  -  xO'  -  (ri  +  a:iO,  (3) 

expressing  the  receiver  voltage,  c,  as  a  function  of  e^  and  I. 
and: 

i'=±v/^-^+i;-p'.        (4) 

Denoting 

tan  <9  =  -,  (5) 

r 

where  0  is  the  phase  angle  of  the  line  impedance,  we  have* 

r  =  2  cos  tf   and    x  =  2  sin  fl  (6) 

and 


=^vf4¥M'- 


gives  the  reactive  component  of  the  current,  i\  required  by  the 
power  component  of  the  current,  i,  at  the  voltages,  e  and  e^. 

103.  The  phase  angle  of  the  impressed  e.m.f.,  E^,  is,  from  (1), 

tang,  =^     ^'r"^,,  (8) 

the  phase  angle  of  the  current 

tang,  =T,  f9) 
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hence,  to  bring  the  current,  /,  into  phase  with  the  impressed 
e.m.f.,  E^,  or  produce  unity  power-factor  at  the  generator  ter- 
minal; 6^,  it  must  be 

hence, 


e  +  n  -f  xV 
and  herefrom  follows: 


hence  always  negative,  or  leading,  but  i'  ==  o  for  i  ==  o,  or  at 
no  load. 

From  equation  (10)  follows,  that  i'  becomes  imaginary,  if 
the  term  under  the  square  root,  (e^  -  4  r*i^),  becomes  negative, 
that  is,  if 

e 
2x 

that  is,  the  maximum  load,  or  power  component  of  current, 
at  which  unity  power-factor  can  still  be  maintained  at  the 
supply  voltage,  e^,  is  given  by 

^-  =  h^  (11) 

z  X 

and  the  leading  quadrature  component  of  current,  required  to 
compensate  for  the  line  reactance  x  at  maximum  current  im,  is 
from  equation  (10), 

^V=^,  (12) 

that  is,  in  this  case  of  the  maximum  load  which  can  be  delivered 
at  e,  with  unity  power-factor  at  e^,  the  total  current,  /,  leads 
the  receiver  voltage,  c,  by  45  time-degrees. 

Substituting  the  value,  i\  of  equation  (10),  which  compensates 
for  the  Bne  reactance,  x,  and  so  gives  unity  power-factor  at  e^^, 
into  equation  (2)»  gives  as  required  supply  voltage  e^ 


^  a  _  ^    ,  (x  -  r)  (e  -  2  ixWe"  -4  iV 


23^ 


(13) 
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As  illustration  are  shown,  in  Fig.  83,  with  the  load  current,  i, 
as  abscissas,  the  values  of  leading  quadrature  component  of 
current,  t',  and  pf  generator  voltage,  e^,,  for  the  constants 

e  =  400  volts;  r  =  0.05  ohms,  and  x  =  0.10  ohms. 
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104.  More  frequently  than  for  controlling  the  power-factor, 
phase  control  is  used  for  controlling  the  voltage,  that  is,  to 
maintain  the  receiver  voltage,  6,  constant,  or  raise  it  with  in- 
creasing load,  i,  at  constant  generator-voltage,  e^. 

In  this  case,  equation  (4)  gives  the  quadrature  component 
of  current,  i\  required  by  current,  i,  at  constant  receiver-vol- 
tage, e,  and  constant  generator-voltage,  e^. 

Smce  the  equation  (4)  of  i'  contains  a  square  root,  the  maxi- 
mum value  of  i,  that  is,  the  maximum  load  which  can  be  carried 
at  constant  voltage,  e  and  e^,  is  given  by  equating  the  term  under 
the  square  root  to  zero 


e-)"=»^ 


as 


lm  = 


eji  —  er 


e^^  —  ecosO 


(14) 
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and  the  corresponding  quadrature  component  of  current,  by 
(4),  is 

.  ,         ex        e  mid 

t«'=-^= —.  (15) 

that  is,  leading. 

From  equation  (14)  follows  as  the  impedance,  z,  which,  at 
constant  line-resistance,  r,  gives  the  maximum  value  of  i« 

hence, 

«m=2rf,  (16) 

and  for  this  value  of  impedance  z„,  substituting  in  (14)  and  (15) 

i»«  =  J^,       and        i„J  =  J^  •  (17) 

The  maximum  load,  i,  which  can  be  deUvered  at  constant 
voltage,  e,  therefore  depends  upon  the  line  impedance,  and  the 
voltages,  e  and  e^. 

Since  e^  and  e  are  not  very  different  from  each  other,  the  ratio, 

—  in  equation  (16)  is  approximately  unity,  and  the  impedance, 

2,  which  permits  maximum  load  to  be  transmitted,  is  approxi- 
mately twice  the  line  resistance,  r,  or  rather  slightly  less. 

z^2r, 
gives 

x<r^/z. 

A  relatively  low  line-reactance,  x,  so  gives  maximum  output. 
In  practice,  a  far  higher  reactance,  x,  is  used,  since  it  gives 
sufficient  output,  and  a  lesser  quadrature  component  of  current. 

By  substituting  i  =  0  in  equation  (4),  the  value  of  the 
quadrature  component  of  current  at  no-load  is  foimd  as 


.  /  _  Ve^V  —  e'r'  -  ex 

*•  " ? 


__  y/e^  —  e*  cos*  0  —  esinO 


(18) 
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This  can  be  written  in  the  form 


. ,  _  \/(e/  -  e")  +  e"  sin'  d-  e  sin  d 

h  "" » 

Z 

and  then  shows,  that  for  e  =  6^,  t/  =  0,  or  no  quadrature  com- 
ponent of  current  exists  at  no-load ;  f or  e  >  e^,  i/  <  0  or  neg- 
ative, that  is,  the  quadrature  component  of  current  is  abeady 
leading  at  no-load.  For:  e  <  e^,  ij  >  0  or  lagging,  that  is,  the 
quadrature  component  of  current  tV  is  lagging  at  no-load,  be- 
comes zero  at  some  load,  and  leading  at  still  higher  loads. 

The  latter  arrangement,  e  <  e^,  is  generally  used,  as  the  quad- 
rature component  of  current  passes  through  zero  at  some  inter- 
mediate load,  and  so  is  less  over  the  range  of  required  load  than 
it  would  be,  if  i/  were  0  or  negative. 

Prom  (18)  follows  that  the  larger  z,  and  at  constant  resistance 
r,  also  X,  the  smaller  the  quadrature  component  of  ciurent. 
That  is,  increase  of  the  line  reactance,  x,  reduces  the  quadrature 
current  at  no-load,  t^',  and  in  the  same  way  at  load,  that  is, 
improves  the  power-factor  of  the  circuit,  and  so  is  desirable, 
and  the  insertion  of  reactive  coils  in  the  line  for  this  reason 
customary. 

Increase  of  reactance,  however,  reduces  the  maximum  output 
imt  and  too  large  a  reactance  is  for  this  reason  objectionable. 

Let  .       . 

be  the  load  at  which  the  quadrature  component  of  current 

vanishes,  i'  =  0,  that  is,  the  receiver  circuit  has  unity  power- 
factor. 

Substituting  i  =  i\;  i'  =0  into  equation  (2),  gives 

eo'  ={e  +  n,y  +  x^i,'  (19) 

and,  substituting  (19)  in  (4),  (18),  (14),  gives 
reactive  component  of  current 

e'sin'S      2eco8  0,.        ^       ,.,      -,^      esin^  ,^^. 

—  + — : — (^i  - ^)  +  (^i'  -i*) r-»      (20) 


i'=v/ 


and  at  no-load 


vV 


e'sin*^      2ei.  cos^        .,      csinS  ,^^. 

-^-  +  -^+^^^-—-,  (21) 
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Maximum  output  current 


*  /6^      2  ei.  cos  0        . ,       e  cos  0  ,^^^ 

im=V3  +  — +^1 •  (22) 


106.  Of  importance  in  phase  control  for  constant  voltage,  c, 
at  constant,  e^,  are  the  three  currents 

ip  the  power  component  of  current  at  which  the  quadra- 
ture component  of  current  vanishes:  t'  =  0. 

tm,  the  maximum  load  which  can  be  transmitted  at  con- 
stant voltage,  e. 

t/,  the  reactive  component  of  current  at  no-load. 

The  equation  of  phase  control,  (2),  however,  contains  only  two 
quantities,  which  can  be  chosen:  The  reactance,  x,  which  can 
be  increased  by  inserting  reactive  coils,  and  the  generator  volt- 
age, e^j  which  can  be  made  anything  desired;  even  with  an 
existing  generating  station,  since  between  e  and  e^  practically 
always  transformers  are  interposed,  and  their  ratio  can  be 
chosen  so  as  to  correspond  to  any  desired  generator  voltage,  c^, 
as  they  usually  are  suppUed  with  several  voltage  steps. 

Of  the  three  quantities,  t\,  im  and  i/,  only  two  can  be  chosen, 
and  the  constants,  x  and  e^,  derived  therefrom.  The  third 
current  then  also  follows,  and  if  the  value  found  for  it  does  not 
suit  the  requirements  of  the  problem,  other  values  have  to  be 
tried.  For  instance,  choosing  ip  as  corresponding  to  three-fourths 
load,  and  i/  fairly  small,  gives  very  good  power-factors  over  the 
whole  range  of  load,  but  a  relatively  low  value  of  im,  and  where 
very  great  overload  capacities  are  required,  im  may  not  be 
sufficient,  and  i^  may  have  to  be  chosen  corresponding  to  full- 
load,  and  a  higher  value  of  i^  permitted,  that  is,  some  sacrifice 
made  in  the  power-factor,  in  favor  of  overload  capacity. 

So,  for  instance,  the  values  may  be  chosen 

t\,  corresponding  to  full-load, 
and  required  that  %'  does  not  exceed  half  of  full-load  current; 

V  <  -5  ^1, 
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and  that  the  synchronous  converter  or  motor  can  carry  at  least 
100  per  cent  overload,  that  is, 

ifn  >  2 1\. 

0.5 1 
We  then  can  put,  im  =  2 1\  c  and  i/  =  — — ^  ,  (23) 

c 

and  substitute  (23)  in  (19),  (21),  (22)  and  determine  x,  e^,  c. 

106.  The  variation  of  the  reactive  current,  i\  with  the  load, 
i,  equation  (4),  is  brought  about  by  varying  the  field  excitation 
of  the  receiving  synchronous  machine.  Where  the  load  on  the 
sjmchronous  machine  is  direct-current  output,  as  in  a  motor 
generator  and  especially  a  converter,  the  most  convenient  way 
of  varying  the  field  excitation  with  the  load  is  automatically, 
by  a  series  field-coil  traversed  by  the  direct-current  output. 
The  field  windings  of  converters  intended  for  phase  control  — 
as  for  the  supply  of  power  to  electric  railways,  from  substations 
fed  by  a  high-potential  alternating-current  transmission  line  — 
are  compound-womid,  and  the  shunt  field  is  adjusted  for  under- 
cxcitation,  so  as  to  produce  at  no-load  the  lagging  current,  %', 
and  the  series  field  adjusted  so  as  to  make  the  reactive  compo- 
nent of  current,  t',  disappear  at  the  desired  load,  t\. 

In  this  case,  however,  the  variation  of  the  field  excitation  by 
the  series  field  is  directly  proportional  to  the  load,  as  is  also  the 
variation  of  i',  that  is,  it  varies  from  i'  =  t/  for  i  =  0,  to  i'  =  0  for 
i  =  t\,  and  can  be  expressed  by  the  equation 


-v(.-a 


where 


q(h-  i) 


(24) 


q  =  r  (25) 


is  the  ratio  of  (reactive)  no-load  current,  i/,  to  (effective)  non- 
inductive  load  current,  i\. 

To  maintain  constant  voltage,  e,  at  constant,  e^,  the  required 
variation  of  t'  is  not  quite  linear,  and  with  a  linear  variation  of 
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i',  as  given  by  a  compound  field-winding  on  the  S3mchronous 
machine,  the  receiver-voltage,  c,  at  constant  impressed  voltage 
does  not  remain  perfectly  constant,  but  when  adjusted  for  the 
same  value  at  no-load  and  at  full  load,  e  is  slightly  high  at  inter- 
mediate loads,  low  at  higher  loads.  It  is,  however,  sufficiently 
constant  for  all  practical  purposes. 

Choosing  then  the  full-load  current,  i\,  and  the  no-load  current, 
ij  =  gi\,  and  let  the  reactive  component  of  current,  t',  by  a 
compound  field-winding  vary  as  a  linear  function  of  the  load,  t: 

Then,  substituting  i^  and  i/  =  qi^  in  the  equations  (2)  for 
phase  control: 
No-load:  i  =0,        t'  =qii; 

e^  =  (e  +  qxi.Y  +  qri,\  '    (26) 

Full  load :  v  =  ^i»       ^'  "^0; 

e,^  =  (6  +  ri,y  +  xi^.  (27) 

From  these  equations  (26)  and  (27)  then  calculate  the 
required  reactance,  x,  and  the  generator  voltage,  6^,  as: 


(28) 


and  from  (27)  or  (26)  the  voltage,  e^. 

The  terminal  voltage  at  the  receiving  circuit  then  is,  by  equar- 
tion(3): 

e  =  \/e^  -  [qri^  -  (gr  +  x)  {f  -[(r  -  qx)  i  +  jxij.     (29) 

As  an  example  is  shown,  in  Fig.  84,  the  curve  of  receiving 
voltage,  e,  with  the  load,  i,  as  abscissas,  for  the  values: 

e  =  400  volts  at  no-load  and  at  full  load, 
iy  =  500  amp.  at  full  load,  power  component  of  current, 
i/  =  200  amp.,  lagging  reactive  or  quadrature  component 
of  current  at  no-load, 

hence     q  =  0.4, 

i'  =  200  -  .4 1, 
and    '    r  =  0.05  ohm. 
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From  equation  (28)  then  follows: 

X  =0.381  ±0.165  ohm. 
Choosing  the  lower  value: 
X  =  0.216  ohm 
gives,  from  equation  (27) : 
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6^=443.4  volts; 


hence 


e  -  V196420  +  5.76  i  -  .0576 1»  -  (43.2  -  .0264 1).. 


For  comparison  is  shown,  in  Fig.  84,  the  receiving  voltage, «', 
at  the  same  supply  voltage,  e^^  =  443.4  volts,  but  without  phase 
control,  that  is,  with  a  non-inductive  receiver-circuit. 
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107.  Equation  (28)  shows  that  there  are  two  values  of  x: 
Xj  and  x^;  and  corresponding  thereto  two  values  of  e^:  e^^  and  e^y 
which  as  constant-supply  voltage  give  the  same  receiver-voltage, 
e,  at  no-load  and  at  full  load,  and  so  approximately  constant 
receiver-voltage  throughout. 

One  of  the  two  reactances,  x^  is  much  larger  than  the  other, 
Xj,  and  the  corresponding  voltage,  e^^  accordingly  larger  than  e^^. 
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In  addition  to  the  terminal  voltage,  e,  at  the  receiver-circuit, 
there  are  therefore  two  further  points  of  constant  voltage  in  the 
system:  e^j,  distant  from  e  by  the  resistance,  r,  and  reactance, 
Xj,  and:  e^,,  distant  from  e^^  by  the  reactance  x^  =  x,  —  x^. 

That  is,  by  the  proper  choice  of  the  reactances,  x^  and  x^, 
three  points  of  the  system  can  be  maintained  automatically  at 
approximately  constant  voltage,  by  phase  control:  e,  e^^  and  e^^. 

Such  mvMiple-phase  control  can  advantageously  be  employed 
by  using: 

e  as  the  terminal  voltage  of  the  receiving  circuit, 

e^jj  as  the  generator  terminal  voltage,  and 

6^3  as  the  nominal  induced  e.m.f.  of  the  generator,  that  is, 
the  voltage  corresponding  to  the  field-excitation.  Constancy 
of  e^jj  accordingly  means  constant  field-excitation. 

That  is,  with  constant  field-excitation  of  the  generator,  the 
voltage  remains  approximately  constant,  by  multiple-phase  con- 
trol, at  the  generator  busbars  as  well  as  at  the  terminals  of 
the  receiving  circuit,  at  the  end  of  the  transmission  line  of 
resistance,  r. 

In  this  case: 

x^  =  reactance  of  transmission  line  plus  reactive  coils  inserted 
in  the  line  (usually  at  the  receiving  station). 

Xp  =  X3  —  Xj  =  synchronous  reactance  of  the  generator  plus 
reactive  coils  inserted  between  generator  and  generator  bus- 
bars, where  necessary. 

Since  the  generator  also  contains  a  small  resistance,  r^,  the 
two  values  of  reactance,  x^  and  Xj  =  x^  +  x^,  are  given  by  the 
equation  (28)  as: 


a;,  = 


and 


h  h [h 1. 


""' "  1-3^ 
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Assuming  in  above  example: 

r^  =  0.01  ohm 
gives 

Xj  =  0.440  ohm; 
hence, 

x^  =  0.224  ohm. 

The  curve  of  nominal  generated  e.m.f .,  e^,,  of  the  generator  is 
shown  in  Fig.  Vas  e^^. 

That  is,  at  ^constant  field-excitation,  corresponding  to  a 
nominal  generated  e.m.f., 

6^2  =  488.2  volts. 

The  generator  of  synchronous  impedance, 

Z^  =r^-  j\  =  0.01  -  .224  j  ohms, 

maintains  constant  voltage  at  its  own  terminals,  or  at  the 
generator  busbars, 

6o  =  443.4  volts, 

and  at  the  same  time  maintains  constant  voltage, 

e  =  400  volts, 

at  the  end  of  a  transmission  line  of  impedance, 

Z  =  r  —  jXj  =  0.06  —  0.216  j  ohms  approximately, 

if  by  phase  control  in  the  receiving  circuit,  by  compounded 
converter,  the  reactive  or  quadrature  component  of  current, 
i',  is  varied  with  the  load  or  power  component  of  current,  i, 
and  proportional  thereto,  that  is: 

=  200  -  0.4  i. 

108.  To  adjust  a  circuit  experimentally  for  phase  control 
for  constant  voltage,  by  overcompounded  synchronous  con- 
verter: at  constant-supply  voltage  and  no-load  on  the  converter 
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—  with  the  transmission  line  with  its  transformers,  reactances, 
etc.,  or  an  impedance  equal  thereto,  in  the  circuit  between  con- 
verter and  supply  voltage  —  the  shunt  field  of  the  converter  is 
adjusted  by  the  field  rheostat  so  as  to  give  the  desired  direct- 
current  voltage  at  the  converter  brushes.  Then  load  is  put  on 
the  converter,  and,  without  changing  the  supply  voltage  or  the 
adjustment  of  the  shunt  field,  the  rheostat  or  shunt  across 
the  series  field  of  the  converter  is  adjusted  so  as  to  give  the 
desired  direct-current  voltage. 

If  the  supply  voltage  can  be  varied,  as  is  usually  provided 
for  by  different  voltage  taps  on  the  transformer,  then,  before 
adjusting  the  converter  fields  as  described  above,  first  the  proper 
supply  voltage  is  found.  This  is  done  by  loading  the  converter 
with  the  current,  at  which  unity  power-factor  at  the  converter  is 
desired  —  for  instant  full  load  —  and  then  varying  the  converter 
shunt  field  so  as  to  get  minimum  alternating-current  input,  and 
varying  the  supply  voltage  so  as  to  get  —  at  minimum  alternat- 
ing-current input  —  the  desired  direct-current  voltage.  Where 
the  supply  voltage  can  only  be  varied  in  definite  steps:  at  some 
voltage  step,  the  converter  field  —  at  the  desired  non-inductive 
load  —  is  adjusted  for  minimum  alternating-current  input; 
if  then  the  direct-current  voltage  is  tbo  low,  the  transformer 
connections  are  changed  to  the  next  higher  supply  voltage 
step;  if  the  direct-current  voltage  is  too  high,  the  change  is 
made  to  the  next  lower  supply  voltage  step,  until  that  supply- 
voltage  step  is  found,  which,  at  the  adjustment  of  the  converter 
field  for  minimum  alternating-current  input,  brings  the  direct- 
current  voltage  nearest  to  that  desired.  Then  for  this  supply 
voltage  step,  the  converter  field  circuits  are  adjusted  for  phase 
control,  as  above  described. 


CHAPTER  Xni. 

BFFBCTIVB  RESISTANCE  AND  REACTANCE. 

109.  The  resistance  of  an  electric  circuit  is  determined: 

(1)  By  direct  comparison  with  a  known  resistance  (Wheat- 
stone  bridge  method,  etc.). 

This  method  gives  what  may  be  called  the  true  ohmic  resist- 
ance of  the  circuit. 

(2)  By  the  ratio: 

Volts  consumed  in  circuit 
Amperes  in  circuit 

In  an  alternating-current  circuit,  this  method  gives,  not  the 
resistance  of  the  circuit,  but  the  impedance, 


(3)  By  the  ratio: 

_  Power  consumed 

^  "        (Current)'       ' 

where,  however,  the  "power"  does  not  include  the  work  done 
by  the  circuit,  and  the  counter  e.m.fs.  representing  it,  as,  for 
instance,  in  the  case  of  the  counter  e.m.f.  of  a  motor. 

In  alternating-current  circuits,  this  value  of  resistance  is 
the  power  coefficient  of  the  e.m.f., 

Power  component  of  e.m.f. 


r  = 


Total  current 


It  is  called  the  effective  resistance  of  the  circuit,  since  it  repre- 
sents the  eflfect,  or  power,  expended  by  the  circuit.  The  power 
coeflScient  of  current, 

Power  component  of  current 


9  = 


Total  e.m.f. 


is  called  the  effective  conductance  of  the  circuit. 
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In  the  same  way,  the  value, 

_  Wattless  component  of  e.m.f . 
Total  current  * 

is  the  effective  reactance,  and 

Wattless  component  of  current 


6  =■ 


Total  e.m.f. 


is  the  effective  susceptance  of  the  circuit. 

While  the  true  ohmic  resistance  represents  the  expenditure 
of  power  as  heat  inside  of  the  electric  conductor  by  a  current 
of  uniform  density,  the  effective  resistance  represents  the  total 
expenditure  of  power.  ^ 

Since  in  an  alternating-current  circuit,  in  general  power 
is  expended  not  only  in  the  conductor,  but  also  outside  of  it, 
through  hysteresis,  secondary  currents,  etc.,  the  effective  resist- 
ance frequently  differs  from  the  true  ohmic  resistance  in  such 
way  as  to  represent  a  larger  expenditure  of  power. 

In  dealing  with  alternating-current  circuits,  it  is  necessary, 
therefore,  to  substitute  everywhere  the  values  "effective  re- 
sistance," "effective  reactance,"  "effective  conductance,"  and 
"effective  susceptance, "  to  make  the  calculation  applicable 
to  general  alternating-current  circuits,  such  as  inductive  react- 
ances containing  iron,  etc. 

While  the  true  ohmic  resistance  is  a  constant  of  the  circuit, 
depending  only  upon  the  temperature,  but  not  upon  the  e.m.f., 
etc.,  the  effective  resistance  and  effective  reactance  are,  in  gen- 
eral, not  constants,  but  depend  upon  the  e.m.f.,  current,  etc. 
This  dependence  is  the  cause  of  most  of  the  ^difficulties  met  in 
dealing  analytically  with  alternating-current  circuits  containing 
iron. 

110.  The  foremost  sources  of  energy  loss  in  alternating- 
current  circuits,  outside  of  the  true  ohmic  resistance  loss,  are  as 
follows: 

(1)   Molecular  friction,  as, 

(a)  Magnetic  hysteresis; 
(6)  Dielectric  hysteresis. 
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(2)  Primary  electric  currents,  as, 

(a)  Leakage  or  escape  of  current  through  the  insu- 
lation, brush  discharge; 

(&)  Eddy   currents  in   the   conductor    or    unequal 
current  distribution. 

(3)  Secondary  or  induced  currents,  as, 

(a)  Eddy  or  Foucault  currents  in  surrounding  mag- 
netic materials; 

(6)  Eddy  or  Foucault  currents  in  surrounding  con- 
ducting materials; 

(c)  Secondary   currents  of    mutual    inductance  in 
neighboring  circuits. 

(4)  Induced  electric  charges,  electrostatic  induction  or 
influence. 

While  all  these  losses  can  be  included  in  the  terms  effec- 
tive resistance,  etc.,  only  the'  magnetic  hysteresis  and  the  eddy 
currents  in  the  iron  will  form  the  subject  of  what  follows,  since 
they  are  the  most  frequent  and  important  sources  of  eneigy 
loss. 

Magnetic  Hysteresis. 

111.  In  an  alternating-current  circuit  surrounded  by  iron 
or  other  magnetic  material,  energy  is  expended  outside  of 
the  conductor  in  the  iron,  by  a  kind  of  molecular  friction, 
which,  when  the  energy  is  supplied  electrically,  appears  as 
magnetic  hysteresis,  and  is  caused  by  the  cyclic  reversals  of 
magnetic  flux  in  the  iron  in  the  alternating  magnetic  field. 

To  examine  this  phenomenon,  first  a  circuit  may  be  con- 
sidered, of  very  high  inductive  reactance,  but  negligible  true 
ohmie  resistance;  that  is,  a  circuit  entirely  surrounded  by  iron, 
as,  for  instance,  the  primary  circuit  of  an  alternating-current 
transformer  with  open  secondary  circuit. 

The  wave  of  current  produces  in  the  iron  an  alternating 
magnetic  flux  which  generates  in  the  electric  circuit  an  e.m.f., 
—  the  counter  e.m.f.  of  self-induction.    If  the  ohmic  resist- 
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ance  is  negligible,  that  is,  practically  no  e.m.f.  consumed  by  the 
resistance,  all  the  impressed  e.m.f.  must  be  consmned  by  the 
counter  e.m.f.  of  self-induction,  that  is,  the  counter  e.m.f. 
equals  the  impressed  e.m.f.;  hence,  if  the  impressed  e.m.f.  is  a 
sine  wave,  the  counter  e.m.f.,  and,  therefore,  the  magnetic  flux 
which  generates  the  counter  e.m.f.,  must  follow  a  sine  wave  also. 
The  alternating  wave  of  current  is  not  a  sine  wave  in  this  case, 
but  is  distorted  by  hysteresis.  It  is  possible,  however,  to  plot 
the  ciurent  wave  in  this  case  from  the  hysteretic  cycle  of  mag- 
netic flux. 

From  the  number  of  turns,  n,  of  the  electric  circuit,  the 
effective  counter  e.m.f.,  E,  and  the  frequency,  /,  of  the  current, 
the  maximum  magnetic  flux,  ^,  is  found  by  the  formula: 

/"fi  =  V27m/^10-*; 

El(f 


hence,  ^  = 


V2imf 


A  maximum  flux,  <E>,  and  magnetic  cross-section,  A,  give  the 
maximum  magnetic  induction,  Q»^-r*  J 

If  the  magnetic  induction  varies  periodically  between  +  (B 
and  —  (B,  the  m.m.f.  varies  between  the  corresponding  values 
4-  y  and  -  y,  and  describes  a  looped  curve,  the  cycle  of 
hysteresis. 

If  the  ordinates  are  given  in  lines  of  magnetic  force,  the 
abscissas  in  tens  of  ampere-turns,  then  the  area  of  the  loop 
equals  the  enei^  consumed  by  hysteresis  in  ergs  per  cycle. 

From  the  hysteretic  loop  the  instantaneous  value  of  m.m.f.  is 
found,  corresponding  to  an  instantaneous  value  of  magnetic 
flux,  that  is,  of  generated  e.m.f.;  and  from  the  m.m.f.,  ^,  in 
ampere-turns  per  unit  length  of  magnetic  circuit,  the  length,  I, 
of  the  magnetic  circuit,  and  the  number  of  tiuns,  n,  of  the 
electric  circuit,  are  found  the  instantaneous  values  of  current,  i, 
corresponding  to  a  m.m.f.,  ^;  that  is,  magnetic  induction,  (B, 
and  thus  generated  e.m.f.,  e,  as: 

t  =  —  • 
n 
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112.  In  Fig.  85,  four  magnetic  cycles  are  plotted,  with  maxi- 
mum values  of  magnetic  induction,  (B  ==  2,000,  6,000,  10,000, 
and  16,000,  and  corresponding  maximum  m.m.fs.,  IF  =  1.8,  2.8, 
4.3,  20.0.  They  show  the  well-known  h3rsteretic  loop,  which 
becomes  pointed  when  magnetic  saturation  is  approached. 
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Fio.  85.  —  Hysteretic  Cycle  of  Sheet  Iron. 


These  magnetic  cycles  correspond  to  sheet  iron  or  sheet 
steel,  of  a  hysteretic  coefficient,  v  =  0.0033,  and  are  given  with 
ampere-turns  per  centimeter  as  abscissas,  and  kilolines  of  mag- 
netic force  as  ordinates. 

In  Figs.  86  and  87,  the  curve  of  magnetic  induction  as  derived 
from  the  generated  e.m.f.  is  a  sine  wave.  For  the  different 
values  of  magnetic  induction  of  this  sine  curve,  the  correspond- 
ing values  of  m.m.f.,  hence  of  current,  are  taken  from  Fig.  85, 
and  plotted,  giving  thus  the  exciting  current  required  to  pro- 
duce the  sine  wave  of  magnetism;  that  is,  the  wave  of  current 
which  a  sine  wave  of  impressed  e.m.f.  will  establish  in  the 
circuit. 
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As  shown  in  figs*  86  and  87,  these  waves  of  altematmg 
current  are  not  sine  waves,  but  are  distorted  by  the  super- 
position of  higher  harmonics,  and  are  complex  harmonic 
waves.  They  reach  their  maximum  value  at  the  same  time 
with  the  maximum  of  magnetism,  that  is,  90  time-degrees 
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Fio.  86.  —  Distortion  of  Current  Wave  by  Hysteresis. 

ahead  of  the  maximiun  generated  e.m.f.,  and  hence  about  90 
time-degrees  behind  the  maximum  impressed  e.m.f.,  but  pass  the 
zero  line  considerably  ahead  of  the  zerq  value  of  magnetism, 
or  42°,  52°,  50°,  and  41°,  respectively. 

The  general  character  of  these  current  waves  is,  that  the 
maximum  point  of  the  wave  coincides  in  time  with  the  max- 
imum point  of  the  sine  wave  of  magnetism;  but  the  current  wave 
is  bulged  out  greatly  at  the  rising,  and  hollowed  in  at  the  decreas- 
ing, side.  With  increasing  magnetization,  the  maximum  of  the 
current  wave  becomes  more  pointed,  as  shown  by  the  curves 
of  Fig.  87,  for  (B  =  10,000;  and  at  still  higher  saturation  a  peak 
is  formed  at  the  maximum  point,  as  in  the  curve  for  (B  =  16,000. 


EFFECTIVE  RESISTANCE  AND  REACTANCE, 


173 


This  is  the  case  when  the  curve  of  magnetization  reaches  within 
the  range  of  magnetic  saturation,  since  in  the  proximity  of 
saturation  the  ciurent  near  the  maximum  point  of  magnetization 
has  to  rise  abnormally  to  cause  even  a  small  increase  of  magneti- 
zation. The  four  curves,  Figs.  86  and  87  are  not  drawn  to  the 
same  scale.    The  maximum  values  of  m.m.f.,  corresponding  to 


Fio.  87.  — Distortion  of  Current  Wave  by  Hysteresis. 


the  maximum  values  of  magnetic  induction,  (B  =  2,000,  6,000, 
10,000,  and  16,000  lines  of  force  per  square  centimeter,  are 
^  =  1.8,  2.8,  4.3,  and  20.0  ampere-turns  per  centimeter.  In 
the  dififerent  diagrams  these  are  represented  in  the  ratio  of 
8:6:4:1,  in  order  to  bring  the  current  curves  to  approximately 
the  same  height.    The  m.m.f.,  in  c.g.s.  units,  is 

X  =4  7r/10SF  =  1.257  IF. 
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113.  The  distortion  of  the  current  waves,  S^,  in  Figs.  86  and 
87,  is  ahnost  entirely  due  to  the  magnetizing  current,  and  is 
caused  by  the  disproportionality  between  magnetic  induction, 
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(B,  and  magnetizing  force,  SF,  as  exhibited  by  the  magnetic 
characteristic  or  saturation  curve,  and  is  very  little  due  to 
hysteresis. 
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Resolving  these  curves,  IF,  of  Figs.  86  and  87  into  two  com- 
ponents, one  in  phase  with  the  magnetic  induction,  (B,  or  sym- 
metrical thereto,  hence  in  quadrature  with  the  induced  e.m.f., 
and  therefore  wattless:  the  magnetizing  current,  im]  and  the 
other,  in  time  quadrature  with  the  magnetic  induction,  (B,  hence 
in  time-phase,  or  symmetrical,  with  the  generated  e.m.f .,  that  is, 
representing  power:  the  hysteresis  power-current,  %.  Then 
we  see  that  the  hysteresis  power-current,  4,  is  practically  a  sine 
wave,  while  the  magnetizing  current,  im,  differs  considerably 
from  a  sine  wave,  and  tends  towards  peakedness  —  the  more,  the 
higher  the  magnetic  induction,  (B,  that  is,  the  more  magnetic 
saturation  is  approached,  so  that  for  (B  =  16,000  a  very  high 
peak  is  shown,  and  the  wave  of  magnetizing  current,  im,  does 
not  resemble  a  sine  wave  at  all,  but  at  the  maximum  value  is 
nearly  four  times  higher  than  a  sine  wave  of  the  eame  instan- 
taneous values  near  zero  induction  would  have. 

These  curves  of  hysteresis  power-current,  4,  and  magnetiz- 
ing current,  im,  derived  by  resolving  the  distorted  current 
curves,  ^,  of  Figs.  86  and  87,  are  plotted  in  Fig.  88,  the  last  one, 
corresponding  to  (B  =  16,000,  with  one-quarter  the  ordinates  of 
the  first  three. 

As  curves,  symmetrical  with  regard  to  the  maximum  value  of 
iS^  -  in  —,  and  to  the  zero  value  of  (B  —  i*  — ,  these  curves 
are  constructed  thus: 

Let 

b  =  (B  sin  ^  =  sine  wave  of  magnetic  induction, 

then 

4   =  H^«  +  ^-♦)- 

That  is,  itn  is  the  average  value  of  y  for  an  angle,  <f>,  and  its 
supplementary  angle  180  —  ^,  4  the  average  value  of  y  for  an 
angle  ^  and  its  negative  angle  —  ^. 

114.  The  distortion  of  the  wave  of  magnetizing  current  is  as 
large  as  shown  here  only  in  an  iron-closed  magnetic  circuit 
expending  power  by  hysteresis  only,  as  in  an  ironclad  trans- 
former on  open  secondary  circuit.  As  soon  as  the  circuit 
expends  power  in  any  other  way,  as  in  resistance,  or  by  mutual 
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inductance,  or  if  an  air-gap  is  introduced  in  the  magnetic  circuit 
the  distortion  of  the  current  wave  rapidly  decreases  and  practi- 
cally disappears,  and  the  current  becomes  more  sinusoidal. 
That  is,  while  the  distorting  component  remains  the  same,  the 
sinusoidal  component  of  the  current  greatly  increases,  and 
obscures  the  distortion.  For  example,  in  Fig.  89,  two  waves 
are  shown,  corresponding  in  magnetization  to  the  last  curve  of 
Fig.  86,  as  the  one  most  distorted.  The  first  curve  in  Fig.  89 
is  the  current  wave  of  a  transformer  at  0.1  load.  At  higher 
loads  the  distortion  is  correspondingly  still  less,  except  where  the 
magnetic  flux  of  self-induction,  that  is,  flux  passing  between 
primary  and  secondary,  and  increasing  in  proportion  to  the  load, 
is  so  large  as  to  reach  saturation,  in  which  case  a  distortion 
appears  again  and  increases  with  increasing  load.  The  second 
curve  of  Fig.  89  is  the  exciting  current  of  a  magnetic  circuit 
containing  an  air-gap  whose  length  equals  -ihis  the  length  of  the 
magnetic  circuit.  These  two  curves  are  drawn  to  one-third  the 
size  of  the  curve  in  Fig.  86.  As  shown,  both  curves  are  practi- 
cally sine  waves.  The  sine  curves  of  magnetic  flux  are  shown 
dotted  as  ^. 

116.  The  distorted  wave  of  current  can  be  resolved  into 
two  components:  A  true  sine  wave  of  equal  effective  intensity 
and  equal  jxmeT  to  the  distorted  wave,  called  the  equivalent  sine 
wave,  and  a  wattless  higher  hamumiCy  consisting  chiefly  of  a  term 
of  triple  frequency. 

In  Figs.  86,  87  and  89  are  shown,  as  /,  the  equivalent  sine 
waves,  and  as  i,  the  difference  between  the  equivalent  sine 
wave  and  the  real  distorted  wave,  which  consists  of  wattless 
complex  higher  harmonics.  The  equivalent  sine  wave  of  m.m.f . 
or  of  current,  in  Figs.  86  and  87,  leads  the  magnetism  in  time 
phase  by  34^  44°,  38°,  and  15°.5,  respectively.  In  Fig.  89  the 
equivalent  sine  wave  almost  coincides  with  the  distorted  curve, 
and  leads  the  magnetism  by  only  9  time-degrees. 

It  is -interesting  to  note,  that  even  in  the  greatly  distorted 
curves  of  Figs.  86  and  87,  the  maximum  value  of  the  equivalent 
sine  wave  is  nearly  the  same  as  the  maximum  value  of  the 
original  distorted  wave  of  m.m.f.,  so  long  as  magnetic  saturation 
is  not  approached,  being  1.8,  2.9,  and  4.2,  respectively,  against 
1.8,  2.8,  and  4.3,  the  maximum  values  of  the  distorted  curve. 
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Since,  by  the  deJ5nition,  the  effective  value  of  the  equivalent  sine 
wave  is  the  same  as  that  of  the  distorted  wave,  it  follows,  that 
this  distorted  wave  of  exciting  current  shares  with  the  sine  wave 
the  feature,  that  the  maximum  value  and  the  effective  value 
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Fig.  89.  —  Distortion  of  Current  Wave  by  Hysteresis, 


have  the  ratio  of  V2  4-  1.  HenceJ  below  saturation,  the  maxi- 
mum value  of  the  distorted  ciuve  can  be  calculated  from  the 
cflfective  value  —  which  is  given  by  the  reading  of  an  electro- 
dynamometer  —  by  using  the  same  ratio  that  applies  to  a  true 
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sine  wave,  and  the  magnetic  characteristic  can  thus  be  deter- 
mined by  means  of  alternating  currents,  with  sufficient  exact- 
ness, by  the  electrodynamometer  method,  in  the  range  below 
saturation. 

116.  In  Fig.  90  is  shown  the  true  magnetic  characteristic 
of  a  sample  of  average  sheet  iron,  as  found  by  the  method 
of  slow  reversals  with  the  magnetometer;  for  comparison  there 
is  shown  in  dotted  lines  the  same  characteristic,  as  determined 
with  alternating  currents  by  the  electrodynamometer,  with 
ampere-turns  per  centimeter  as  ordinates,  and  magnetic  induc- 
tions as  abscissas.  As  represented,  the  two  curves  practically 
coincide  up  to  a  value  of  (B  =  13,000;  that  is,  up  to  the  highest 
inductions  practicable  in  most  alternating-current  apparatus. 
For  higher  saturations,  the  curves  rapidly  diverge,  and  the 
electro-djmamometer  curve  shows  comparatively  small  m.m.f.'8 
producing  apparently  very  high  magnetizations. 

The  same  Fig.  90  gives  the  curve  of  hysteretic  loss,  in  ergs 
per  cubic  centimeter  and  cycle,  as  ordinates,  and  magnetic 
inductions  as  abscissas. 

The  electrodynamometer  method  of  determining  the  magnetic 
characteristic  is  preferable  for  use  with  alternating-current 
apparatus,  since  it  is  not  affected  by  the  phenomenon  of  mag- 
netic ''creeping,"  which,  especially  at  low  densities,  may  in 
the  magnetometer  tests  bring  the  magnetism  very  much  higher, 
or  the  m.m.f.  lower,  than  found  in  practice  in  alternating- 
current  apparatus. 

So  far  as  current  strength  and  power  consumption  are 
concerned,  the  distorted  wave  can  be  replaced  by  the  equiva- 
lent sine  wave  and  the  higher  harmonics  neglected. 

All  the  measurements  of  alternating  currents,  with  the  single 
exception  of  instantaneous  readings,  jdeld  the  equivalent  sine 
wave  only,  since  all  measuring  instruments  give  either  the 
mean  square  of  the  current  wave,  or  the  mean  product  of 
instantaneous  values  of  current  and  e.m.f .,  which,  by  definition, 
are  the  same  in  the  equivalent  sine  wave  as  in  the  distorted 
wave. 

Hence,  in  all  practical  applications,  it  is  permissible  to 
neglect  the  higher  harmonic  altogether,  and  replace  the  dis- 
torted wave  by  its  equivalent  sine  wave,  keeping  in  mind, 
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however,  the  existence  of  a  higher  harmonic  as  a  possible 
disturbing  factor  which  may  become  noticeable  in  those  cases 
where  the  frequency  of  the  higher  harmonic  is  near  the  fre- 
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Fio.  90.  —  Magnetization  and  Hysteresis  Curve. 


quency  of  resonance  of  the  circuit,  that  is,  in  circuits  containing 
condensive  as  well  as  inductive  reactance,  or  in  those  circuits 
in  which  the  higher  harmonic  of  current  is  suppressed,  and 
thereby  the  voltage  is  distorted,  as  discussed  in  Chapter  XXIX. 
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117.  The  equivalent  sine  wave  of  exciting  current  leads  the 
sine  wave  of  magnetism  by  an  angle  a,  which  is  called  the  angle 
of  hysteretic  advance  of  phase.  Hence  the  current  lags  behind 
the  e.m.f.  by  the  time  angle  (90°— a),  and  the  power  is  therefore, 

P  =IE  cos  (OO""  -.a)  =IEmna. 

Thus  the  exciting  current,  /,  consists  of  a  power  component, 
/  sin  a,  called  the  hysteretic  or  magnetic  power  component,  and 
a  wattless  component,  /  cos  a,  which  is  called  the  m/ignetizing 
current.  Or,  conversely,  the  e.m.f.  consists  of  a  power  compo- 
nent, E  sin  a,  the  hysteretic  power  component,  and  a  wattless 
component,  E  cos  a,  the  e.m.f.  consumed  by  setf-induction. 

Denoting  the  absolute  value  of  the  impedance  of  the  circuit, 

E 

-J}  by  Zr — where  z  is  determined  by  the  magnetic  characteristic 

of  the  iron,  and  the  shape  of  the  magnetic  and  electric  circuits, 
—  the  impedance  is  represented,  in  phase  and  intensity,  by  the 
symbolic  expression, 

Z  =  r  —  ]X  =  zsina  —  jz  cos  a; 
and  the  admittance  by, 

.^       1    .  .1 

Y  =gf  +  j6  =  -sma+j-  cos  a  =y8in  a  +  jy  cos  a. 
z  z 

The  quantities,  z,  r,  x,  and  y,  gr,  6,  are,  however,  not  constants 
as  in  the  case  of  the  circuit  without  iron,  but  depend  upon  the 
intensity  of  magnetization,  (B,  —  that  is,  upon  the  e.m.f.  This 
dependence  complicates  the  investigation  of  circuits  containing 
iron. 

In  a  circuit  entirely  inclosed  by  iron,  a  is  quite  considerable, 
ranging  from  30°  to  50°  for  values  below  saturation.  Hence, 
even  with  negligible  true  ohmic  resistance,  no  great  lag  can  be 
produced  in  ironclad  alternating-current  circuits. 

118.  The  loss  of  energy  by  hysteresis  due  to  molecular  friction 
is,  with  sufficient  exactness,  proportional  to  the  1.6^  power 
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of  magnetic  induction,  (B.    Hence  it  can  be  expressed  by  the 
formula: 

where  — 

Wjj  =  loss  of  energy  per  cycle,  in  ergs  or  (c.g.s.)  units  ( =  10"'' 
joules)  per  cubic  centimeter, 

(B  =  maximum  magnetic  induction,  in  lines  of  force  per  sq.  cm., 
and  fj  =  the  coefficient  of  hysteresis. 

This  I  found  to  vary  in  iron  from  .001  to  .0056.  As  a  safe 
mean,  0.0033*  can  be  accepted  for  average  annealed  sheet 
iron  or  sheet  steel.  In  gray  cast  iron,  17  averages  0.013;  it 
varies  from  0.0032  to  0.028  in  cast  steel,  according  to  the 
chemical  or  physical  constitution;  and  reaches  values  as  high 
as  0.08  in  hardened  steel  (tungsten  and  manganese  steel). 
Soft  nickel  and  cobalt  have  about  the  same  coeflScient  of 
hysteresis  as  gray  cast  iron;  in  magnetite  I  found  v  =0.023. 

In  the  curves  of  Figs.  85  to  90,  17  =  0.0033. 

At  the  frequency,  /,  the  loss  of  power  iti  the  volume,  7,  is, 
by  this  formula, 

p  =i7/F(B^-*  10-^  watts 
=  i7/f(^Y*"iO-^  watts, 

where  A  is  the  cross-section  of  the  total  magnetic  flux,  <I>. 

The  maximum  magnetic  flux,  <I>,  depends  upon  the  counter 
e.m.f.  of  self-induction, 

E  =\/2.t/7i4>10-«, 

or  ^     E  10« 

2  Tcfn 

where  n  ==  number  of  turns  of  the  electric  circuit. 

♦  At  present,  with  the  improvements  in  the  production  and  selection  of 
sheet  steel  for  alternating  apparatus,  0.002  can  be  considered  a  fair  average 
in  selected  materials,  and  values  considerably  below  0.001  have  been  reached 
ifi  silicon  steel  (1908). 
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Substituting  this  in  the  value  of  the  power,  P,  and  canceling, 
we  get, 

^    ^e       7io»-«       _ «,     ^'   F10«  , 


or         P  = 


KE" 


710... 


710» 


7^'  where K  =  'J g- VA- V«  =  ^'l^^'  ' 


or,  substituting  17  =  .0033,  we  have  X=  191.4  ^^^; 
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Fio.  91 Hysteresis  Loss  as  Function  of  E.M.F. 


or,  substituting  Y  =  Al,  where  I  =  length  of  magnetic  circuit. 


K-' 


fjl  10»* 


2-V-MV-* 


58i?no* 


=  191.4 


i 


.•_i.e » 


il-«n" 


and 


SS^S'-'no*       191.4  E'-H 


/••ilV-« 


f*AW 
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In  Figs.  91,  92,  and  93,  is  shown  a  curve  of  hysteretic  loss, 
with  the  loss  of  power  as  ordinates,  and 

in  curve  91,  with  the  e.m.f.,  E,   as  abscissas, 

for  Z  =  6,  il  =  20,  /  =  100,  and  n  =  100; 

in  curve  92,  with  the    number    of   turns  as  abscissas,  for 
Z  =  6,  A  =  20,  /  =  100,  and  E  =  100; 

in  curve  93,  with  the  frequency,  /,  or  the  cross-section.  A,  as 
abscissas,  for  /  =  6,  n  =  100,  and  E  =  100. 
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Fio.  02.  —  Hysteresis  Loss  as  Function  of  Number  of  Turns. 


As  shown,  the  hjrsteretic  loss  is  proportional  to  the  l.O**" 
power  of  the  e.m.f.,  inversely  proportional  to  the  1.6***  power  of 
the  number  of  turns,  and  inversely  proportional  to  the  0.6*** 
power  of  the  frequency,  and  of  the  cross-section. 
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119.  If  ff  =  effective  conductance,  the  power  component  of  a 
current  is  /  =  Eg^  and  the  power  consumeid  in  a  conductance,  j, 
is  P  =  /^  =  £»j. 
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Fio.  93.  —  HysterenB  Loss  as  Function  of  Cycles. 


Since,  however, 


P  ^K—  ,Yfe  haveX—  =  ^g; 


or 


g  58iyZlO»  Z 

From  this  we  have  the  following  deduction: 

The  effective  conductance  due  to  magnetic  hysteresis  is  pro- 
portional to  the  coefficient  of  hysteresis,  v,  and  to  the  length  of  the 
magnetic  circuit,  Z,  and  inversely  proportioned  to  the  0.4**  power 
of  the  e.m.f't  to  the  0.6**  power  of  the  frequency ,  /,  avd  of  the  cross- 
section  of  the  m^agnetic  circuit,  A,  and  to  the  l.&^  power  of  the 
number  of  turns,  n. 
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Hence,  the  effective  hysteretic  conductance  increases  with 
decreasing  e.m.f.,  and  decreases  with  increasing  e.m.f.;  it  varies, 
however,  much  slower  than  the  e.m.f.,  so  that,  if  the  hysteretic 
conductance  represents  only  a  part  of  the  total  power  consump- 
tion, it  can,  within  a  limited  range  of  variation  —  as,  for  instance, 
in  constant-potential  transformers  —  be  assumed  as  constant 
without  serious  error. 
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Fio.  94.  —  Hysteresis  Conductance  as  Function  of  E.M.F. 

In  Figs.  94,  95,  and  96,  the  hysteretic  conductance,  3,  is 
plotted,  for  /  =  6,  J5?  =  100,  /  =  100,  A  =  20  and  n  =  100, 
respectively,  with  the  conductance,  3,  as  ordinates,  and  with 

E  as  abscissas    in  Curve  94. 

/  as  abscissas    in  Curve  95. 

n  OS  abscissas    in  Curve  96. 


As  shown,  a  variation  in  the  e.m.f.  of  50  per  cent  causes  a 
variation  in  g  of  only  14  per  cent,  while  a  variation  in  /  or  A  by 
50  per  cent  causes  a  variation  in  g  of  21  per  cent. 
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If  (R  =  magnetic  reluctance  of  a  circuit,  ^^  =  maximum 
m.m.f.,  /  =  effective  current,  since  /  V2  =  maximum  cur- 
rent, the  magnetic  flux, 

^  (R 
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Fio.  96.  —  Hysteresis  Conductance  as  Function  of  Cycles. 

Substituting  this  in  the  equation  of  the  counter  e.m.f.  of  self- 
induction, 

E  =\/2  7r/7i*10~*, 


we  have 


E  = 


2  TcnVI  10' 

-M 


hence,  the  absolute  admittance  of  the  circuit  is 

/     (R 10'      cusi. 


y^V^TV  =^  = 


E     27mV       /  • 


where 


10' 
<*  =  7^ — ;>  a  constant. 
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Therefore,  the  absolute  admittancet  y,  of  a  circuit  of  negligible 
resistance  is  proportional  to  the  magnetic  reluctance,  (R,  and 
inversely  proportional  to  the  frequency,  f,  and  to  the  square  of  the 
number  of  turns,  n. 
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Fio.  96.  —  Hysteresifl  Conductance  as  Function  of  Number  of  Turns. 

120.  In  a  circuit  containing  iron,  the  reluctance,  (R,  varies 
with  the  magnetization;  that  is,  with  the  e.m.f.  Hence  the 
admittance  of  such  a  circuit  is  not  a  constant,  but  is  also  variable. 

In  an  ironclad  electric  circuit,  —  that  is,  a  circuit  whose 
magnetic  J5eld  exists  entirely  within  iron,  such  as  the  magnetic 
circuit  .of  a  well-designed  alternating-current  transformer,  — 
(R  is  the  reluctance  of  the  iron  circuit.  Hence,  if  /*  =  permea- 
bility, since 


and 


and 


71:1         10  7 

^j,=  lF  =  -—  Z3C  =  m.m.f., 

4>  =  Ag^  =  fiAsc  =  magnetic  flux, 
101 


(R  = 


4  rcfiA  ^ 
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substituting  this  value  in  the  equation  of  the  admittance, 

(RIO* 


we  have  y  = 


27m7 
ZIO* 


8  7^71^ flAf        ffl 

zio*      127  no^'^ 

where  c  =  = ^ 

8  TtrrA  r?A 

Therefore,  in  an  ironclad  circuit,  the  absolute  admittancey  j/,  is 
inversely  proportional  to  the  frequency,  /,  to  the  permeability,  /*,  to 
the  cross-section.  A,  and  to  the  square  of  the  number  of  turns,  n; 
and  directly  proportional  to  the  length  of  the  magnetic  circuit,  I. 

j^ 
The  conductance  is       gf  = 


f'K' 
c 


and  the  admittance,         y  —,    , 

hence,  the  angle  of  hysteretic  advance  is 

9     KfJ^r 
sm  a  =  -  =  — =rr  J 
y      cE*^  ' 

or,  substituting  for  A  and  c  (§  119), 


/•*         vl  10»«       8  n'n^A 


^^^"^   ^ E'  2-v«A'V-«    no* 

W/'VMV"2'-\ 
E-^  W'^ 
or,  substituting 

E  =  2-*  KfnA(S,  10"*, 

we  have  sm  a  = — r-> 

which  is  independent  of  frequency,  number  of  turns,  and  shape 
and  size  of  the  magnetic  and  electric  circuit. 

Therefore,  in  an  ironclad  inductance,  the  angle  of  hysteretic 
advance,   a,   depends  upon  the  magnetic  constants,  permeability 
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cmd  coefficient  of  hysteresis,  and  upon  the  maximxim  magnetic 
induction,  but  is  entirely  independent  of  the  frequency,  of  the 
shape  and  other  conditions  of  the  magnetic  and  electric  circuit; 
and,  therefore,  ail  ironclad  magnetic  circuits  constructed  of  the 
same  quality  of  iron  and  using  the  same  magnetic  density,  give 
the  same  angle  of  hysteretic  advance. 

The  angle  of  hysteretic  advance,  a,  in  a  closed  circuit  trans- 
former, depends  upon  the  quality  of  the  iron,  and  upon  the  mag- 
netic density  only. 

The  sine  of  the  angle  of  hysteretic  advance  equals  4  times  the 
product  of  the  permeability  and  coefficient  of  hysteresis,  divided  by 
the  OA^  power  of  the  magnetic  density. 

121.  If  the  magnetic  circuit  is  not  entirely  ironclad,  and  the 
magnetic  structure  contains  air-gaps,  the  total  reluctance  is 
the  sum  of  the  iron  reluctance  and  of  the  air  reluctance,  or 

hence  the  admittance  is  ' 


y  =V^T¥=-{(Sii-\-(5ia). 
Therefore,  in  a  circuit  containing  iron,  the  admittance  is  the, 

Q/U. 

sum  of  the  admittance  due  to  the  iron  part  of  the  circuit,  j/^  =  — p' 

and  of  the  admittance  due  to  the  air  part  of  the  circuit,  ya  =  -7-' 

if  the  iron  and  tlie  air  are  in  series  in  the  magnetic  circuit. 

The  conductance,  g,  represents  the  loss  of  power  in  the  iron, 
and,  since  air  has  no  magnetic  hysteresis,  is  not  changed  by  the 
introduction  of  an  air-gap.  Hence  the  angle  of  hysteretic 
advance  of  phase  is 

sina=?==-     '       -'       ^• 


y       Vi+Va       J/i^+CRa 

and  a  maximum,  — ,  for  the  ironclad  circuit,  but  decreases  with 

Vi 
increasing  width  of  the  air-gap.    The  introduction  of  the  air- 
gap  of  reluctance,  (Ra»  decreases  sin  a  in  the  ratio, 

(Rj 
(Ri  +  (Ro 
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In  the  range  of  practical  application,  from  (B  =  2,000  to 
(B  =  12,000,  the  permeability  of  iron  varies  between  900  and 
2,000  approximately,  while  sin  a  in  an  ironclad  circuit  varies  in 
this  range  from  0.51  to  0.69.    In  air,  /x  =  1. 

If,  consequently,  one  per  cent  of  the  length  of  the  iron  con- 
sists of  an  air-gap,  the  total  reluctance  only  varies  through 
the  above  range  of  densities  in  the  proportion  of  ij  to  1^, 
or  about  6  per  cent,  that  is,  remains  practically  constant;  while 
the  angle  of  hysteretic  advance  varies  from  sin  a  =  0.035  to 
sin  a  =  0.064.  Thus  g  is  negligible  compared  with  6,  and  h  is 
practically  equal  to  y. 

Therefore,  in  an  electric  circuit  containing  iron,  but  form- 
ing an  open  magnetic  circuit  whose  air-gap  is  not  less  than  yj^ 
the  length  of  the  iron,  the  susceptance  is  practically  constant 
and  equal  to  the  admittance,  so  long  as  saturation  is  not  yet 
approached,  or, 

,       CRa  / 

6=  -7-,  or:  a;  =:z-  • 

/  '  CRa 

The  angle  of  hysteretic  advance  is  small,  below  4®,  and  the 

hj^eretic  conductance  is 

K 
9     ^.Aj.fi  • 

The  current  wave  is  practically  a  sine  wave. 

As  an  example,  in  Fig.  89,  Curve  II,  the  current  curve  of  a 
circuit  is  shown,  containing  an  air-gap  of  only  ,J^  of  the  length 
of  the  iron,  giving  a  current  wave  much  resembUng  the  sine 
shape,  with  an  hysteretic  advance  of  9°. 

122.  To  determine  the  electric  constants  of  a  circuit  con- 
taining iron,  we  shall  proceed  in  the  following  way: 

Let 

E  =  counter  e.m.f.  of  self-induction; 

then  from  the  equation, 

E  =  V2;m/<t>10-", 

where  /  =  frequency,  n  =  number  of  turns, 

we  get  the  magnetism,  4>,  and  by  means  of  the  magnetic  cross- 

section,  A,  the  maximum  magnetic  induction:  (B  =  —. 
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From  (B,  we  get,  by  means  of  the  magnetic  characteristic  of 
the  iron,  the  m.m.f.,  =  9  ampere-tums  per  centimeter  length, 
where 

-^. 

if  JC  =  m.m.f.  in  c.g.s.  units. 
Hence, 

if  if  =  length  of  iron  circuit,  fFi==lifF  =  ampere-tums  required 
in  the  iron; 

if  la  =  length    of    air    circuit,   ^a  =  — j^—  •  =  ampere-tums 
required  in  the  air; 

hence,  ^ --=^i  ^  ^a=  total  ampere-tums,  maximum  value,  and 

a: 

— TL  =  effective  value.    The  exciting  current  is 
v2 


and  the  absolute  admittance, 


1/  =  Vff^  +  V  =^  -. 

If  ^i  is  not  negligible  as  compared  with  ifa*  this  admittance,  y, 
is  variable  with  the  e.m.f.,  E. 

If  F  ==  volume  of  iron,  rj  =  coeflScient  of  hysteresis, 
the  loss  of  power  by  hysteresis  due  to  molecular  magnetic 
friction  is 

p  =  ,;/7(B^-; 

P 
hence  the  hysteretic  conductance  is  gf  =  ^ ,  and  variable  with 

the  e.m.f.,  E. 
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The  angle  of  hysteretic  advance  is 


. 

sin  a   =  -  : 

y 

the  susceptance, 

h^y/y^^g^ 

the  eflfective  resistance, 

'-'r 

and  the  reactance, 

b 

123.  As  conclusions,  we  derive  from  this  chapter  the  fol- 
lowing: 

(1)  In  an  alternating-current  circuit  surrounded  by  iron, 
the  current  produced  by  a  sine  wave  of  e.m.f.  is  not  a  true 
sine  wave,  but  is  distorted  by  hysteresis,  and  inversely,  a  sine 
wave  of  current  requires  waves  of  magnetism  and  e.m.f.  diflfering 
from  sine  shape. 

(2)  This  distortion  is  excessive  only  with  a  closed  magnetic 
circuit  transferring  no  energy  into  a  secondary  circuit  by  mutual 
inductance. 

(3)  The  distorted  wave  of  current  can  be  replaced  by  the 
equivalent  sine  wave,  —  that  is,  a  sine  wave  of  equal  eflfective 
intensity  and  equal  power,  —  and  the  superposed  higher  har- 
monic, consisting  mainly  of  a  term  of  triple  frequency,  may  be 
neglected  except  in  resonating  circuits. 

(4)  Below  saturation,  the  distorted  curve  of  current  and  its 
equivalent  sine  wave  have  approximately  the  same  maximum 
value.     . 

(5)  The  angle  of  hysteretic  advance  —  that  is,  the  phase 
difference  between  the  magnetic  flux  and  equivalent  sine  wave 
of  m.m.f .  —  is  a  maximum  for  the  closed  magnetic  circuit,  and 
depends  there  only  upon  the  magnetic  constants  of  the  iron,  upon 
the  permeability,  /*,  the  coeflScient  of  hysteresis,  iy,  and  the 
maximum  magnetic  induction,  as  shown  in  the  equation, 

sm  a  =  — 7- . 
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(6)  The  eflFect  of  hysteresis  can  be  represented  by  an  ad- 
mittance, Y  =  g  +  jb,  or  an  impedance,  Z  =  r  —  jx. 

(7)  The  hysteretic  admittance,  or  impedance,  varies  with 
the  magnetic  induction;  that  is,  with  the  e.m.f.,  etc. 

(8)  The  hjrsteretic  conductance,  g,  is  proportional  to  the 
coefficient  of  hjrsteresis,  17,  and  to  the  length  of  the  magnetic 
circuit,  I,  inversely  proportional  to  the  0.4*^  power  of  the 
e.m.f.,  E,  to  the  0.&^  power  of  frequency,  /,  and  of  the  cross- 
section  of  the  magnetic  circuit,  A,  and  to  the  1.6***  power  of 
the  number  of  turns  of  the  electric  circuit,  n,  as  expressed  in 
the  equation, 

5Svll(f 

(9)  The  absolute  value  of  hysteretic  admittance, 


is  proportional  to  the  magnetic  reluctance:  (R  =  (3l<  +  CRa,  and 
inversely  proportional  to  the  frequency,  /,  and  to  the  square  of 
the  number  of  turns,  n,  as  expressed  in  the  equation, 

^  (CR<  +  (Rg)  10' 
^  2  ;r/n» 

(10)  In  an  ironclad  circuit,  the  absolute  value  of  admittance 
is  proportional  to  the  length  of  the  magnetic  circuit,  and  inversely 
proportional  to  cross-section.  A,  frequency,  /,  permeability,  /*, 
and  square  of  the  number  of  turns,  n,  or 

^  127Z10f^ 

(11)  In  an  open  magnetic  circuit,  the  conductance,  3,  is 
the  same  as  in  a  closed  magnetic  circuit  of  the  same  iron  part. 

(12)  In  an  open  magnetic  circuit,  the  admittance,  j/,  is 
practically  constant,  if  the  length  of  the  air-gap  is  at  least  i\ji 
of  the  length  of  the  magnetic  circuit,  and  saturation  be  not 
approached. 
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(13)  In  a  closed  magnetic  circuit,  conductance,  suscep- 
tance,  and  admittance  can  be  assumed  as  constant  through 
a  Kmited  range  only. 

(14)  From  the  shape  and  the  dimensions  of  the  circuits, 
and  the  magnetic  constants  of  the  iron,  all  the  electric  con- 
stants, g,h,y)  r,  x,  z,  can  be  calculated. 


CHAPTER  XIV. 

FOUCAULT  OR  EDDY  CURRENTS. 

124.  While  magnetic  hysteresis  due  to  molecular  friction  is  a 
magnetic  phenomenon,  eddy  currents  are  rather  an  electrical 
phenomenon.  When  iron  passes  through  a  magnetic  field,  a 
loss  of  energy  is  caused  by  hysteresis,  which  loss,  however, 
does  not  react  magnetically  upon  the  field.  When  cutting  an 
electric  conductor,  the  magnetic  field  produces  a  current  therein. 
The  m.m.f.  of  this  current  reacts  upon  and  afifects  the  magnetic 
field,  more  or  less;  consequently,  an  alternating  magnetic  field 
cannot  penetrate  deeply  into  a  soUd  conductor,  but  a  kind  of 
screening  eflfect  is  produced,  which  makes  solid  masses  of  iron 
imsuitable  for  alternating  fields,  and  necessitates  the  use  of 
laminated  iron  or  iron  wire  as  the  carrier  of  magnetic  flux. 

Eddy  currents  are  true  electric  currents,  though  existing  in 
minute  circuits;  and  they  follow  all  the  laws  of  electric 
circuits. 

Their  e.m.f •  is  proportional  to  the  intensity  of  magnetization, 
(E,  and  to  the  frequency,  /. 

Eddy  currents  are  thus  proportional  to  the  magnetization, 
(B,  the  frequency,  /,  and  to  the  electric  conductivity,  X,  of  the 
iron;  hence,  can  be  expressed  by 

i  =-  6X(B/. 

The  power  consumed  by  eddy  currents  is  proportional  to 
their  square,  and  inversely  proportional  to  the  electric  conduc- 
tivity, and  can  be  expressed  by 

P  =  6X(B*f ; 

or,  since  (B/  is  proportional  to  the  generated  e.m.f.,  E,  in  the 
equation 

E  =^\/2  nAnf(S^  lO"*, 
105 
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it  follows  that,  The  loss  of  power  by  eddy  currents  is  proportional 
to  the  square  of  the  e.m,f.,  cmd  proportional  to  the  electric  con- 
ductivity of  the  iron;  or, 

P  =  aE^X. 

Hence,  that  component  of  the  eflFective  conductance  which 
is  due  to  eddy  currents  is 

that  is,  The  equivalent  conductance  due  to  eddy  currents  in  the 
iron  is  a  constant  of  the  magnetic  circuit ;  it  is  independent  of 
e.m.f.,  frequency,  etc.,  bul  proportional  to  the  electric  conductivity 
of  the  iron,  X. 

126.  Ikldy  currents,  like  magnetic  hysteresis,  cause  an 
advance  of  phase  of  the  current  by  an  angle  of  advance,  /3;  but, 
unlike  hysteresis,  eddy  currents  in  general  do  not  distort  the 
current  wave. 

The  angle  of  advance  of  phase  due  to  eddy  currents  is 

sin/3  =  ?, 

y 

where  y  =  absolute  admittance  of  the  circuit,  g  =  eddy  current 
conductance. 

While  the  equivalent  conductance,  g,  due  to  eddy  currents, 
is  a  constant  of  the  circuit,  and  independent  of  e.m.f .,  frequency, 
etc.,  the  loss  of  power  by  eddy  currents  is  proportional  to  the 
square  of  the  e.m.f.  of  self-induction,  and  therefore  proportional 
to  the  square  of  the  frequency  and  to  the  square  of  the  magneti- 
zation. 

Only  the  power  component,  gE,  of  eddy  currents,  is  of  interest, 
since  the  wattless  component  is  identical  with  the  wattless  com- 
ponent of  hysteresis,  discussed  in  the  preceding  chapter. 

126.  To  calculate  the  loss  of  power  by  eddy  currents, 

Let  V  =  volume  of  iron; 

(B  =  maximum  magnetic  induction; 
/  =  frequency; 

X  =  electric  conductivity  of  iron; 
€  =  coefficient  of  eddy  currents. 
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The  loss  of  energy  per  cubic  centimeter,  in  ei^s  per  cycle,  is 
w  =  eXf(S?; 
hence,  the  total  loss  of  power  by  eddy  currents  is 

P  =  e;i7f(B' 10-"  watts, 
and  the  equivalent  conductance  due  to  eddy  currents  is 
P       10  €il       0.507  eXl 


where 


^  =  ^ 


2s»il»' 


An' 


i! 


!i 


'* 


I  =  length  of  magnetic  circuit, 
A  =  section  of  magnetic  circuit, 
■  n  ==  number  of  turns  of  electric  circuit. 

The  coeflBcient  of  eddy  currents,  e, 
depends  merely  upon  the  shape  of  the 
constituent  parts  of  the  magnetic  circuit; 
that  is,  whether  of  iron  plates  or  wire, 
and  the  thickness  of  plates  or  the  diam- 
eter of  wire,  etc. 

The  two  most  important  cases  are: 

(a)  Laminated  iron. 
(6)  Iron  wire. 

127.   (a)  Laminaled  Iron. 
Let,  in  Fig.  97, 

d  =  thickness  of  the  iron  plates; 
<B=a  maximum  magnetic  induction; 
/=  frequency; 
jl  =  electric  conductivity  of  the  iron. 

Then,  if  u  is  the  distance  of  a  zone,  dw,  from  the  center  of 
the  sheet,  the  conductance  of  a  zone  of  thickness,  du,  and  of 
one  centimeter  length  and  width  is  kdu]  and  the  magnetic 
flux  cut  by  this  zone  is  (S>u.  Hence,  the  e.m.f.  induced  in  this 
zone  is 

8E  =  ^2  nj(SM,  in  c.g.s.  units. 


Fio.  WT. 
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This  e.m.f.  produces  the  current,  dl  =  dE  Xdu  —  ^/2nf(S^udu, 
in  c.gJ3.  units,  provided  the  thickness  of  the  plate  is  negU- 
gible  as  compared  with  the  length,  in  order  that  the  current 
may  be  assumed  as  parallel  to  the  sheet,  and  in  opposite 
directions  on  opposite  sides  of  the  sheet. 

The  power  consumed  by  the  current  in  this  zone,  du,  is 

dP  =  »Edl  =  2  Tr'f (B'^uMu, 

in  cg.s.  units  or  ergs  per  second,  and,  consequently,  the  total 
power  consumed  in  one  square  centimeter  of  the  sheet  of 
thickness,  d,  is 

+  -  +  - 

dP=  J  ^^dP^27:^P(S!?3if  /u'du 
"2  ~  2 

= ,  m  c.g.s.  umts; 

0 

the  power  consumed  per  cubic  centimeter  of  iron  is,  therefore, 

p  =  -r-  ==  — ,  m  c.g.s.  units  or  erg-seconds, 

a  b 

and  the  enei^  consumed  per  cycle  and  per  cubic  centimeter  of 
iron  is 

w?=  ^  =  - — ergs. 

The  coeflBcient  of  eddy  currents  for  laminated  iron  is,  there- 
fore, 

e=?=  1.645  <P, 
0 

where  X  is  expressed  in  c.g.s.  units.  Hence,  if  X  is  expressed 
in  practical  units  or  10~*  c.g.s.  units, 

_!!!^12r  =  1.645  <f  10-. 
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Substituting  for  the  conductivity  of  sheet  iron  the  approxi- 
mate value, 

X  =  10*,* 

we  get  as  the  coeflBcient  of  eddy  currents  for  laminated  iron, 

e  =  ~  cP  10-*=  1.645 <P  10-*; 
o 

loss  of  energy  per  cubic  centimeter  and  cycle, 

W  =  e>l/(B'  =  ^  (PXf(S?  10-*  =  1.645  cP^/CB'  lO"*  ergs 

0 

=  1.645  cP/(B' 10"^  ergs; 
or,  W  =  eXfCSi'  10"'  -  1.645  (Pf<S?  10""  joules. 
The  loss  of  power  per  cubic  centimeter  at  frequency,  /,  is 

p^fW=  e^f (B»  10"'  =  1.645  (Pf ©'  10""  watts; 
the  total  loss  of  power  in  volume,  7,  is. 

P^Vp=  1.645  V  d^f(S?  10-"  watts. 
As  an  example, 

d  =  1  mm.  =  0.1  cm.;  /  =  100;  (B  =  5,000;  V  =  1,000  cu. cm.; 
€=  1,645  X  10""; 
W  =  4,110  ei^gs 

=  0.000411  joules; 
p  =  0.0411  watts;. 
P  =  41.1  watts. 

128-   (6)  Iron  Wire. 

Let,  in  Rg.  98,  d  =  diameter  of  a  piece  of  iron  wire;  then  if 

u  is  the  radius  of  a  circular  zone  of  thickness,  du,  and  one  cm. 

Xdu 
in  length,  the  conductance  of  this  zone  is  - —  ,  and  the  magnetic 

flux  inclosed  by  the  zone  is  (Bw';r. 

*  In  some  of  the  modem  silicon  steels  used  for  transformer  iron,  X  reaches 
yalnes  as  low  as  2  X  10*,  and  even  lower ;  and  the  eddy  current  losses  are 
reduced  in  the  same  proportion  (1908). 
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Hence,  the  e.m.f.  generated  in  this  zone  is 

dE  =  \/2  7t^f(&u^  in  cg.s.  units, 

and  the  current  produced  thereby  is 

2  mi 


V2r. 


Xf(&u  duy  in  c.g.s.  units. 


Fio.  98. 


The  power  consumed  in  this  zone  is,  therefore, 

dP  =  dEdl  =  ;r*>lf  (BVdii,  in  c.g.s.  units; 

consequently,  the  total  power  consumed  in  one  centimeter  length 
of  wire  is 


-P 


'/%', 


=  —  if<S?d^,  in  c.g.s.  units. 
o4 
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Since  the  volume  of  one  centimeter  length  of  wire  is 

the  power  consumed  in  one  cubic  centimeter  of  iron  is 

p  =  —  =  —  >lf  (B'fP,  in  cg.s.  units  or  erg-seconds, 
V       Id 

and  the  energy  consumed  per  cycle  and  cubic  centimeter  of 
iron  is 

/        16 
Therefore,  the  coefficient  of  eddy  currents  for  iron  wire  is 

e  =^(P  =  0.617  (P; 
lb 

or,  if  i  is  expressed  in  practical  units,  or  10"*  c.g.s.  units, 

e  =  ^(P10-'=  0.617  cPlO"*. 
Id 

Substituting 

X  =10», 

we  get  as  the  coefficient  of  eddy  currents  for  iron  wire, 

e  =  ^  cP  10-*=  0.617  <P  10-^. 
Id 

The  loss  of  energy  per  cubic  centimeter  of  iron,  and  per  cycle 
becomes 

w  =  £;/(B^  =  ^  cP;/(B'  10*  =  0.617  (Pxf(s?  lO"' 

Id 
=  0.617  <P/(B^  10"^  ergs, 
=  £>l/(B'  10"'  =  0.617  fP/(B»  10""  joules; 

loss  of  power  per  cubic  centimeter  at  frequency,  /, 

p  =  /TT  =  e>ii\P(B2 10-'  =  0.617  (PN^iZ'  10~"  watts; 

total  loss  of  power  in  volume,  V, 

p  =  yp  =  0.617  7fPf  CB'  10""  watts. 
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As  an  example, 
d  =  1  mm.,  =  0.1  cm.;  /  =  100;  (B'  =  5,000;  V  -  1,000  cu.  cm. 

Then, 

€  =  0.617  X  10"", 

W  =  1,540  ergs  =  0.000154  joules, 

p  =  0.0154  watts, 

P  -  15.4  watts, 

hence  very  much  less  than  in  sheet  iron  of  equal  thickness. 

129.  Comparison  of  sheet  iron  and  iron  wire. 

If 

d^  =  thickness  of  lamination  of  sheet  iron,  and 
d,  =  diameter  of  iron  wire, 

the  eddy  current  coeflBcient  of  sheet  iron  being 
and  the  eddy  current  coefficient  of  iron  wire 


16 


.,=  -d,MO-, 


the  loss  of  power  is  equal  in  both  —  other  things  being  equal 
-  if  £j  =  e,;  that  is,  if 

d^'  =1  d,^ord,  =  1.63  d,. 

It  follows  that  the  diameter  of  iron  wire  can  be  1.63  times,  or, 
roughly,  1§  as  large  as  the  thickness  of  laminated  iron,  to  give  the 
same  loss  of  power  through  eddy  currents,  as  shown  in  Fig.  99. 

130.  Demagnetizing,  or  screening  effect  of  eddy  currents. 

The  formulas  derived  for  the  coefficient  of  eddy  currents  in 
laminated  iron  and  in  iron  wire,  hold  only  when  the  eddy  currents 
are  small  enough  to  neglect  their  magnetizing  force.    Other- 
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wise  the  phenomenon  becomes  more  complicated;  the  magnetic 
flux  in  the  interior  of  the  lamina,  or  the  wire,  is  not  in  phase 
with  the  flux  at  the  surface,  but  lags  behind  it.  The  magnetic 
flux  at  the  surface  is  due  to  the  impressed  m.m.f.,  while  the  flux 
in  the  interior  is  due  to  the  resultant  of  the  impressed  m.m.f.  and 
to  the  m.m.f.  of  eddy  currents;  since  the  eddy  currents  lag  90 
time-degrees  behind  the  flux  producing  them,  their  resultant 
with  the  impressed  m.m.f.,  and  therefore  the  magnetism  in  the 
interior,  is  made  lagging.    Thus,  progressing  from  the  surface 


Fio.  09. 

towards  the  interior,  the  magnetic  flux  gradually  lags  more 
and  more  in  phase,  and  at  the  same  time  decreases  in  intensity. 
While  the  complete  analytical  solution  of  this  phenomenon  is 
beyond  the  scope  of  this  book,  a  determination  of  the  magnitude 
of  this  demagnetization,  or  screening  effect,  suflScient  to  deter- 
mine whether  it  is  negligible,  or  whether  the  subdivision  of  the 
iron  has  to  be  increased  to  make  it  negUgible,  can  be  made  by 
calculating  the  maximum  magnetizing  effect,  which  cannot  be 
exceeded  by  the  eddjrs. 

Assuming  the  magnetic  density  as  uniform  over  the  whole 
cross -section,  and  therefore  all  the  eddy  currents  in  phase 
with  each  other,  their  total  m.m.f.  represents  the  maxi- 
mum possible  value,  since  by  the  phase  difference  and  the 
lesser  magnetic  density  in  the  center  the  resultant  m.m.f.  is 
reduced. 
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In  laminated  iron  of  thickness  d,  the  current  in  a  zone  of  thick- 
ness du,  at  distance  u  from  center  of  sheet,  is 

dl  =  V2  7r/(B;iudti  units  (c.g.s.) 
=  V2  7:f(&Xu  dw  10"'  amperes; 

hence  the  total  current  in  the  sheet  is 

y/2n 


8 


/(B>1(?  10"'  amperes. 


Hence,  the  maximum    possible   demagnetizing   ampere-turns, 
acting  upon  the  center  of  the  lamina,  are 

/ |-/(B>ld»  10- •  =  0.555 /(g^d'lO-', 

O 

=  0.555  /©>!<?  10"'  ampere-turns  per  cm. 
Example:  d  =  0.1  cm.,  /  =  100,  (B  =  5,000,  ^1=  10*, 
or  /  =  2.775  ampere-turns  per  cm. 

181.  In  iron  wire  of  diameter,  d,  the  current  in  a  tubular 
zone  of  du  thickness  and  u  radius  is 

dl  =  -—  7r/(B^u  du\Q  "  •  amperes ; 


hence,  the  total  current  is 

d 


16 


s/2 
7cf(&X(P  10"*  amperes. 


/  ^  p  dl  =  -^nf(SiXlO-*  p udx 
V2 


Hence,   the   maximum   possible   demagnetizing  ampere-turns, 
acting  upon  the  center  of  the  wire,  are 

/  =  -^/(B>l(?10-«  =  0.2775 /(B>1(?  10-" 
lo 

=  0.2775  f(&Xd^  10"'  ampere-turns  per  cm. 
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For  example,  if  d  =  0.1  cm.,  /  =  100,  (B  =  5,000,  i  =  10*,  then 
/  =  1,338  ampere-tums  per  cm.;  that  is,  half  as  much  as  in  a 
lamina  of  the  thickness,  d. 

For  a  more  complete  investigation  of  the  screening  effect  of 
eddy  currents  in  laminated  iron,  see  Section  III  of  "  Theory  and 
Calculation  of  Transient  Electric  Phenomena  and  Oscillations." 

132.  Besides  the  eddy,  or  Foucault,  currents  proper,  which 
exist  as  parasitic  currents  in  the  interior  of  the  iron  lamina  or 
wire,  under  certain  circumstances  eddy  currents  also  exist  in 
larger  orbits  from  lamina  to  lamina  through  the  whole  magnetic 
structure.  Obviously  a  calculation  of  these  eddy  currents  is 
possible  only  in  a  particular  structure.  They  are  mostly  surface 
currents,  due  to  short  circuits  existing  between  the  laminae  at 
the  surface  of  the  magnetic  structure. 

Furthermore,  eddy  currents  are  produced  outside  of  the  mag- 
netic iron  circuit  proper,  by  the  magnetic  stray  field  cutting 
electric  conductors  in  the  neighborhood,  especially  when  drawn 
towards  them  by  iron  masses  behind,  in  electric  conductors 
passing  through  the  iron  of  an  alternating  field,  etc.  All  these 
phenomena  can  be  calculated  only  in  particular  cases,  and  are 
of  less  interest,  since  they  can  and  should  be  avoided. 

The  power  consumed  by  such  large  eddy  currents  frequently 
increases  more  than  proportional  to  the  square  of  the  voltage, 
when  approaching  magnetic  saturation,  by  the  magnetic  stray 
field  reaching  unlaminated  conductors,  and  so,  while  negligible 
at  normal  voltage,  this  power  may  become  large  at  over  normal 
voltage. 

Eddy  Currents  in  Conductor,  and  Unequal  Current  DistribiUion. 

133.  If  the  electric  conductor  has  a  considerable  size,  the 
alternating  magnetic  field,  in  cutting  the  conductor,  may  set 
up  differences  of  potential  between  the  different  parts  thereof, 
thus  giving  rise  to  local  or  eddy  currents  in  the  copper.  This 
phenomenon  can  obviously  be  studied  only  with  reference  to  a 
particular  case,  where  the  shape  of  the  conductor  and  the  dis- 
tribution of  the  magnetic  field  are  known. 

Only  in  the  case  where  the  magnetic  field  is  produced  by  the 
current  in  the  conductor  can  a  general  solution  be  given.    The 
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alternating  current  in  the  conductor  produces  a  magnetic  field, 
not  only  outside  of  the  conductor,  but  inside  of  it  also;  and  the 
lines  of  magnetic  force  which  close  themselves  inside  of  the  con- 
ductor generate  e.m.fs.  in  their  interior  only.  Thus  the  counter 
e.m.f .  of  self-induction  is  largest  at  the  axis  of  the  conductor,  and 
least  at  its  surface;  consequently,  the  current  density  at  the  sur- 
face will  be  larger  than  at  the  axis,  or,  in  extreme  cases,  the  cur- 
rent may  not  penetrate  at  all  to  the  center,  or  a  reversed  current 
may  exist  there.  Hence  it  follows  that  only  the  exterior  part  of 
the  conductor  may  be  used  for  the  conduction  of  electricity, 
thereby  causing  an  increase  of  the  ohmic  resistance  due  to 
unequal  current  distribution. 

The  general  discussion  of  this  problem,  as  applicable  to  the 
distribution  of  alternating  current  in  very  large  conductors, 
as  the  iron  rails  of  the  return  circuit  of  alternating-current 
railways,  is  given  in  Section  III  of  "  Theory  and  Calculation  of 
Transient  Electric  Phenomena  and  Oscillations." 

In  practice,  this  phenomenon  is  observed  mainly  with  very 
high-frequency  currents,  as  lightning  discharges;  in  power 
distribution  circuits  it  has  to  be  avoided  by  either  keeping 
the  frequency  suflBiciently  low,  or  having  a  shape  of  conductor 
such  that  unequal  current-distribution  does  not  take  place,  as 
by  using  a  tubular  or  a  flat  conductor,  or  several  conductors  in 
parallel. 

134,  It  will,  therefore,  here  be  sufficient  to  determine  the 
largest  size  of  round  conductor,  or  the  highest  frequency,  where 
this  phenomenon  is  still  negligible. 

In  the  interior  of  the  conductor,  the  current  density  is  not 
only  less  than  at  the  surface,  but  the  current  lags  in  time-phase 
behind  the  current  at  the  surface,  due  to  the  increased  effect 
of  self-induction.  This  time-lag  of  the  current  causes  the 
magnetic  fluxes  in  the  conductor  to  be  out  of  phase  with  each 
other,  making  their  resultant  less  than  their  sum,  while  the 
lesser  current  density  in  the  center  reduces  the  total  flux  inside 
of  the  conductor.  Thus,  by  assuming,  as  a  basis  for  calculation, 
a  uniform  current  density  and  no  difference  of  phase  between 
the  currents  in  the  different  layers  of  the  conductor,  the  unequal 
distribution  is  found  larger  than  it  is  in  reality.  Hence  this 
assumption  brings  us  on  the  safe  side,  and  at  the  same  time 
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greatly  simplifies  the  calculation;  however,  it  is  permissible  only 
where  the  current  density  is  still  fairly  uniform. 

Let  Fig.  100  represent  a  cross-section  of  a  conductor  of  radius, 
/J,  and  a  uniform  current  density, 


%  = 


IPt:' 


where  /  =  total  current  in  conductor. 
The  magnetic  reluctance  of  a  tubu- 
lar zone  of  unit  length  and  thickness 
dUf  of  radius  u,  is 


(Ru  = 


2U7C 

du 
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The  current  inclosed  by  this  zone  is  I^  ==  tt^'Tr,  and  therefore,  the 
in.m.f.  acting  upon  this  zone  is 

y^=0.4;r/„  =0.4;c*^t^^ 
and  the  magnetic  flux  in  this  zone  is 


d4>  =  -Jf  =  0.2  Tviu  du. 


Hence,  the  total  magnetic  fiux  inside  the  conductor  is 

10    '  10  * 


*=  /     d*=   777 i  /     udu  = 
«/o  10     «/o 


From  this  we  get,  as  the  excess  of  counter  e.m.f.  at  the  axis  of 
the  conductor  over  that  at  the  surface, 

AE  =  \/2  r/*  10"' =  \/2;r//  10"*,  per  unit  length, 
-  V2  T^fiR"  10"*; 

and  the  reactivity,  or  specific  reactance  at  the  center  of  the 

AE  r-  -« 

conductor,  becomes  h  =  -:-  =  v  2  t?]IC  10   . 

% 

Let  p  =  resistivity,  or  specific  resistance,  of  the  material  of  the 
conductor. 
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We  have  then, 


P  P 
P 


and  /7= =- 

the  ratio  of  current  densities  at  center  and  at  periphery. 

For  example,  if,  in  copper,  p  =1.7  X  lO""*,  and  the  per- 
centage decrease  of  current  density  at  center  shall  not  exceed 
5  per  cent,  that  is, 

p  4-  \/WTJ^  =  0.95  4-  1, 
we  have  k  =  0.51  X  10~*; 

hence    0.51  X  lO"*  =  V2  7c*//P10-", 
or  fTP  =  36.6; 

hence,  when  /  =     125       100       60  25 

R   =0.541    0.605    0.781     1.21cm. 
i)  =  2  72  =  1.08      1.21      1.56      2.42  cm. 

Hence,  even  at  a  frequency  of  125  cycles,  the  effect  of  unequal 
current  distribution  is  still  negligible  at  one  centimeter  diam- 
eter of  the  conductor.  Conductors  of  this  size  are,  however, 
excluded  from  use  at  this  frequency  by  the  external  self- 
induction,  which  is  several  times  lai^er  than  the  resistance. 
We  thus  see  that  unequal  current  distribution  is  usually  neg- 
ligible in  practice. 

The  above  calculation  was  made  under  the  assumption  that 
the  conductor  consists  of  unmagnetic  material.  If  this  is  not 
the  case,  but  the  conductor  of  iron  of  permeability 

/A,  then  d*  =  -^ ;  and  thus  ultimately,  k  =  \/2  j^ji^R^  10"*,  and 


u 


k         —      //*/2'  10"' 

-  =  \/2  T?  .    Thus,    for  instance,    for  iron   wire  at 

P  P 

p  =  10  X  10"*,  /*  =  500,  it  is,  permitting  5  per  cent  differ- 
ence between  center  and  outside  of  wire.  A;  =  3.2  X  10"*,  and 
/i?  -  0.46; 

hence,  when       /  =     125       100      60        25 

R   =  0.061    0.068   0.088   0.136  cm.; 

thus  the  effect  is  noticeable  even  with  relatively  small  iron  wire. 
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Mutual  Induction. 

136.  When  an  alternating  magnetic  field  of  force  includes 
a  secondary  electric  conductor,  it  generates  therein  an  e.m.f. 
which  produces  a  current,  and  thereby  consumes  energy  if  the 
circuit  of  the  secondary  conductor  is  closed. 

Particular  cases  of  such  secondary  currents  are  the  eddy  or 
Foucault  currents  previously  discussed. 

Another  important  case  is  the  generation  of  secondary  e.m.fs. 
in  neighboring  circuits;  that  is,  the  interference  of  circuits  run- 
ning parallel  with  each  other. 

In  general,  it  is  preferable  to  consider  this  phenomenon  of 
mutual  induction  as  not  merely  producing  a  power  component 
and  a  wattless  component  of  e.m.f.  in  the  primary  conductor, 
but  to  consider  explicitly  both  the  secondary  and  the  primary 
circuit,  as  will  be  done  in  the  chapter  on  the  alternating-current 
transformer. 

Only  in  cases  where  the  energy  transferred  into  the  secondarj^ 
circuit  constitutes  a  small  part  of  the  total  primary  energy, 
as  in  the  discussion  of  the  disturbance  caused  by  one  circuit 
upon  a  parallel  circuit,  may  the  effect  on  the  primary  circuit 
be  considered  analogously  as  in  the  chapter  on  eddy  currents 
by  the  introduction  of  a  power  component,  representing  the  loss 
of  power,  and  a  wattless  component,  representing  the  decrease 
of  self-induction. 

Let 

X  =2nfL  =  reactance  of  main  circuit;  that  is,  L  =  total 
number  of  interUnkages  with  the  main  conductor,  of  the 
lines  of  magnetic  force  produced  by  unit  current  in  that 
conductor; 

Xj  =2;r/Lj  =  reactance  of  secondary  circuit;  that  is,  Lj  = 
total  number  of  mterlinkages  with  the  secondary  conductor, 
of  the  lines  of  magnetic  force  produced  by  unit  current  in  that 
conductor; 

««  =2  7r/Lm  =  mutual  inductive  reactance  of  the  circuits; 
that  is,  Ln  =  total  number  of  interlinkages  with  the  secondary 
conductor,  of  the  lines  of  magnetic  force  produced  by  unit 
current  in  the  main  conductor,  or  total  number  of  interlinkages 
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with  the  main  conductor  of  the  lines  of  magnetic  force  produced 
by  unit  current  in  the  secondary  conductor. 


Obviously:  Xn?  <  xx 


♦ 


!• 


Let  Tj  =  resistance  of  secondary  circuit.     Then  the  imped- 
ance of  secondary  circuit  is 


e.m.f.  generated  in  the  secondary  circuit,  E^  =  jxml, 
where  /  =  primary  current.    Hence,  the  secondary  current  is 

J      _  ^t  _        J^w>         j^ 

and  the  e.m.f.  generated  in  the  primary  circuit  by  the  secondary 
current,  /j,  is 

or,  expanded, 

Jp  —  \    "^^^i  __    J3^m  x^    I 
'       (r,'  +  x,'      r,»  +  x,M* 

*  As  self-inductance  L,  L^,  the  total  flux  surrounding  the  conductor  is  here 
meant.  Usually  in  the  discussion  of  inductive  apparatus,  especially  of  trans- 
formers, that  part  of  the  magnetic  flux  which  surrounds  one  circuit  is  denoted 
as  the  self-inductance  of  this  circuit,  but  not  the  other  circuit ;  that  is,  it  is  the 
flux  which  passes  between  both  circuits.  Hence,  the  total  self-inductance,  L, 
is  in  this  case  equal  to  the  sum  of  the  self -inductance,  X,,  and  mutual  induct- 
ance, Lff^. 

The  object  of  this  distinction  is  to  separate  the  wattless  part,  Xj,  of  the  total 
self -inductance,  X,  from  that  part,  L^,  which  represents  the  transfer  of  e.m.f. 
into  the  secondary  circuit,  since  the  action  of  these  two  components  is  essentially 
different. 

Thus,  in  alternating-current  transformers  it  is  customary  —  and  will  be  done 
later  in  this  book  —  to  denote  as  the  self-inductance,  L,  of  each  circuit  only 
that  part  of  the  magnetic  flux  produced  by  the  circuit  which  passes  between 
both  circuits,  and  thus  acts  in  **  choking  *^  only,  but  not  in  transforming ;  while 
the  flux  surrounding  both  circuits  is  called  the  mutual  inductance,  or  useful 
magnetic  flux. 

With  this  denotation,  in  transformers  the  mutual  inductance,  X„^,  is  usually 
very  much  greater  than  the  self -inductance,  L',  and  X/,  while,  if  the  aelf- 
inductance,  L  and  X„  represent  the  total  flux,  their  product  is  larger  than  the 
square  of  the  mutual  inductance,  L^^ ;  or 

ii.>i«';  (i'  +  im)  (W  +  I'm)  >W- 
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Hence,  the  e.m.f.  consumed  thereby, 

i  r^  +  x^      r^  +  XjM    • 
r  =     ,  "*   '     =  efifective  resistance  of  mutual  inductance: 

X  =     ,   ^    \  =  effective  reactance  of  mutual  inductance, 
'•i'  +  ^i 

The  susceptance  of  mutual  inductance  is  negative,  or  of  oppo- 
site sign  from  the  reactance  of  self-inductance.    Or, 

MviuaL  inductance  consumes  energy  and  decreases  the  self- 
inductance. 

For  the  calculation  of  the  mutual  inductance  between  cir- 
cuits L«,  see  "  Theoretical  Elements  of  Electrical  Engineer- 
ing," 3nl  Ed. 

Dielectric  and  Electrostatic  Phenomena. 

136.  While  magnetic  hysteresis  and  eddy  currents  can  be 
considered  as  the  power  component  of  inductive  reactance, 
condensive  reactance  has  a  power  component  also;  namely, 
(iielectric  hysteresis.  In  an  alternating  magnetic  field,  energy  is 
consumed  in  hjrsteresis  due  to  molecular  friction;  and  similarly, 
energy  is  also  consumed  in  an  alternating  electrostatic  field 
in  the  dielectric  medium,  in  what  is  called  electrostatic  or 
dielectric  hysteresis. 

While  the  laws  of  the  loss  of  energy  by  magnetic  hysteresis 
are  fairly  well  understood,  and  the  magnitude  of  the  effect 
known,  the  phenomenon  of  dielectric  hysteresis  is  still  almost 
entirely  unknown  as  concerns  its  laws  and  the  magnitude  of 
tlie  effect. 

It  is  quite  probable  that  the  loss  of  power  in  the  dielectric 
m  an  alternating  electrostatic  field  consists  of  two  distinctly 
different  components,  of  which  the  one  is  directly  proportional 
to  the  frequency,  —  analogous  to  magnetic  hysteresis,  and  thus 
a  constant  loss  of  energy  per  cycle,  independent  of  the  frequency; 
while  the  other  component  is  proportional  to  the  square  of  the 
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frequency,  —  analogous  to  the  loss  of  power  by  eddy  currents 
in  the  iron,  and  thus  a  loss  of  energy  per  cycle  proportional  to 
the  frequency. 

The  existence  of  a  loss  of  power  in  the  dielectric,  proportional 
to  the  square  of  the  frequency  and  voltage,  I  observed  some 
years  ago  in  paraffined  paper  in  a  high  electrostatic  field  and 
at  high  frequency,  by  the  electrodynamometer  method. 

Power-factor  measurements  of  paraffined  paper  condensers 
made  for  frequencies  of  25  to  125  cycles,  and  over  a  wide  range 
of  voltages,  above  and  below  the  safe  operating  voltage  of  the 
dielectric,  show  no  marked  variation  of  the  power-factor  wdth 
the  voltage  or  the  frequency,  that  is,  point  towards  a  power 
consumption  proportional  to  the  square  of  voltage  and  of  fre- 
quency, of  a  magnitude  of  between  \  per  cent  and  1  per  cent 
of  the  volt-amperes  absorbed  by  the  condenser. 

Amo  of  Turin  found  at  low  frequencies  and  low  field  strength 
in  a  large  number  of  dielectrics,  a  loss  of  energy  per  cycle  inde- 
pendent of  the  frequency,  but  proportional  to  the  1.6**^  power 
of  the  field  strength,  —  that  is,  following  the  same  law  as  the 
magnetic  hysteresis, 

This  loss,  probably  true  dielectric  static  hysteresis,  was 
observed  under  conditions  such  that  a  loss  proportional  to 
the  square  of  density  and  frequency  must  be  small,  while  at 
high  densities  and  frequencies,  as  in  condensers,  the  true 
dielectric  hysteresis  may  be  entirely  obscured  by  a  viscous 
loss,  represented  by  W^  =  e/(B'. 

187.  If  the  loss  of  power  by  electrostatic  hysteresis  is  pro- 
portional to  the  square  of  the  frequency  and  of  the  field  inten- 
sity, —  as  it  probably  nearly  is  under  the  working  conditions 
of  alternating-current  condensers,  —  then  it  is  proportional  to 
the  square  of  the  e.m.f.,  that  is,  the  effective  conductance, 
gf,  due  to  dielectric  hysteresis  is  a  constant;  and,  since  the 
condenser  susceptance,  -&=&',  is  a  constant  also,  —  unlike 
the  magnetic  inductive  reactance,  —  the  ratio  of  conductance 
and  susceptance,  that  is,  the  angle  of  difference  of  phase  due 
to  dielectric  hysteresis,  is  a  constant.    This  I  proved  by  ex- 


FOUCAULT  OR  EDDY  CURRENTS.  213 

periment.    This   would    mean    that   the  dielectric    hysteretic 
admittance  of  a  condenser, 

where     g  =  hysteretic    conductance,    V  =  hysteretic    suscep- 
tance;  and  the  dielectric  hysteretic  impedance  of  a  condenser, 

Z  =  r  -  jx  =  r  +  jXc, 

where    r  =  hjrsteretic    resistance,    x^  =  hysteretic    reactance; 

6'      X 
and  the  angle  of  dielectric  hysteretic  lag,  tan  a  =  -  =  ~  ,  are 

9       r 
constants  of  the  circuit,  independent  of  e.m.f.  and  frequency. 
The  e.m.f.  is  obviously  inversely  proportional  to  the  frequency. 

The  true  static  dielectric  hysteresis,  observed  by  Arno  as 
proportional  to  the  1.6*^  power  of  the  density,  will  enter  the 
admittance  and  the  impedance  as  a  term  variable  and  dependent 
upon  e.m.f.  and  frequency,  in  the  same  manner  as  discussed  in 
the  chapter  on  magnetic  hjrsteresis. 

To  the  magnetic  hjrsteresis  corresponds,  in  the  electrostatic 
field,  the  static  component  of  dielectric  hysteresis,  following, 
probably,  the  same  law  of  1.6*^  power. 

To  the  eddy  currents  in  the  iron  corresponds,  in  the  electro- 
static field,  the  viscous  component  of  dielectric  hysteresis,  fol- 
lowing the  square  law. 

Ab  a  rule,  however,  these  hysteresis  losses  in  the  alternating 
electrostatic  field  of  a  condenser  are  very  much  smaller  than  the 
losses  in  an  alternating  magnetic  field,  so  that  while  the  latter 
exert  a  very  marked  effect  on  the  design  of  apparatus,  repre- 
senting frequently  the  largest  of  all  the  losses  of  energy,  the 
dielectric  losses  are  so  small  as  to  be  very  diflScult  to  observe. 
In  alternating-current  condensers  the  losses  frequently  are  only 
a  fraction  of  1  per  cent  of  the  volt-ampere  input,  from  25  to 
125  cycles,  and  therefore  very  difficult  to  observe. 

To  the  phenomenon  of  mutual  induction  corresponds,  in  the 
electrostatic  field,  the  electrostatic  induction,  or  influence. 

138.  The  alternating  electrostatic  field  of  force  of  an  electric 
circuit  induces,  in  conductors  within  the  field  of  force,  electro- 
static charges  by  what  is  called  electrostatic  influence.    These 
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charges  are  proportional  to  the  field  strength;  that  is,  to  the 
e.m.f.  in  the  main  circuit. 

If  a  current  is  produced  by  the  induced  charges,  energy  is 
consumed  proportional  to  the  square  of  the  charge;  that  is,  to 
the  square  of  the  e.m.f. 

These  induced  charges,  reacting  upon  the  main  conductor, 
influence  therein  charges  of  equal  but  opposite  phase,  and  hence 
lagging  behind  the  main  e.m.f.  by  the  angle  of  lag  between  in- 
duced charge  and  inducing  field.  They  require  the  expenditure 
of  a  charging  current  in  the  main  conductor  in  quadrature  with 
the  induced  charge  thereon;  that  is,  nearly  in  quadrature  with 
the  e.m.f.,  and  hence  consisting  of  a  power  component  in  phase 
with  the  e.m.f .  —  representing  the  power  consumed  by  electro- 
static influence  —  and  a  wattless  component,  which  increases  the 
capacity  of  the  conductor,  or,  in  other  words,  reduces  its 
condensive  reactance. 

Thus,  the  electrostatic  influence  introduces  an  effective 
conductance,  gf,  and  an  effective  susceptance,  &,  —  of  the  same 
sign  with  condenser  susceptance,  —  into  the  equations  of  the 
electric  circuit. 

While  theoretically  g  and  6  should  be  constants  of  the 
circuit,  frequently  they  are  very  far  from  such,  due  to  dis- 
ruptive phenomena  beginning  to  appear  at  high  electrostatic 
stresses. 

Even  the  condensive  reactance  changes  at  very  high  poten- 
tials; escape  of  electricity  into  the  air  and  over  the  surfaces  of 
the  supporting  insulators  by  brush  discharge  or  electrostatic 
glow  takes  place.  As  far  as  this  electrostatic  corona  reaches, 
the  space  is  in  electric  connection  with  the  conductor,  and 
thus  the  capacity  of  the  circuit  is  determined,  not  by  the  sur- 
face of  the  metallic  conductor,  but  by  the  exterior  surface  of 
the  electrostatic  glow  surrounding  the  conductor.  This  means 
that  with  increasing  potential,  the  capacity  increases  as  soon 
as  the  electrostatic  corona  appears;  hence,  the  condensive  re- 
actance decreases,  and  at  the  same  time  a  power  component 
appears,  representing  the  loss  of  power  in  the  corona. 

This  phenomenon  thus  shows  some  analogy  with  the  decrease 
of  magnetic  inductive  reactance  due  to  saturation. 

At  moderate  potentials,  the  condensive  reactance  due  to 
capacity  can  be  considered  as  a  constant,  consisting  of  a  watt- 
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less  component,  the  condensive  reactance  proper,  and  a  power 
component,  the  dielectric  hysteresis. 

The  condensive  reactance  of  a  polarization  cell,  however,  begins 
to  decrease  already  at  very  low  potentials,  as  soon  as  the  counter 
e.m.f.  of  chemical  dissociation  is  approached,  at  about  1.4  volts. 

The  condensive  reactance  of  the  aluminum  cell,  that  is,  a  pair 
of  aluminum  plates  in  an  electrolyte  which  does  not  attack 
aluminum,  with  increasing  voltage,  first  increases  and  then 
decreases  again,  at  a  value  of  from  100  to  600  volts,  and  very 
greatly  depends  upon  the  previous  history  of  the  cell. 

The  condensive  reactance  of  a  sjnichronized.  alternator  is  of 
the  nature  of  a  variable  quantity;  that  is,  the  effective  reac- 
tance changes  gradually,  according  to  the  relation  of  impressed 
and  of  coimter  e.m.f.,  from  inductive  over  zero  to  condensive 
reactance. 

Besides  the  phenomena  discussed  in  the  foregoing  as  terms  of 
the  power  components  and  the  wattless  components  of  current 
and  of  e.m.f.,  the  electric  leakage  is  to  be  considered  as  a  further 
power  component;  that  is,  the  direct  escape  of  electricity  from 
conductor  to  return  conductor  through  the  surrounding  medium, 
due  to  imperfect  insulating  qualities.  This  leakage  current 
represents  an  effective  conductance,  g,  theoretically  independent 
of  the  e.m.f.,  but  in  reaUty  frequently  increasing  greatly  with  the 
e.m.f.,  owing  to  the  decrease  of  the  insulating  strength  of  the 
medium  upon  approaching  the  limits  of  its  disruptive  strength. 

139.  In  the  foregoing,  the  phenomena  causing  loss  of  energy 
in  an  alternating-current  circuit  have  been  discussed;  and  it  has 
been  shown  that  the  mutual  relation  between  current  and  e.m.f. 
can  be  expressed  by  two  of  the  four  constants: 

power  component  of   e.m.f.,   in  phase   with  current,   and  = 
current  X  effective  resistance,  or  r; 

wattless  component  of  e.m.f.,  in  quadrature  with  current,  and  = 
current  X  effective  reactance,  or  x; 

power   component  of   current,  in  phase  with  e.m.f.,   and  = 
e.m.f.  X  effective  conductance,  or  g; 

wattless  component  of  current,  in  quadrature  with  e.m.f.,  and  = 
e.m.f.  X  effective  susceptance,  or  b. 
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In  many  cases  the  exact  calcuktion  of  the  quantities,  r,  x, 
g,  &,  is  not  possible  in  the  present  state  of  the  art. 

In  general,  r,  x,  g,  6,  are  not  constants  of  the  circuit,  but 
depend  —  besides  upon  the  frequency  —  more  or  less  upon 
e.m.f.,  current,  etc.  Thus,  in  each  particular  case  it  becomes 
necessary  to  discuss  the  variation  of  r,  re,  gf,  &,  or  to  determine 
whether,  and  through  what  range,  they  can  be  assumed  as 
constant. 

In  what  follows,  the  quantities  r,  x,  g,  6,  will  always  be  con- 
sidered as  the  coefficients  of  the  power  and  wattless  components 
of  current  and  e.m.f.,  —  that  is,  as  the  effective  quantities,  — 
so  that  the  results  are  directly  applicable  to  the  general  electric 
circuit  containing  iron  and  dielectric  losses. 

Introducing  now,  in  Chapters  VIII.  to  XII.,  instead  of  "ohmic 
resistance,"  the  term  "effective  resistance,"  etc.,  as  discussed 
in  the  preceding  chapter,  the  results  apply  also  —  within  the 
range  discussed  in  the  preceding  chapter  —  to  circuits  contain- 
ing iron  and  other  materials  producing  eneigy  losses  outside  of 
the  electric  conductor. 


CHAPTER  XV. 

POWER,  AND  DOUBLE-FREQUENCY  QUANTITIES  IN 
GENERAL. 

140.  Graphically,  alternating  currents  and  e.m.fs.  are  repre^ 
sented  by  vectors,  of  which  the  length  represents  the  intensity, 
the  direction  the  phase  of  the  alternating  wave.  The  vectors 
generally  issue  from  the  center  of  coordinates. 

In  the  topographical  method,  however,  which  is  more  con- 
venient for  complex  networks,  as  interlinked  polyphase  circuits, 
the  alternating  wave  is  represented  by  the  straight  line  between 
two  points,  these  points  representing  the  absolute  values  of 
potential  (with  regard  to  any  reference  point  chosen  as  co- 
ordinate center),  and  their  connection  the  difference  of  potential 
in  phase  and  intensity. 

Algebraically  these  vectors  are  represented  by  complex 
quantities.  The  impedance,  a4niittance,  etc.,  of  the  circuit 
is  a  complex  quantity  also,  in  symbolic  denotation. 

Thus  current,  e.m.f.,  impedance,  and  admittance  are  related 
by  multiplication  and  division  of  complex  quantities  in  the 
same  way  as  current,  e.m.f.,  resistance,  and  jconductance  are 
related  by  Ohm's  law  in  direct-current  circuits. 

In  direct-current  circuits,  power  is  the  product  of  current  into 
e.m.f.     In  alternating-current  circuits,  if 

E  =e'  +  jV\ 
/  =  ti  +  jY". 
The  product, 

is  not  the  power;  that  is,  multiplication  and  division,  which 
are  correct  in  the  inter-relation  of  current,  e.m.f.,  impedance, 
do  not  give  a  correct  result  in  the  inter-relation  of.e.m.f .,  current, 
power.    The  reason  is,  that  E  and  /  are  vectors  of  the  same  fre- 
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quency,  and  Z  a  constant  numerical  factor  which  thus  does  not 
change  the  frequency. 

The  power,  P,  however,  is  of  double  frequency  compared 
with  E  and  / ,  that  is,  makes  a  complete  wave  for  every  half 
wave  of  jB  or  /,  and  thus  cannot  be  represented  by  a  vector 
in  the  same  diagram  with  E  and  /. 

Pq  =  EI  is  a  quantity  of  the  same  frequency  with  E  and  / ,  and 
thus  cannot  represent  the  power. 

141.  Since  the  power  is  a  quantity  of  double  frequency  of 
E  and  / ,  and  thus  a  phase  angle,  0,  in  E  and  /  corresponds  to  a 
phase  angle,  2  5,  in  the  power,  it  is  of  interest  to  investigate  the 
product,  EI,  formed  by  doubling  the  phase  angle. 

Algebraically  it  is, 

P  =^EI  =  (e^  +  je")  (i*  +  p}') 

Since  f  =  —  1,  that  is,  180^  rotation  for^  and  /,  for  the  double- 
frequency  vector,  P,  f  =  4-  1,  or  360°  rotation,  and 

J  X  1  =  /, 
1  -  J J- 

That  is,  multiplication  with  /  reverses  the  sign,  since  it  denotes 
a  rotation  by  180°  for  the  power,  corresponding  to  a  rotation  of 
90°  for  ^  and  /. 
Hence,  substituting  these  values,  we  have 

p  =  [EI]  =  (e^i*  +  e'h^')  +  j  (e'h^  -  eV!). 

The  symbol  [EI]  here  denotes  the  transfer  from  the  fre- 
quency of  E  and  /  to  the  double  frequency  of  P. 

The  product,  P  =  [EI\  consists  of  two  components:  the  real 
component, 

pi  ^[EIY  ={eH'  +e'h^'); 

and  the  imaginary  component, 

jP'  ==  j  [Eiy  =  /  (e"i*  -  eVO. 
The  component, 

pi  =  [EIY  =  (cV  +  c"i»), 

is  the  true  or  "effective"  power  of  the  circuit,  =  EI  cos  {EI). 
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The  component, 

is  what  may  be  called  the  "reactive  power,"  or  the  wattless 
or  quadrature  volt-amperes  of  the  circuit,  =-B/sin  {EI). 

The  real  component  will  be  distinguished  by  the  index  1; 
the  imaginary  or  wattless  component  by  the  index,  j. 

By  introducing  this  symbolism,  the  power  of  an  alternating 
circuit  can  be  represented  in  the  same  way  as  in  the  direct- 
current  circuit,  as  the  sjmibolic  product  of  current  and  e.m.f. 

Just  as  the  symbolic  expression  of  current  and  e.m.f.  as 
complex  quantity  does  not  only  give  the  mere  intensity,  but 
also  the  phase. 


E 


yje'  +  e"' 


tan/9  =— ' 

so  the  double-frequency  vector  product  P  =^[EI]  denotes 
more  than  the  mere  power,  by  giving  with  its  two  components, 
P*  =  [EIY  and  P'  =  [JB/T,  the  true  power  volt-ampere,  or 
"effective  power,"  and  the  wattless  volt-amperes,  or  "reactive 
power." 

E  ^^  +  je", 

'/  =  i'  +  ii}\ 


If 
then 


E 


^yje^+e''\ 


and 


or 


^=\ 

^VX, 

p«  =[^/]« 

=  (eV  +  e»H-"), 

p  =  [Ely 

=  (e'V  -  eV), 

=  (e»'  +  e"*)  (i''  +  t"')  =  (EI)'  =  P, 
where  Po  =  total  volt-amperes  of  circuit.    That  is, 
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The  effective  power,  P*,  and  the  reactive  power,  P,  are  the  two 
rectangular  components  of  the  total  apparent  power,  Pa,  of  the 
circuit. 

CJonsequently, 

In  symbolic  representation  as  douUe-fregvency  vector  products^ 
powers  can  he  combined  and  resolved  by  the  parallelogram  of 
vectors  just  as  currents  and  e,m,fs.  in  graphical  or  symbolic  rep- 
resentation. 

The  graphical  methods  of  treatment  of  alternating-current 
phenomena  are  here  extended  to  include  double-frequency 
quantities,  as  power,  torque,  etc. 

pi 
p  =  —  —  cos  ^  =  power-factor. 

P' 

5  =  -^  =  sin  ^  =  induction  factor 

±a 

of  the  circuit,  and  the  general  expression  of  power  is 
P^Paip  +  jq)=Pa  (cos  0  +  J  sin^). 

142.  The  introduction  of  the  double-frequency  vector  prod- 
uct, P=[EI],  brings  us  outside  of  the  limits  of  algebra,  how- 
ever, and  the  commutative  principle  of  algebra,  a  Xb  ==b  X  a, 
does  not  apply  any  more,  but  we  have 


smce 


we  have 


[^/]  unlike  [/J5;] 

[EI]  =[EIY  +jiEiy 

[IE]  =[IEY  +  ][IEy  =[EIY-  jlEiy, 
[Eiy  =  [IEY 

[Eiy=-[iEy 

that  is,  the  imaginary  component  reverses  its  sign  by  the  inter- 
change of  factors. 

The  physical  meaning  is,  that  if  the  reactive  power,  [Ely, 
is  lagging  with  regard  to  E,  it  is  leading  with  regard  to  7. 
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The  reactive  component  of  power  is  absent,  or  the  total 
apparent  power  is  effective  power,  if 

[Eiy={eH'  -eVO-0; 
that  is, 

6*  "  t* 
or, 

tan(i5)  =tan  (/); 

that  is,  E  and  /  are  in  time  phase  or  in  opposition. 

The  effective  power  is  absent,  or  the  total   apparent  power 
reactive,  if 

[ElJ^i^i^  +e*VO  =0; 
that  is. 


6" 


or, 


tan  J^  =  -  cot  / ; 

that  is,  E  and  /  are  in  quadrature. 

The  reactive  component  of  power  is  lagging  (with  regard 
to  ^  or  leading  with  regard  to  7)  if 

[Eiy>  0, 
and  leading  if 

[Eiy<  0. 

The  effective  power  is  negative,  that  is,  power  returns,  if 

[EIY<0. 
We  have, 

[_j^,  -  7]  =+[^7] 

that  is,  when  representing  the  power  of  a  circuit  or  a  part  of  a 
circuit,  current  and  e.m.f.  must  be  considered  in  their  proper 
relative  phases,  but  their  phase  relation  with  the  remaining 
part  of  the  circuit  is  immaterial. 
We  have  further, 

[E,jl]  =  -  ][E.  I]=[E.  ly^  ][E,  IJ 
[jE,  I]^j[E,  I]  =  -[E,  ly  +  ][E,  lY 
\jE,]I]^[E,I]^[EIY+j[E,IY 
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143.    If  P,  =  [^./.],     P,=  [?,/,]  .  .  .  P»=[^./.] 

are  the  symbolic  expressions  of  the  power  of  the  diflFerent  parts 
of  a  circuit  or  network  of  circuits,  the  total  power  of  the  whole 
circuit  or  network  of  circuits  is 


P^  =  P/+P,*+.  .  .  .  +P^\ 
pi^pj  +  P^J +PJ.. 


In  other  words,  the  total  power  in  symbolic  expression 
(effective  as  well  as  reactive)  of  a  circuit  or  system  is  the  sum 
of  the  powers  of  its  individual  components  in  symbolic  expres- 
sion. 

The  first  equation  is  obviously  directly  a  result  from  the 
law  of  conservation  of  energy. 

One  result  derived  herefrom  is,  for  instance: 

If  in  a  generator  supplying  power  to  a  system  the  current  is 
out  of  phase  with  the  e.m.f.  so  as  to  give  the  reactive  power 
P',  the  current  can  be  brought  into  phase  with  the  generator 
e.m.f.  or  the  load  on  the  generator  made  non-inductive  by 
inserting  anywhere  in  the  circuit  an  apparatus  producing  the 
reactive  power  —  P^;  that  is,  compensation  for  wattless  currents 
in  a  system  takes  place  regardless  of  the  location  of  the  com- 
pensating device. 

Obviously,  wattless  currents  exist  between  the  compensating 
device  and  the  source  of  wattless  currents  to  be  compensated 
for,  and  for  this  reason  it  may  be  advisable  to  bring  the  com- 
pensator as  near  as  possible  to  the  circuit  to  be  compensated. 

144.  Like  power,  torque  in  alternating  apparatus  is  a  double- 
frequency  vector  product  also,  of  magnetism  and  m.m.f.  or 
current,  and  thus  can  be  treated  in  the  same  way. 

In  an  induction  motor,  for  instance,  the  torque  is  the  product 
of  the  magnetic  flux  in  one  direction  into  the  component  of 
secondary  current  in  phase  with  the  magnetic  flux  in  time, 
but  in  quadrature  position  therewith  in  space,  times  the  number 
of  turns  of  this  current,  or  since  the  generated  e.m.f.  is  in  quad- 
rature and  proportional  to  the  magnetic  flux  and  the  number 
of  turns,  the  torque  of  the  induction  motor  is  the  product  of 
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the  generated  e.m.f.  into  the  component  of  secondary  current 
in  quadrature  therewith  in  time  and  space,  or  the  product  of 
the  secondary  current  into  the  component  of  generated  e.m.f. 
in  quadrature  therewith  in  time  and  space. 
Thus,  if 

-B*  =  e*  +  je"  =  genemted  e.m.f.  in  one  direction  in  space, 

/,  =  i*  +  /i^*  =  secondary  current  in  the  quadrature  direc- 
tion in  space, 
the  torque  is 

By  this  equation  the  torque  is  given  in  watts,  the  meaning 
being  that  D  =  [Eiy  is  the  power  which  would  be  exerted  by 
the  torque  at  synchronous  speed,  or  the  torque  in  synchronous 
watts. 

The  torque  proper  is  then 

where 

p  =  number  of  pairs  of  poles  of  the  motor. 

In  the  polyphase  induction  motor,  if  I^  =i^  +  f^^  is  the 
secondary  current  in  quadrature  position,  in  space,  to  e.m.f.  E^, 
the  current  in  the  same  direction  in  space  as  -B,  is  /^  =  j7,  = 
—  1**  +  ft*;  thus  the  torque  can  also  be  expressed  as 

It  is  interesting  to  note  that  the  expression  of  torque, 

D=[Eiy, 

and  the  expression  of  power, 

P  =  [ElX 

are  the  same  in  character,  but  the  former  is  the  imaginary,  the 
latter  the  real  component.  Mathematically,  torque,  in  S3m- 
chronous  watts,  can  so  be  considered  as  imaginary  power,  and 
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inversely.  Physically,  ''imaginary"  means  quadrature  compo- 
nent; torque  is  defined  as  force  times  leverage,  that  is,  force 
times  length  in  quadrature  position  with  force;. while  energy  is 
defined  as  force  times  length  in  the  direction  of  the  force.  Ex- 
pressing quadrature  position  by  "imaginary,"  thus  gives  torque 
of  the  dimension  of  imaginary  energy;  and  "synchronous  watts,'' 
which  is  torque  times  frequency,  or  torque  divided  by  time,  thus 
becomes  of  the  dimension  of  imaginary  power.  Thus,  in  its 
complex  imaginary  form,  the  vector  product  of  force  and  length 
contains  two  quadrature  components,  of  which  the  one  is 
energy,  the  other  is  torque: 

and 

[/,  Z]'  =  energy 
[/,  q-'  =  torque. 


CHAPTER  XVL 

DISTRIBUTED    CAPACITY,    INDUCTANCE,    RESISTANCE,    AND 

LEAKAGE. 

146.  As  far  as  capacity  has  been  considered  in  the  fore- 
going chapters,  the  assumption  has  been  made  that  the  con- 
denser or  other  source  of  negative  reactance  is  shunted  across 
the  circuit  at  a  definite  point.  In  many  cases,  however,  the 
condensive  reactance  is  distributed  over  the  whole  length  of  the 
conductor,  so  that  the  circuit  can  be  considered  as  shunted  by 
an  infinite  number  of  infinitely  small  condensers  infinitely  near 
together,  as  diagrammatically  shown  in  Fig.  101. 


lilliiiiliiiiiiliiiiiliii 
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In  this  case  the  intensity  as  well  as  phase  of  the  current,  and 
consequently  of  the  counter  e.m.f.  of  inductive  reactance  and 
resistmice,  vary  from  point  to  point;  and  it  is  no  longer  possible 
to  treat  the  circuit  in  the  usual  manner  by  the  vector  diagram. 

This  phenomenon  is  especially  noticeable  in  long-distance 
lines,  in  underground  cables,  and  to  a  certain  degree  in  the 
high-potential  coils  of  alternating-current  transformers  for 
very  high  voltage.  It  has  the  efiFect  that  not  only  the  e.m.fs., 
but  also  the  currents,  at  the  beginning,  end,  and  different  points 
of  the  conductor,  are  different  in  intensity  and  in  phase. 

Where  the  capacity  effect  of  the  line  is  small,  it  may  with 
suflScient  approximation  be  represented  by  one  condenser  of 
the  same  capacity  as  the  line,  shunted  across  the  line.  Fre- 
quently it  makes  no  difference  either,  whether  this  condenser 
is  considered  as  connected  across  the  line  at  the  generator  end, 
or  at  the  receiver  end,  or  at  the  middle. 

The  best  approximation  is  to  consider  the  line  as  shunted 
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at  the  generator  and  at  the  motor  end,  by  two  condensers 
of  one-sixth  the  line  capacity  each,  and  in  the  middle  by  a  con- 
denser of  two-thirds  the  line  capacity.  This  approximation, 
based  on  Simpson's  rule,  assumes  the  variation  of  the  electric 
quantities  in  the  line  as  parabolic.  If,  however,  the  capacity 
of  the  line  is  considerable,  and  the  condenser  current  is  of  the 
same  magnitude  as  the  main  current,  such  an  approximation 
is  not  permissible,  but  each  Une  element  has  to  be  considered 
as  an  infinitely  small  condenser,  and  the  dififerential  equations 
based  thereon  integrated.  Or  the  phenomena  occurring  in  the 
circuit  can  be  investigated  graphically  by  the  method  given  in 
Chapter  VII.,  §  43,  by  dividing  the  circuit  into  a  sufficiently 
large  number  of  sections  or  line  elements,  and  then  passing  from 
line  element  to  line  element,  to  construct  the  topographic  cir- 
cuit characteristics. 

146.  It  is  thus  desirable  to  first  investigate  the  limits  of 
appUcabiUty  of  the  approximate  representation  of  the  line  by 
one  or  by  three  condensers. 

Assuming,  for  instance,  that  the  Une  conductors  are  of  1  cm. 
diameter,  and  at  a  distance  from  each  other  of  50  cm.,  and  that 
the  length  of  transmission  is  50  km.,  we  get  the  capacity  of  the 
transmission  Une  from  the  formula  — 

C=  1.11  X  IQ-'icZ  -^  41og^2  ^  microfarads, 
where 

K  =  dielectric  constant  of  the  surrounding  medium  =  1  in  air : 
I  =  length  of  conductor  =  5  X  10*  cm.; 
d  =  distance  of  conductors  from  each  other  =  50  cm.; 
d  =  diameter  of  conductor  =  1  cm. 

Since  C  =  0.3  microfarad, 

10' 
the  condensive  reactance  is  x  =  ^    ,^  ohms, 

2  7r/C 

where  /  =  frequency;  hence  at  /  =  60  cycles, 

X  =  8,900  ohms; 

and    the  charging  current  of   the  line,  at  S  —  20,000  volts, 

E 
becomes,  t©  =  ~-  =  2.25  amperes. 
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The  resistance  of  100  km.  of  line  of  1  cm.  diameter  is  22  ohms; 
therefore,  at  10  per  cent  =  2,000  volts  loss  in  the  line,  the  main 
current  transmitted  over  the  line  is 

T      2,000      ^^ 
1  =    ^r.     =  91  amperes, 
22 

representing  about  1,800  kw. 

In  this  case,  the  condenser  current  thus  amounts  to 
less  than  2.5  per  cent,  and  hence  can  still  be  represented 
by  the  approximation  of  one  condenser  shunted  across  the 
line. 

If  the  length  of  transmission  is  150  km.,  and  the  voltage, 
30,000, 

condensive  reactance  at  60  cycles,  x  =  2,970  ohms; 

charging  current,  %  =  10.1  amperes; 

line  resistance,  r  =  66  ohms; 

main  current  at  10  per  cent  loss,  /  =  45.5  amperes. 

The  condenser  current  is  thus  about  22  per  cent  of  the  main 
current,  and  the  approximate  calculation  of  the  effect  of  line 
capacity  still  fairly  accurate. 

At  300  km.  length  of  transmission  it  will,  at  10  per  cent 
loss  and  with  the  same  size  of  conductor,  rise  to  nearly  90  per 
cent  of  the  main  current,  thus  making  a  more  explicit  investi- 
gation of  the  phenomena  in  the  line  necessary. 

In  many  cases  of  practical  engineering,  however,  the  capacity 
cflFect  is  small  enough  to  be  represented  by  the  approximation 
of  one;  or,  three  condensers  shunted  across  the  line. 

147.   {A)  Line  capacity  represented  by  one  condenser  shunted 
across  middle  of  line. 
Let 

Y  =  J  +  j6  =  admittance  of  receiving  circuit; 

Z  ='  r  —  jx  =  impedance  of  line; 

be  =  condenser  susceptance  of  line. 
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Denoting  in  Fig.  102, 
the  e.m.f.,  and  current  in  receiving  circuit  hy  E,  /, 
the  e.m.f.  at  middle  of  line  by  E', 
the  e.m.f.,  and  current  at  generator  by  E^,  Z^; 


11 


'I 


Fio.  102. 
we  have, 

I  =E{g  +  jb); 
^'  =  ^  +  LzlH7 

_  i\{r-jx)  _  ,    (r-jxY(g+jb)  \ . 
2  ^'  4  S' 

or,  expanding, 

U  =  E\\9  +  &c  (r6  -  xg)]  +  j[(b  -  h)  -  6c  (r?  f  x6)]} ; 

E,  =  eU  +  (r  -  jx)  (3  +  jb)  -  ^(r  -  jx) 

=  £  |l  +  (j-jx){g  +  j-6  -|^)-^'(r-yxr((7+j-&)  j  . 

148.   (B)   Line   capacity  represented  by  three  condensers,  in 
the  middle  and  at  the  ends  of  the  line. 
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Denoting,  in  Fig.  103, 
the  e.m.f.,  and  current  in  receiving  circuit  hy  E,  /, 
the  e.m.f.  at  middle  of  line  by  E\ 
the  current  on  receiving  side  of  line  by  /', 
the  current  on  generator  side  of  line  by  /", 
the  e.m.f.,  and  current  at  generator  by  E^,  I  ^, 


Lll ^ Ili 


Fig.  103. 

otherwise  retaining  the  same  denotations  as  in  (A),  Fig.  103, 
we  have, 

I  ^E(g  +  ]b); 
o 


0    • 


^,=  e\iH.-Jx)  {g+  jb-  ^fj  -  i^^.(^r-jxy(g+jb-  fj]^ ; 

/.=  r  -  f  4^.; 

-i(r-yx)'|,  +  ;^-f)|. 

As  will  be  seen,  the  first  terms  in  the  expression  of  E^  and  of  /<, 
are  the  same  in  (A)  and  in  (B). 
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149.  DistrHmted  condensive  reactance^  inductive  reactance, 
leakagey  and  resistance. 

In  some  cases,  especially  in  very  long  circuits,  as  in  lines 
convejdng  altemating-power  currents  at  high  potential  over 
extremely  long  distances  by  overhead  conductors  or  under- 
ground cables,  or  with  very  feeble  currents  at  extremely  high 
frequency,  such  as  telephone  currents,  the  consideration  of  the 
line  resistance  —  which  consumes  e.m.fs.  in  phase  with  the 
current  —  and  of  the  line  reactance  —  which  consumes  e.m.fs. 
in  quadrature  with  the  current  —  is  not  sufficient  for  the  ex- 
planation of  the  phenomena  taking  place  in  the  line,  but  several 
other  factors  have  to  be  taken  into  account. 

In  long  lines,  especially  at  high  potentials,  the  electrostatic 
capacity  of  the  line  is  sufficient  to  consume  noticeable  currents. 
The  charging  current  of  the  line  condenser  is  proportional  to  the 
difiFerence  of  potential,  and  is  one-fourth  period  ahead  of  the 
e.m.f.  Hence,  it  will  either  increase  or  decrease  the  main 
current,  according  to  the  relative  phase  of  the  main  current  and 
the  e.m.f. 

As  a  consequence,  the  current  changes  in  intensity  as  well 
as  in  phase,  in  the  line  from  point  to  point;  and  the  e.m.f. 
consumed  by  the  resistance  and  inductive  reactance  therefore 
also  changes  in  phase  and  intensity  from  point  to  point,  being 
dependent  upon  the  current. 

Since  no  insulator  has  an  infinite  resistance,  and  as  at  high 
potentials  not  only  leakage,  but  even  direct  escape  of  electricity 
into  the  air,  takes  place  by  "silent  discharge,"  we  have  to 
recognize  the  existence  of  a  current  approximately  proportional 
and  in  phase  with  the  e.m.f.  of  the  line.  This  current  represents 
consumption  of  power,  and  is,  therefore,  analogous  to  the  e.m.f. 
consumed  by  resistance,  while  the  condenser  current  and  the 
e.m.f.  of  self-induction  are  wattless  or  reactive. 

Furthermore,  the  alternate  current  in  the  line  produces  in  all 
neighboring  conductors  secondary  currents,  which  react  upon 
the  primary  current,  and  thereby  introduce  e.m.fs.  of  midual 
inductance  into  the  primary  circuit.  Mutual  inductance  is 
neither  in  phase  nor  in  quadrature  with  the  current,  and  can 
therefore  be  resolved  into  a  power  component  of  mutual  induct- 
ance  in   phase  with  the  current,  which  acts  as  an  increase  of 
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resistance,  and  into  a  vxUUess  component  in  quadrature  with  the 
current,  which  decreases  the  self-inductance. 

This  mutual  inductance  is  not  always  negligible,  as,  for  in- 
stance, its  disturbing  influence  in  telephone  circuits  shows. 

The  alternating  potential  of  the  line  induces,  by  electrostatic 
influence,  electric  charges  in  neighboring  conductors  outside  of 
the  circuit,  which  retain  corresponding  opposite  charges  on  the 
line  wires.  This  electrostatic  influence  requires  a  current  pro- 
portional to  the  e.m.f.  and  consisting  of  a  power  component,  in 
phase  with  the  e.m.f.,  and  a  waMless  component,  in  quadrature 
thereto. 

The  alternating  electromagnetic  field  of  force  set  up  by  the 
line  current  produces  in  some  materials  a  loss  of  energy  by 
magnetic  hysteresis,  or  an  expenditure  of  e.m.f.  in  phase 
with  the  current,  which  acts  as  an  increase  of  resistance. 
This  electro -magnetic  hysteretic  loss  may  take  place  in  the 
conductor  proper  if  iron  wires  are  used,  and  will  then  be 
very  serious  at  high  frequencies,  such  as  those  of  telephone 
currents. 

The  effect  of  eddy  currents  has  already  been  referred  to 
under  "mutual  inductive  reactance,"  of  which  it  is  a  power 
component. 

The  alternating  electrostatic  field  of  force  expends  energy  in 
dielectrics  by  what  is  called  dielectric  hysteresis.  In  concentric 
cables,  where  the  electrostatic  gradient  in  the  dielectric  is  com- 
paratively large,  the  dielectric  hysteresis  may  at  high  poten- 
tials consume  appreciable  amounts  of  energy.  The  dielectric 
hysteresis  appears  in  the  circuit  as  consumption  of  a  current, 
whose  component  in  phase  with  the  e.m.f.  is  the  dielectric  power 
current,  which  may  be  considered  as  the  power  component  of  the 
capacity  current. 

Besides  this,  there  is  the  increase  of  ohmic  resistance  due  to 
unequal  distribution  of  current,  wliich,  however,  is  usually  not 
large  enough  to  be  noticeable. 

Furthermore,  the  electric  field  of  the  conductor  progresses 
with  a  finite  velocity,  the  velocity  of  light,  hence  lags  behind 
the  flow  of  power  in  the  ^conductor,  and  so  also  introduces 
power  components,  depending  on  current  as  well  as  on  potential 
difference. 
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160.  This  gives,  as  the  most  general  case,  and  per  unit  length 
of  line: 
e.m.fs.  consumed  in  phase  with  the  current,  I,  and  =  r/,  repre- 
senting consumption  of  power,  and  due  to: 
Resistance,   and   its  increase   by  unequal   current   distri- 
bution; to  the  power  component   of  mutual  inductive 
reactance  or  to  induced  currents;  to  the  power  component 
of  selj^nductive  reactance  or  to  electromagnetic  hysteresis, 
and  to  radiation. 

e.m.fs.  consumed  in  quadrature  with  the  current,  7,  and   =  x7, 
wattless,  and  due  to: 
SeLf-inductance,  and  muiual  indudance. 

Currents  consumed  in  phase  with  the  e,m.f.,  E,  and  —  g  E, 
representing  consumption  of  power,  and  due  to: 
Leakage  through  the  insulating  material,  including  silent 
discharge;  power  component  of  eiectrostaJtic  influence; 
power  component  of  capacity  or  dielectric  hysteresis,  and 
to  radiation. 

Currents  consumed  in  quadrature  to  the  e.m.f.,  E,  and-  =  bE, 
being  wattless,  and  due  to: 
Capacity  and  electrostatic  inflvence. 

Hence  we  get  four  constants: 

Effective  resistance,  r, 
Effective  reactance,  x, 
Effective  conductance,  gf, 
Effective  susceptance,  —  6, 

per  unit  length  of  line,  which  represents  the  coefficients,  per  unit 
length  of  line,  of 

e.m.f.  consumed  in  phase  with  current; 

e.m.f.  consumed  in  quadrature  with  current; 

current  consumed  in  phase  with  e.m.f. ; 

current  consumed  in  quadrature  with  e.m.f. ; 
or, 

Z  =r  -]\ 

and,  absolute,  ""  ^      ^  ' 

y^Vg'^  b\ 
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16L  The  complete  investigation  of  such  a  circuit  or  line  con- 
taining distributed  capacity,  inductive  reactance,  resistance,  etc., 
leads  to  functions  which  are  products  of  exponential  and  of 
trigonometric  functions.  That  is,  the  current  and  potential 
difference  along  the  line  u  are  given  by  expressions  of  the  form: 


D±*«l 


(A  cos  /Jm  +  JS  sin  ^u). 

Such  functions  of  the  distance,  w,  or  position  on  the  line, 
while  alternating  in  time,  dififer  from  the  true  alternating  waves 
in  that  the  intensities  of  successive  half-waves  progressively 
increase  or  decrease  with  the  distance.  Such  functions  are  called 
oscillating  waves,  and,  as  such,  are  beyond  the  scope  of  this 
book,  but  are  more  fully  treated  in  "  Theory  and  Calculation 
of  Transient  Electric  Phenomena  and  Oscillations,"  Section  III. 
There  also  will  be  found  the  discussion  of  the  phenomena  of 
distributed  capacity  in  high-potential  transformer  windings,  the 
eflfect  of  the  finite  velocity  of  propagation  of  the  electric  field,  etc. 


CHAPTER  XVII. 

THE  ALTERNATING-CURRENT  TRANSFORMER. 

162.  The  simplest  alternating-current  apparatus  is  the  trans- 
former. It  consists  of  a  magnetic  circuit  interlinked  with  two 
electric  circuits,  a  primary  and  a  secondary.  The  primary  circuit 
is  excited  by  an  impressed  e.m.f.,  while  in  the  secondary  circuit 
an  e.m.f.  is  generated.  Thus,  in  the  primary  circuit  power  is 
consumed,  and  in  the  secondary  a  corresponding  amount  df 
power  is  produced. 

Since  the  same  magnetic  circuit  is  interlinked  with  both 
electric  circuits,  the  e.m.f.  generated  per  turn  must  be  the  same 
in  the  secondary  as  in  the  primary  circuit;  hence,  the  primary 
generated  e.m.f.  being  approximately  equal  to  the  impressed 
e.m.f.,  the  e.m.fs.  at  primary  and  at  secondary  terminals 
have  approximately  the  ratio  of  their  respective  turns.  Since 
the  power  produced  in  the  secondary  is  approximately  the 
same  as  that  consumed  in  the  primary,  the  primary  and 
secondary  currents  are  approximately  in  inverse  ratio  to  the 
turns. 

163.  Besides  the  magnetic  flux  interlinked  with  both  electric 
circuits  —  which  flux,  in  a  closed  magnetic  circuit  transformer, 
has  a  circuit  of  low  reluctance  —  a  magnetic  cross-flux  passes 
between  the  primary  and  secondary  coils,  surrounding  one  coil 
only,  without  being  interlinked  with  the  other.  This  magnetic 
cross-flux  is  proportional  to  the  current  in  the  electric  circuit, 
or  rather,  the  ampere-turns  or  m.m.f.,  and  so  increases  with  the 
increasing  load  on  the  transformer,  and  constitutes  what  is 
called  the  self-inductive  or  leakage  reactance  of  the  trans- 
former; while  the  flux  surrounding  both  coils  may  be  con- 
sidered as  mutual  inductive  reactance.  This  cross-flux  of 
self-induction  does  not  generate  e.m.f.  in  the  secondary  circuit, 
and  is  thus,  in  general,  objectionable,  by  causing  a  drop  of 
voltage  and  a  decrease  of  output.    It  is  this  cross-flux,  how- 
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ever,  or  flux  of  self-inductive  reactance,  which  is  utilized  in 
special  transformers,  to  secure  automatic  regulation,  for  con- 
stant power,  or  for  constant  current,  and  in  this  case  is  exagger- 
ated by  separating  primary  and  secondary  coils.  In  the  con- 
stant potential  transformer,  however,  the  primary  and  secondary 
coils  are  brought  as  near  together  as  possible,  or  even  inter- 
spersed, to  reduce  the  cross-flux. 

As  will  be  seen,  by  the  self-inductive  reactance  of  a  circuit,  not 
the  total  flux  produced  by,  and  interlinked  with,  the  circuit  is 
understood,  but  only  that  (usually  small)  part  of  the  flux  which 
surroimds  one  circuit  without  interlinking  with  the  other  circuit. 

164.  The  alternating  magnetic  flux  of  the  magnetic  circuit 
surrounding  both  electric  circuits  is  produced  by  the  combined 
magnetizing  action  of  the  primary  and  of  the  secondary  current. 

This  magnetic  flux  is  determined  by  the  e.m.f.  of  the  trans- 
former, by  the  number  of  turns,  and  by  the  frequency. 

If 

*  ==  maximum  magnetic  flux, 

/  =  frequency, 

n  =  number  of  turns  of  the  coil,-^ 

the  e.m.f.  generated  in  this  coil  is 

E  =  V2  7r/n<I>  10""  =  4.44  /n*  10"'  volts; 

hence,  if  the  e.m.f.,  frequency,  and  number  of  turns  are  deter- 
mined, the  maximum  magnetic  flux  is 

V2  7r/n 

To  produce  the  magnetism,  *,  of  the  transformer,  a  m.m.f. 
of  y  ampere-turns  is  required,  which  is  determined  by  the  shape 
and  the  magnetic  characteristic  of  the  iron,  in  the  manner  dis- 
c'ussed  in  Chapter  XIII. 

For  instance,  in  the  closed  magnetic  circuit  transformer,  the 

maximum  magnetic  induction  is  (B,  =-j  ,  where  A  =  the  cross- 
section  of  magnetic  circuit. 


236  ALTERNATINO-CURRENT  PHENOMENA. 

166.  To  induce  a  magnetic  density,  (g,  a  magnetizing  force  of 

tJC 
je,„  ampere-tums  maximum  is  required,  or,  -^ampere-turns 

v2 
effective,  per  unit  length  of  the  magnetic  circuit;  hence,  for  the 
total  magnetic  circuit,  of  length,  I, 

^  =  — ^  ampere-turns; 

or 

=  -  =  — TT  amp.  efi . 
n     n\/2 

where  n  =  number  of  turns. 

At  no-load,  or  open  secondary  circuit,  this  m.m.f .,  SF,  is  fur- 
nished by  the  exciting  current,  I^^,  improperly  called  the  leakage 
current,  of  the  transformer;  that  is,  that  small  amount  of  primary 
current  which  passes  through  the  transformer  at  open  secondary 
circuit. 

In  a  transformer  with  open  magnetic  circuit,  such  as  the 
"hedgehog"  transformer,  the  m.m.f.,  SF,  is  the  sum  of  the 
m.m.f.  consumed  in  the  iron  and  in  the  air  part  of  the  magnetic 
circuit  (see  Chapter  XIII.). 

The  power  component  of  the  exciting  current  represents 
the  power  consumed  by  hysteresis  and  eddy  currents  and  the 
small  ohmic  loss. 

The  exciting  current  is  not  a  sine  wave,  but  is,  at  least  in 
the  closed  magnetic  circuit  transformer,  greatly  distorted  by 
hysteresis,  though  less  so  in  the  open  magnetic  circuit  trans- 
former. It  can,  however,  be  represented  by  an  equivalent 
sine  wave,  /^^,  of  equal  intensity  and  equal  power  with  the 
distorted  wave,  and  a  wattless  higher  harmonic,  mainly  of 
triple  frequency. 

Since  the  higher  harmonic  is  small  compared  with  the  total 
exciting  current,  and  the  exciting  current  is  only  a  small  part 
of  the  total  primary  current,  the  higher  harmonic  can,  for  most 
practical  cases,  be  neglected,  and  the  exciting  current  repre^ 
sented  by  the  equivalent  sine  wave. 

This  equivalent  sine  wave,  I^^,  leads  the  wave  of  magnetism, 
*,  by  an  angle,  a,  the  angle  of  hysteretic  advance  of  phase,  and 
consists  of   two  components,  —  the  hysteretic  power  current 
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in  quadrature  with  the  magnetic  flux,  and  therefore  in  phase 
with  the  generated  e.m.f.  =  loo  sin  a;  and  the  magnetizing 
current,  in  phase  with  the  magnetic  flux,  and  therefore  in  quad- 
rature with  the  generated  e.m.f.,  and  so  wattless,  =  7^^,  cos  a. 
The  exciting  current,  I^^,  is  determined  from  the  shape  and 
magnetic  characteristic  of  the  iron,  and  the  number  of  turns; 
the  hs^steretic  power  current  is 


/oo  sin  a : 


Power  consumed  in  the  iron 
Generated  e.m.f. 


166.  Graphically,  the  polar  diagram  of  m.m.fai.,  of  a  trans- 
former is  constructed  thus: 

Let,  in  Fig.  104,  0*  =  the  magnetic  flux  in  intensity  and 
phase  (for  convenience,  as  intensities,  the  eflfective  values  are 
used  throughout),  assmning  its  phase  as  the  vertical;  that  is, 
coimting  the  time  from  the  moment  where  the  rising  magnetism 
passes  its  zero  value. 


Then  the  resultant  m.m.f.  is  represented  by  the  vector.  Off, 
leading  0*  by  the  angle,  ^0*  =  a. 

The  generated  e.m.fs.  have  the  phase  180°,  that  is,  are  plotted 
towards  the  left,  and  represented  by  the  vectors,  0^/  and  OE^. 

If,  now,  ^  =  angle  of  time  lag  in  the  secondary  circuit,  due 
to    the   total    (internal    and    external)    secondary  reactance, 
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the  secondary  current,  /j,  and  hence  the  secondary  m.m.f., 
^1  =^i  ^v  1*^  behind  E/  by  an  angle  y,  and  have  the 
phase,  180®  +  ^,  represented  by  the  vector  0^^.  Construct- 
ing a  parallelogram  of  m.m.fs.,  with  O^  as  the  diagonal  and 
0^1  as  one  side,  the  other  side  or  O^^  is  the  primary  m.m.f., 
in  intensity  and  phase,  and  hence,  dividing  by  the  niunber  of 

primary  turns,  n^y  the  primary  current  is  /^  =  -^  . 

To  complete  the  diagram  of  e.m.fs.,  we  have  now. 
In  the  primary  circuit: 

e.m.f.  consiuned  by  resistance  is  7/^^,  in  time  phase  with  /„, 
and  represented  by  the  vector,  0E7] 

e.m.f.  consumed  by  reactance  is  7^^,  90°  ahead  of  7^,  and 
represented  by  the  vector,  OEx^] 

e.m.f.  consumed  by  induced  e.m.f.  is  E\  equal  and  opposite 
to  -B/,  and  represented  by  the  vector,  0E\ 

Hence,  the  total  primary  impressed  e.m.f.  by  combination  of 
OE^^  OEx^  and  OE'  by  means  of  the  parallelogram  of  e.m.fs.  is 

E,=  OE,, 

and  the  diflference  of  phase  between  the  primary  impressed 
e.m.f.  and  the  primary  current  is 

In  the  secondary  circuit: 

(Counter  e.m.f.  of  resistance  is  I{r^  in  opposition  with  7^,  and 
represented  by  the  vector,  0E\^] 

Counter  e.m.f.  of  reactance  is  I^x^,  90°  behind  7^,  and  repre- 
sented by  the  vector,  OE'x^- 

Generated  e.m.fs.,  J5/  represented  by  the  vector,  OE^'. 

Hence,  the  secondary  terminal  voltage,  by  combination  ot 


0E\^,  OE'x^  and  OE^  by  means  of  the  parallelogram  of  e.m.fs. 

is  

E^^OE,, 

and   the  difiference  of   phase  between  the  secondary  terminal 
voltage  and  the  secondary  current  is 

e^^Ep^^. 
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As  seen,  in  the  primary  circuit  the  "components  of  impressed 
e.m.f.  required  to  overcome  the  counter  e.m.fs."  were  used  for 
convenience,  and  in  the  secondary  circuit  the  "counter  e.m.fs," 


Fio.  106.  —  Tranaformer  Diagram  with  80°  Lag  in  Secondary  Ciroait. 

167.  In  the  construction  of  the  transformer  diagram,  it  is 
usually  preferable  not  to  plot  the  secondary  quantities,  current 


Fio.  106.  — Transformer  Diagram  with  60°  Lag  in  Secondary  Circuit. 

and  e.m.f.,  direct,  but  to  reduce  them  to  correspondence  with 
the  primary  circuit  by  multiplying  by  the  ratio  of  turns,  a  =  -? , 
for  the  reason  that  frequently  primary  and  secondary  e.m.fs., 
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etc.,  are    of  such   different    magnitude  as   not   to  be   easily 
represented  on  the  same  scale;  or  the  primary  circuit  may  be 


FiQ.  107.— Transformer  Diagram  with  20°  Lag  in  Secondary  Circuit. 

reduced  to  the  secondary  in  the  same  way.  In  either  case, 
the  vectors  representing  the  two  generated  e.m.fs.  coincide,  or 
m,'  =  OS/. 


Fig.  108.  —  Transformer  Diagram  with  Secondary  Current  in  Phase  with 

E.M.F. 

Figs.  106  to  111  give  the  polar  diagram  of  a  transformer 
having  the  constants  — 


r„  =  0.2  ohm, 
Xo  =  0.33  ohm, 
r^  =0.00167  ohm, 
Xj  =  0.0025  ohm, 
ffo  =  0.0100  mhos. 


h^  =  .0173  mhos, 
£/  =  100  volts, 
/j   =60  amperes, 
a   =30i 
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Fio.  109. — Transformer  Diagram  with  20®  Lead  in  Secondary  Current. 


Fig.  110.  — Transformer  Diagram  with  60®  Lead  in  Secondary  Current. 


Fig.  111.  —  Transformer  Diagram  with  80°  Lead  in  Secondary  Current. 
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For  the  conditions  of  secondary  circuit, 

^/  =  80°  lag       in  Fig.  105  6//  =  20°  lead  in  Fig.  109 

50°  lag               "   106  50°  lead         "    110 

20°  lag              "    107  80°  lead         ''    111 
0,  or  in  phase,     " 


Fig.  112. 


As  shown,  with  a  change  of  0^  the  other  quantities,  E^,  7^, 
7^,,  etc.,  change  in  intensity  and  direction.  The  loci  described 
by  them  are  circles,  and  are  shown  in  Fig.  112,  with  the  point 
corresponding  to  non-inductive 'load  marked.  The  part  of  the 
locus  corresponding  to  a  lagging  secondary  current  is  shown 
in  thick  full  lines,  and  the  part  corresponding  to  leading  cur- 
rent in  thin  full  lines. 

168.  This  diagram  represents  the  condition  of  constant 
secondary  generated  e.m.f.,  J?/,  that  is,  corresponding  to  a  con- 
stant maximum  magnetic  flux. 

By  changing  all  the  quantities  proportionally  from  the 
diagram  of  Fig.  112,  the  diagrams  for  the  constant  primary 
impressed  e.m.f.  (Fig.  113),  and  for  constant  secondary  terminal 
voltage  (Fig.  114),  are  derived.  In  these  cases,  the  locus  gives 
curves  of  higher  order. 

Fig.  115  gives  the  locus  of  the  various  quantities  when  the 
load  is  changed  from  full  load,  7^  =  60  amperes  in  a  non-induc- 
tive secondary  external  circuit  to  no-load  or  open-circuit: 
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(a)  By  increase  of  secondary  current;  (6)  by  increase  of 
secondary  inductive  resistance;  (c)  by  increase  of  secondary 
condensive  reactance. 

1^ 


Fig.  118. 


As  shown  in  (a),  Jhe  locus  of  the  secondary  terminal  voltage, 
£,,  and  thus  of  E^,  etc.,  are  straight  Hues;  and  in  (6)  and  (c), 
parts  of  one  and  the  same  circle  (a)  is  shown  in  full  Unes,  (6)  in 


Fig.  114. 


heavy  full  lines,  and  (c)  in  light  full  lines.  This  diagram  corre- 
sponds to  constant  maximum  magnetic  flux;  that  is,  to  constant 
secondary  generated  e.m.f .    The  diagrams  representing  constant 
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primary   impressed   e.m.f.   and   constant  secondary   terminal 
voltage  can  be  derived  from  the  above  by  proportionality. 

169.  It  must  be  understood,  however,  that  for  the  purpose 
of  making  the  diagrams  plainer,  by  bringing  the  different  values 
to  somewhat  nearer  the  same  magnitude,  the  constants  chosen 
for  these  diagrams  represent,  not  the  magnitudes  found  in  actual 
transformers,  but  refer  to  greatly  exaggerated  internal  losses. 

In  practice,  about  the  following  magnitudes  would  be  foimd: 


r,  =  0.01 

0^0  ==0.033 

rj  =  0.00008  ohm; 


ohm; 
ohm; 


Xj  =  0.00025  ohm; 
gfo  =  0.001  mho; 
6o  =  0.00173  mho; 


that  is,  about  one-tenth  as  large  as  assumed.  Thus  the 
changes  of  the  values  of  E^,  E^,  etc.,  under  the  different  con- 
ditions will  be  very  much  smaller. 

Symbolic  Method, 

160.  In  symbolic  representation  by  confplex  quantities  the 
transformer  problem  appears  as  follows: 


The  exciting  current,  /^o,  of  the  transformer  depends  upon 
the  primary  e.m.f.,  which  dependance  can  be  represented  by  an 
admittance,  the  "primary  admittance,"  Y^^g^  +  jb^,  of  the 
transformer. 
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The  resistance  and  reactance  of  the  primary  and  the  secondary 
circuit  are  represented  in  the  impedance  by 

Z^  =  r^  -  jx^,       and       Z^  =  r^  -  j\. 

Within  the  hmited  range  of  variation  of  the  magnetic  density 
in  a  constant-potential  transformer,  admittance  and  impedance 
can  usually,  and  with  sufficient  exactness,  be  considered  as  con- 
stant. 
Let 
n^  =  number  of  primary  turns  in  series; 
Tij  =  number  of  secondary  turns  in  series; 

a  =  -fl  =  ratio  of  turns: 
til 

y^  =  9o  +  fio  ==  primary  admittance 

=         Exciting  current 

Primary  induced  e.m.f.   ' 

Z^,  =  r^  —  jx^  =  primary  impedance 

__  E.M.F.  consumed  in  primary  coil  by  resistance  and  reactance  , 
*""  Primary  current  ' 

^1  =  Tj  —  jx^  =  secondary  impedance 

__  E.M.F.  consumed  in  secondary  coil  by  resistance  and  reactance  ^ 
Secondary  current  ' 

where  the  reactances,  x^  and  x^,  refer  to  the  true  self-induction 
only,  or  to  the  cross-flux  passing  between  primary  and  second- 
ary coils;  that  is,  interlinked  with  one  coil  only. 
Let  also 

Y  =^  g  -h  jb  =  total  admittance  of  secondary  circuit,  in- 
cluding the  internal  impedance; 

Eo  =  primary  impressed  e.m.f.; 
.  E'  =  e.m.f.  consumed  by  primary  counter  e.m.f.; 
El  =  secondary  terminal  voltage; 
E/  =  secondary  generated  e.m.f.; 
Iq  =  primary  current,  total; 
/pp  =  primary  exciting  current; 
/,   =  secondary  current. 
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Since  the  primary  counter  e.m.f.,   £?',  and  the  secondary 
generated  e.m.f.,  £/,  are  proportional  by  the  ratio  of  turns,  a, 

E,'==-E\ 

The  secondary  current  is 

(i  =  Y^/.  (2) 

consisting  of  a  power  component,  gE/,  and  a  reactive  component, 
bE/. 

To  this  secondary  current  corresponds  the  component  of 
primary  current, 

a  a 

The  primary  exciting  current  is 

Ioo=Y^\  (4) 

Hence,  the  total  primary  current  is 

/o=(o'  +  /oo  (5) 

or,  I^:^^\Y+aW,\  (6) 

a 


-^]Y-ha'Y,l 


The  e.m.f.  consumed  in  the  secondary  coil  by  the  internal 
impedance  \s  ZJ^ 

The  e.m.f.  generated  in  the  secondary  coil  by  the  magnetic 
flux  is  E/. 

Therefore,  the  secondary  terminal  voltage  is 
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or,  substituting  (2),  we  have 

E,=^E/n^ZJ\.  (7) 

The  e.m.f.  consumed  in  the  primary  coil  by  the  internal  im- 
pedance is  ^o/o- 

The  e.m.f.  consumed  in  the  primary  coil  by  the  counter  e.m.f. 
is^'. 

Therefore,  the  primary  impressed  e.m.f.  is 

or,  substituting  (6), 


(8) 


161.  We  thus  have, 

primary  e.m.f.,       E, —  aE/  \  1  +  ^.^.+  ^  j  -  (8) 

secondary e.m.f.,    E^^E,'\1-ZJU  (7) 

primary  current,    I^ —  ^  { F  +  o»F,| ,  (6) 

secondary  current,  /,  =  YE^^,  (2) 

as  functions  of  the  secondary  generated  e.m.f.,  E^,  as  parameter. 
From  the  above  we  derive 
Ratio  of  transformation  of  e.m.fs. : 

E.  l+^.n+^  (9) 

E^        "       1-ZJ 


Ratio  of  transformations  of  currents: 


i:=4i-4i- 


(10) 
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From  this  we  get,  at  constant  primary  impressed  e.m.f., 
E^  =  constant; 
secondary  generated  e.m.f., 

Eg  1 


E/  =  - 


«l-fZ.F,+  ^' 


e.m.f.  generated  per  turn, 


^oi+z,y,+ 


Z^Y' 


secondary  terminal  voltage, 


E,=. 


1-^.y 


E^ 


primary  current,  y 


^l+^?.n+^ 


i+z,r.+  ^ 


secondary  current, 
7  ==_  E^ 

i  1 


"i+z-n^^ 


(11) 


At  constant  secondary  terminal  voltage, 

jSi  =  const.; 

secondary  generated  e.m.f.,    E/  =       ^^      : 
e.m.f.  generated  per  turn,       SE  =  — »  — V^J 

pnmary  impressed  e.m.f.,       Eq  =  —  aE^ — ; 

ip   Y4-aW 

pnmary  current,  / ^  =  -:5u  ^  ^'^  ^  Q  • 

'a   l-ZJ  ' 


secondary  current, 


^■''^^r^zj- 


1.(12) 
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162.  Some  interesting  conclusions  can  be  drawn  from  these 
equations. 
The  apparent  impedance  of  the  total  transformer  is 


1  +Z  Y  +^s>K. 


(13) 


Zr 


+z^ 


(14) 


Substituting  now,  -^  =  Y',  the  total  secondary  admittance, 
reduced  to  the  primary  circuit  by  the  ratio  of  turns,  it  is 

Zt  =  ^^,  +  Z,.  (15) 


F,+y' 


Q»n«ratop 


Tpan«fopm«p 


T 

E. 


RaMivirw 
Circuit 


1 J_J 


o 


Fig.  116. 


Y^  4-  F'  is  the  total  admittance  of  a  divided  circuit  with  the 
exciting  current  of  admittance,  Y^,  and  the  secondary  current 
of  admittance,  F'  (reduced  to  primary),  as  branches.    Thus, 

^  -,-z:  (16) 


Y,  +  Y' 
is  the  impedance  of  this  divided  circuit,  and 


(17) 
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That  is, 

The  aUernate'-current  transformer,  of  primary  admittance  Y^, 

total  secondary  admittance   Y,  and  primary  impedance  Z^,  is 

equivalent  to,  and  can  be  replaced  by,  a  divided  circuit  with  the 

branches  of  admittance  Y^,  the  exciting  current,  and  admittance 

Y 
y  =  -J ,  the  secondary  current,  fed  over  mains  of  the  impedance 

Z^,  the  internal  primary  impedance. 
This  is  shown  diagrammatically  in  Fig.  116. 

163.  Separating  now  the  internal  secondary  impedance 
from  the  external  secondary  impedance,  or  the  impedance  of 
the  consumer  circuit,  it  is 

Y=Z,+Z;  (18) 

where  Z  =  external  secondary  impedance, 

Z  =^.  (19) 


^,=^==a^Z,+  a'Z 


Reduced  to  primary  circuit,  it  is 

^a'Z, 

=  Z/  +  Z\  (20) 

That  is, 

An  dUemate-current  transformer,  of  primary  admittance  Y^, 
primary  impedance  Z^,  secondary  impedance  Z^,  and  ratio  of 
turns  a,  can,  when  the  secondary  circuit  is  closed  by  an  impedance, 
Z  (the  impedance  of  the  receiver  circuit),  be  replaced,  and  is  equiva- 
lent to  a  circuit  of  impedance,  Z'  =  a^Z,  fed  over  mains  of  the 
impedance,  Z^  +  Z/,  where  Z/  =  a^Z^  shunted  by  a  circuit  of 
admittance,  Y^,  which  laMer  circuit  branches  off  at  the  points, 
a,  b,  between  the  impedances,  Z^  and  Z/. 

'this  is  represented  diagrammatically  in  Fig.  117. 

It  is  obvious,  therefore,  that  if  the  transformer  contains  sev- 
eral independent  secondary  circuits,  they  are  to  be  considered  as 
branched  off  at  the  points  a,  b,  in  diagram.  Fig.  117,  as  shown  in 
diagram.  Fig.  118. 
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It  therefore  follows: 

An  aUerncUe'-curreTU  transformer,  of  s  secondary  coils,  of  the 
irUemai  impedances,  Z/,  Z/^,  . . .  Z/,  closed  by  external  secondary 
circuits  of  the  impedances,  Z^,  Z", . . .  Z',  is  equivaient  to  a  divided 
circuit  of  s  +  1  branches,  one  branch  of  admittance,  Y^,  the  exdt" 


Qanerator 


TMUnrbrin^r 


C^  R«o«ivinff 

^  Circuit  • 

Z    E, 


Fia.  117. 


ing  current,  the  other  branches  of  the  impedances,  Z/  4-  Z^, 
Z/'+  Z" ,  ,  .  .  ^/+  Z',  the  latter  impedances  being  reduced  to 
the  primary  circuit  by  the  ratio  of  turns,  and  the  whole  divided 
circuit  being  fed  by  the  primary  impressed  e,m.f.,  E^,  over  mains 
of  the  impedance,  Z^. 


Qan«rator 


Tr*nirontt6r 


CirouitB 


^m^ 


o 
o 
o 


Fia.  118. 


Consequently,  transformation  of  a  circuit  merely  changes 
all  the  quantities  proportionally,  introduces  in  the  mains  the 
impedance,  Z^  +  Z/,  and  a  branch  circuit  between  Z^  and  Z/, 
of  admittance  F„. 
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Thus,  double  transformation  will  be  represented  by  diagram, 
Fig.  119. 

With  this  the  discussion  of  the  alternate-current  transformer 
ends,  by  becoming  identical  with  that  of  a  divided  circuit  con- 
taining resistances  and  reactances. 

Such  circuits  have  been  discussed  in  detail  in  Chapter  IX., 
and  the  results  derived  there  are  now  directly  applicable  to  the 
transformer,  giving  the  variation  and  the  control  of  secondary 
terminal  voltage,  resonance  phenomena,  etc. 


Tranefbrmer 


Trantform«p 


Receiving 
Cirouit 


Fig.  119. 

Thus,  for  instance,  if  Z/  =  Z^,,  and  the  transformer  contains 
an  additional  secondary  coil,  constantly  closed  by  a  condensive 
reactance  of  such  size  that  this  auxiliary  circuit,  together  with 
the  exciting  circuit,  gives  the  reactance,  —  x^,  with  a  non- 
inductive  secondary  circuit,  Z^  =  r^,  we  get  the  condition  of 
transformation  from  constant  primary  potential  to  constant 
secondary  current,  and  inversely,  as  previously  discussed. 

NoTirdnductive  Secondary  Circuit. 

164.  In  a  non-inductive  secondary  circuit,  the  external 
secondary  impedance  is 

Z  =/2„ 


or,  reduced  to  primary  circuit, 

a^Z  =  a'R,  =  R. 
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Assuming  the  secondary  impedance,  reduced  to  primary  cir- 
cuit, as  equal  to  the  primary  impedance, 

it  is 


a'     a'{Z  +  Z,)     R  +  r,-jx,' 

Substituting   these  values  in  equations  (9),  (10),  and  (13), 
we  have 

Ratio  of  e.m.fs.: 

Ep  ^  _  tf  +   fp  -  ]Xa 

fit  "  1  (To  -  ?^«) 


fi  +  r,  -  yx, 

or,  expanding,  and  neglecting  terms  of  higher  than  third  order, 

E^  (  ft  +  r,  -  jx,         VB  +  r,  -  jx/ 

(»",  -  yaJo)  (ffo  +  A)  j ; 

I*  =  -  o  j  1  +  2  ^^s.^  +  (r,  -  yx.)  (g,  +  jb^)  j  • 
N^lecting  terms  of  tertiary  order  also, 


or,  expanded, 
E 


\-'V^^'-^\- 


Ratio  of  currents: 

-L i  {1  +  (3   +  jk)  (^R  +  r,-  yx,)) ; 

or,  expanded, 

4*  =  -  -i  {1  +  ft  (9.  +  A)  +  (r,-  yx,)  (g,  +  jb,)}. 
I,  a 
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N^lecting  terms  of  tertiary  order  also, 
-^=--i{l+i?(j/.+A)}. 

Total  apparent  primary  impedance: 


Z,='f  = 


■to 


ft  +  r,  -  jx, 


+  9o+  Jb, 


0 


0 


=  {ft  +  2  (r,  -  ;x.)  -  ft»  (ff,  +  J&.)  -  2ft  (r,  -  /x^ 


or, 


Z,  =ft  j  1  +  2  2^-^-^  -  ft  (ffo  +  7"&.)  -  2  (r,  -  /x.)  (ST.  +  J-&o) 

N^lecting  tenns  of  tertiary  order  also, 
Z.=ft   |l+2^-'^^-ft(ff,  +  j-fe.)j. 

Angle  of  lag  in  primary  circuit: 


Xt 

tan  S,  =  — ,  hence, 
n 


2^  +  Rb,  +  2rjb,  -  2xj,  -  2ft»ff,6, 

tanflo=  — -g- 

1  +  ^  -  ftg.  -  2  r^.  -  2  x,6.-  ft»(/,»  +  R,\' 

Neglecting  terms  of  tertiary  order  also, 

2  |-  +  ft&, 
tan  d.  =  


1+2-^-Rg, 
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166.  If,  now,  we  represent  the  external  resistance  of  the 
secondary  circuit  at  full  load  (reduced  to  the  primary  circuit) 
by  R^,  and  denote, 

2ra  ^  j^x-        Intoriuil  redatanoe  of  tromrfonner        ^  percentage  intcr- 

J>  r  External  resistance  of  secondary  circuit        ];^]  rCSistaUCC 

2Xo  ^  . .  Intenial  reactance  of  transformer         ^  percentage  iutcr- 

f^  ^  External  resistance  of  secondary  circuit        jiq\  reaCtaUCC 

ft^.  =  h  =  ratio  "j:rJ!:,J^rr*  =  percentage  hysteresis, 
Rh  =,r  =  Tatin    Msmetiiing  current    ^  percentage  magnetizing  cur- 

*v^o       g         "»"''"  Total  seeondary  current        rent, 

and  if  d  represents  the  load  of  the  transformer,  as  fraction  of 
full  load,  we  have 


^     d' 


and 


2l,. 
R 

=  pd. 

2x, 
R 

=  qd. 

R9o 

h 
~~d' 

RK- 

-2. 
d 

Substituting  these  values  we  get,  as  the  equations  of  the 
transformer  on  non-inductive  load, 
Batio  of  e.m.fs.: 


jl+d(p_y,)+(p-/qyH+/K)j 

^-a{H-d(p-yq){: 
or,  eliminating  imaginary  quantities, 

SoV(H-dp)'+d'q' 
So}l+  dpi. 


!» 
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Ratio  of  currents: 

h_    iL  ,  (h+/g)    (p-yq)(h+/g)| 

I,         ar^       d      ^  2  i 

or,  eliminating  imaginary  quantities, 


Total  apparent  primary  impedance: 
or,  eliminating  imaginary  quantities, 

2        2<i'j 
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Angle  of  time-lag  in  primary  circuit: 


1  +dp-5-ph-qg+ 


d     <P 


1+dp-^ 


That  is, 

iln  aliernaie^rrent  transformer,  feeding  into  a  nonrinductive 
secondary  circuit,  is  represented  by  the  constants: 

i2p  =  secondary  external  resistance  at  full  load; 

p    =  percentage  resistance; 

q    =  percentage  reactance; 

h     =  percentage  hysteresis; 

2    =  percentage  magnetizing  current; 

d    =  percentage  secondary  load. 

All  these  qualities  being  considered  as  reduced  to   the  primary 
circuit  by  the  square  of  the  ratio  of  turns,  tf . 

166.  As  an  example,  a  transformer  of  the  following  constants 
may  be  given: 

6o=  1,000;  /2o=      120;  q  =  0.06; 

a=      10;  p  =  0.02;  h  =0.02; 

g  =  0.04. 
Substituting  these  values,  gives: 

e  100 

^'     V(1.0014  4-0.02  d)'  +  (0.0002+0.06  d)' ' 

.  _  c,da*     Cid 

*'"  R.  "1.2' 


i,=  .H,v/(l.0014  +  «fJ+(5f-0.0002j; 


1.9972+ 0.02  d+^-^2     0.02 


<f         d 
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111  diagram,  Fig.  120,  are  shown,  for  the  values  from  d  =  0 
to  d  =  1.5,  with  the  secondary  current,  t\,  as  abscissas,  the 
values:  secondary  terminal  voltage,  in  volts;  secondary  drop 
of  voltage,  in  per  cent;  primary  current,  in  amperes;  excess 
of  primary  current  over  proportionality  with  secondary,  in  per 
cent,  and  primary  angle  of  lag. 
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FiQ.  120.  — Load  Diagram  of  Transformer. 

The  power-factor  of  the  transformer,  cos  0^,  is  0.45  at  open 
secondary  circuit,  and  is  above  0.99  from  25  amperes,  upwards, 
with  a  maximum  of  0.995  at  full  load. 

167.  As  seen,  the  alternating-current  transformer  is  charac- 
terized by  the  constants: 


Ratio  of  turns: 

Exciting  admittance:  Y^  =  3o  +  ]\' 

Self-inductive  impedances:   Z^  =^0  ^  ?^o- 

^1  =  ^  -  K 
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Since  the  effect  of  the  secondary  impedance  is  essentially  the 
same  as  that  of  the  primary  impedance  (the  only  difference  being, 
that  no  voltage  is  consumed  by  the  exciting  current  in  the  second- 
ary impedance,  but  voltage  is  consumed  in  the  primary  im- 
pedance, though  very  small  in  a  constant-potential  transformer), 
the  individual  values  of  the  two  impedances,  Z^  and  Z^,  are  of 
less  importance  than  the  resultant  or  total  impedance  of  the 
transformer,  that  is,  the  sum  of  the  primary  impedance  plus 
the  secondary  impedance  reduced  to  the  primary  circuit: 

and  the  transformer  accordingly  is   characterized  by  the  two 
constants: 


Exciting  admittance, 

Total  self -inductive  impedance, 


Z'    ^r'  -  ]if. 


Especially  in  constant-potential  transformers  with  closed 
magnetic  circuit  —  as  usually  built  —  the  combination  of  both 
impedances  into  one,  Z\  is  permissible  as  well  within  the  errors 
of  observation. 

Experimentally,  the  exciting  admittance,  F^  =  So  +  J^o»  *^d 
the  total  self-inductive  impedance,  Z'  =f  —  jy,  are  deter- 
mined by  operating  the  transformer  at  its  normal  frequency: 

(1)  With  open  secondary  circuit,  and  measuring  volts  e^, 
amperes  i^,  and  watts  w^,  input. 

(2)  With  the  secondary  short-circuited,  and  measuring  volts 
gj,  amperes  t\,  and  watts  p^,  input.  (In  this  case,  usually  a  far 
lower  impressed  voltage  is  required.) 


It  is  then: 


J/O  3» 

^0 


h=Vy' 


9o 


r'  = 


_  2i 

~~         2» 


■-v/TT 


If  a  separation  of  the  total  impedance  Z'  into  the  primary 
impedance  and  the  secondary  impedance  is  desired,  as  a  rule  the 
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secondary  reactance  reduced   to  the  primary  can  be  assumed 
as  equal  to  the  primary  reactance: 


except  if  from  the  construction  of  the  transformer  it  can  be  seen 
that  one  of  the  circuits  has  far  more  reactance  than  the  other, 
and  then  judgment  or  approximate  calculation  must  guide  in 
the  division  of  the  total  reactance  between  the  two  circuits. 

If  the  total  effective  resistance,  r',  as  derived  by  wattmeter, 
equals  the  sum  of  the  ohmic  resistances  of  primary  and  of 
secondary  reduced  to  the  primary: 

r^  =r^-h  ah, 

the  ohmic  resistances,  r^  and  r^  as  measured  by  Wheatstone 
bridge  or  by  direct  current,  are  used. 

If  the  effective  resistance  is  greater  than  the  resultant  of  the 
ohmic  resistances: 

the  difference: 

may  be  divided  between  the  two  circuits  in  proportion  to  the 
ohmic  resistances,  that  is,  the  effective  resistance  distributed 
between  the  two  circuits  in  the  proportion  of  their  ohmic  resist- 
ances, so  giving  the  effective  resistances  of  the  two  circuits, 
r/  and  r/,  by: 

'o      '    'l  'o         'l> 

or,  if  from  the  construction  of  the  transformer  as  the  use  of 
large  solid  conductors,  it  can  be  seen  that  the  one  circuit  is 
entirely  or  mainly  the  seat  of  the  power  loss  by  hjrsteresis,  eddies, 
etc.,  which  is  represented  by  the  additional  effective  resistance, 
r",  this  resistance,  r",  is  entirely  or  mainly  assigned  to  this  circuit. 
In  general,  it  therefore  may  be  assumed: 


^0  = 


2  ' 


'''~   2a'' 


/ 


r  '  =  T   — ^_ 
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In  the  calculation  of  the  transformer: 

The  exciting  admittance,  F^,  is  derived  by  calculating  the  total 
exciting  current  from  the  ampere-turns  excitation,  the  mag- 
netic characteristic  of  the  iron  and  the  dimensions  of  the  main 
magnetic  circuit,  that  is  the  magnetic  circuit  interlinked  with 
primary  and  secondary  coils.  The  conductance,  g^,  is  derived 
from  the  hysteresis  loss  in  the  iron,  as  given  by  magnetic 
density,  hysteresis  coefficient  and  dimensions  of  magnetic 
circuit,  allowance  being  made  for  eddy  currents  in  the  iron. 

The  ohmic  resistances,  r^  and  r^,  are  found  from  the  dimen- 
sions of  the  electric  circuit,  and,  where  required,  allowance  made 
for  the  additional  eflfective  resistance,  r". 

The  reactances,  z^^  and  x^,  are  calculated  by  calculating  the 
leakage  flux,  that  is  the  magnetic  flux  produced  by  the  total 
primary  respectively  secondary  ampere-turns,  and  passing 
between  primary  and  secondary  coils,  and  within  the  primary 
respectively  secondary  coil,  in  a  magnetic  circuit  consisting 
largely  of  air.  In  this  case,  the  iron  part  of  the  magnetic  leak- 
age circuit  can  as  a  rule  be  neglected. 


CHAPTER  XVIII. 

THE  GENERAL  ALTERNATINGK-CURRBNT  TRANSFORMER  OR 
FREQUENCY  CONVERTER. 

168.  The  simplest  alternating-current  apparatus  is  the  alter- 
nating-current transformer.  It  consists  of  a  magnetic  circuit, 
interlinked  with  two  electric  circuits  or  sets  of  electric  circuits. 
The  one,  the  primary  circuit,  is  excited  by  an  impressed  e.m.f., 
while  in  the  other,  the  secondary  circuit,  an  e.m.f.  is  generated. 
Thus,  in  the  primary  circuit,  power  is  consumed,  in  the  secondary 
circuit  a  corresponding  amount  of  power  produced;  or  in  other 
words,  power  is  transferred  through  space,  from  primary  to 
secondary  circuit.  This  transfer  of  power  finds  its  mechanical 
equivalent  in  a  repulsive  thrust  acting  between  primary  and 
secondary.  Thus,  if  the  secondary  coil  is  not  held  rigidly  as 
in  the  stationary  transformer,  it  will  be  repelled  and  move  away 
from  the  primary.  This  mechanical  effect  is  made  use  of  in  the 
induction  motor,  which  represents  a  transformer  whose  second- 
ary is  mounted  movably  with  regard  to  the  primary  in  such  a 
way  that,  while  set  in  rotation,  it  still  remains  in  the  primary 
field  of  force.  The  condition  that  the  secondary  circuit,  while 
revolving  with  r^ard  to  the  primary,  does  not  leave  the  primary 
field  of  magnetic  force,  requires  that  this  field  is  not  undirectional, 
but  that  an  active  field  exists  in  every  direction.  One  way  of 
producing  such  a  magnetic  field  is  by  exciting  different  primary 
circuits  angularly  displaced  in  space  with  each  other  by  currents 
of  different  phase.  Another  way  is  to  excite  the  primary  field 
in  one  direction  only,  and  get  the  cross-magnetization,  or  the 
angularly  displaced  magnetic  field,  by  the  reaction  of  the 
secondary  current. 

We  see,  consequently,  that  the  stationary  transformer  and 
the  induction  motor  are  merely  different  applications  of  the  same 
apparatus,  comprising  a  magnetic  circuit  interlinked  with  two 
electric  circuits.  Such  an  apparatus  can  properly  be  called  a 
*' general  cdternating-current  transformer^^  The  equations  of  the 
stationary  transformer  and  those  of  the  induction  motor  are 
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merely  speciatizations  of  the  general  alternating-current  trans- 
former equations. 

Quantitatively  the  main  diflferences  between  induction  motor 
and  stationary  transformer  are  those  produced  by  the  air-gap 
between  primary  and  secondary,  which  is  required  to  give  the 
secondary  mechanical  movability.  This  air-gap  greatly  in- 
creases the  magnetizing  current  over  that  in  the  closed  magnetic- 
circuit  transformer,  and  requires  an  ironclad  construction  of 
primary  and  secondary  to  keep  the  magnetizing  current  within 
reasonable  limits.  An  iron-clad  construction  again  greatly  in- 
creases the  self-induction  of  primary  and  secondary  circuit. 
Thus  the  induction  motor  is  a  transformer  of  large  magnetizing 
current  and  large  self-induction;  that  is,  comparatively  large 
primary  exciting  susceptance  and  large  reactance. 

The  general  alternating-current  transformer  transforms  be- 
tween electrical  and  mechanical  power,  and  changes  not  only 
e.m.fs.  and  currents,  but  frequencies  also,  and  may  therefore  be 
called  a  "frequency  converter."  Obviously,  it  also  may  change 
the  number  of  phases. 

169.  Besides  the  magnetic  flux  interlinked  with  both  primary 
and  secondary  electric  circuit,  a  magnetic  cross-flux  passes  in 
the  transformer  between  primary  and  secondary,  surrounding 
one  coil  only,  without  being  interlinked  with  the  other.  This 
magnetic  cross-flux  is  proportional  to  the  current  in  the  electric 
circuit,  and  constitutes  what  is  called  the  self-induction  of  the 
transformer.  As  seen,  as  self-induction  of  a  transformer  circuit, 
not  the  total  flux  produced  by  and  interlinked  with  this  circuit 
is  understood,  but  only  that  —  usually  small  —  part  of  the  flux 
which  surrounds  the  one  circuit  without  interlinking  with  the 
other,  and  is  thus  produced  by  the  m.m.f.  of  one  circuit  only. 

170.  The  mutual  magnetic  flux  of  the  transformer  is  pro- 
duced by  the  resultant  m.m.f.  of  both  electric  circuits.  It  is 
determined  by  the  counter  e.m.f.,  the  number  of  turns,  and  the 
frequency  of  the  electric  circuit,  by  the  equation: 

^=\/2;r/n4>10-*, 

where  E  =  effective  e.m.f., 

/  =  frequency, 
n  =  number  of  turns, 
4>  =  maximum  magnetic  flux. 
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The  m.nLf.  producing  this  flux,  or  the  resultant  m.m.f.  of 
primary  and  secondary  circuit,  is  determined  by  shape  and 
magnetic  characteristic  of  the  material  composing  the  magnetic 
circuit,  and  by  the  magnetic  induction.  At  open  secondary 
circuit,  this  m.m.f.  is  the  m.m.f.  of  the  primary  current,  which 
in  this  case  is  called  the  exciting  current,  and  consists  of  a 
power  component,  the  magnetic  power  current,  and  a  reactive 
component,  the  magnetizing  current, 

171.  In  the  general  alternating-current  transformer,  where 
the  secondary  is  movable  with  regard  to  the  primary,  the  rate 
of  cutting  of  the  secondary  electric  circuit  with  the  mutual 
magnetic  flux  is  different  from  that  of  the  primary.  Thus,  the 
frequencies  of  both  circuits  are  different,  and  the  generated 
e.m.fs.  are  not  proportional  to  the  number  of  turns  as  in  the 
stationary  transformer,  but  to  the  product  of  number  of  turns 
into  frequency. 

172.  Let,  in  a  general  alternating-current  transformer, 

s=  ratio  — : ^frequency,  or  "slip"; 

primary 

thus,  if 

/  =  primary  frequency,  or  frequency  of  impressed  e.m.f,, 
s/  =  secondary  frequency; 

and  the  e.m.f.  generated  per  secondary  turn  by  the  mutual  flux 
has  to  the  e.m.f.  generated  per  primary  turn  the  ratio,  s, 

s=  0  represents  sjmchronous  motion  of  the  secondary; 

s  <0  represents  motion  above  synchronism  —  driven  by  exter- 
nal mechanical  power,  as  will  be  seen; 

s  =  1  represents  standstill; 

s  >  1  represents  backward  motion  of  the  secondary, 

that  is,  motion  against  the  mechanical  force  acting  between 
primary  and  secondary  (thus  representing  driving  by  external 
mechanical  power). 


FREQUENCY  CONVERTER.  265 

Let 

n^  =  number  of  primary  turns  in  series  per  circuit; 

n^  =  niunber  of  secondary  turns  in  series  per  circuit; 
a    =  -*>  =  ratio  of  turns; 

Y^  =8^0+  J\  =  primary  exciting  admittance  per  circuit ; 
where 

gf^  =  effective  conductance; 

6^  =  susceptance; 

Z^  =  r^-  jx^  =  internal  primary  self-inductive  impedance 
per  circuit, 
where 

r^    =  effective  resistance  of  primary  circuit; 
x^    =  self-inductive  reactance  of  primary  circuit; 
Zjj  =  Tj  —  jx^  =  internal    secondary  self-inductive   impe- 
dance per  circuit  at  standstill,  or  for  s  =1, 
where 

•  r^     =  effective  resistance  of  secondary  coil; 
x^    ==  self-inductive  reactance  of  secondary  coil  at  stand- 
still, or  full  frequency,  5=1. 

Since  the  reactance  is  proportional  to  the  frequency,  at  the 
slip,  8,  or  the  secondary  frequency,  s/,  the  secondary  impedance 
is 

Z,==r,-jsx,. 

Let  the  secondary  circuit  be  closed  by  an  external  resistance, 
r,  and  an  external  reactance,  and  denote  the  latter  by  x  at 
frequency  /,  then  at  frequency  s/,  or  slip  5,  it  will  be  =  sx,  and 
thus 

Z    =^r  —  jsx  =  external  secondary  impedance.* 

*  This  applies  to  the  case  where  the  secondary  contains  inductive  react- 
ance only;  or,  rather,  that  kind  of  reactance  which  is  proportional  to  the 
frequency.  In  a  condenser  the  reactance  is  inversely  proportional  to  the  fre- 
quency, in  a  synchronous  motor  under  circumstances  independent  of  the 
frequency.  Thus,  in  general,  we  have  to  set,  x  =  x'  +  x"  +  x'",  where  x'  is 
that  part  of  the  reactance  which  is  proportional  to  the  frequency,  x"  that 
part  of  the  reactance  independent  of  the  frequency,  and  a:"'  that  part  of  the 
reactance  which  is  inversely  proportional  to  the  frequency;  and  have  thus, 

x'" 
at  slip  8,  or  frequency  «/,  the  external  secondary  reactance  ax'  +  x"  +  —  * 
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Let 

Eq  =  primary  impressed  e.m.f.  per  circuit, 

E^  =  e.m.f.  consumed  by  primary  counter  e.m.f., 

E^  =  secondary  terminal  e.m.f., 

E/  =  secondary  generated  e.m.f., 

e     =  e.m.f.  generated  per  turn  by  the  mutual  magnetic  flux, 

at  full  frequency  /, 
I^  =  primary  current, 
loo  ==  primary  exciting  current, 
/j  =  secondary  current. 

It  is  then, 
Secondary  generated  e.m.f. 

^/  =  sn^e. 

Total  secondary  impedance 

Z,+Z  =(r,  +r)  -js(x,  +  x); 

hence,  secondary  current 

7  ^     E/  ^1^ 

'•*     Z,+Z      (r,  +  r)^J8{x,+x) 

Secondary  terminal  voltage 

.       =sn.eSl-, 'i^=^ ?  sn,e(jr-jsx) 

(         (r,  +  r)  -  ;s  (x,  +  x) )      (r,  +  r)  -  js  (x,  +  x) 

e.m.f.  consumed  by  primary  counter  e.m.f. 

E'  =  -  n,e; 

hence,  primary  exciting  current: 

C!omponent   of    primary  current    corresponding    to    second- 
ary current  7^: 

■/.  =  _/! 


a'\(r,+  r)-js{x^+x)i' 
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hence,  total  primary  current, 

"   <a,(r,+  r)-;s(x.+  x)  s       J 

Primary  impressed  e.m.f., 

We  get  thus,  as  the 
Equalions    of    the    General    AUernating^urrent    Transformer, 
of  ratio  of  turns,  a;  and  ratio  of  frequencies,  s;  with  the  e.m.f. 
generated  per  turn  at  full  frequency,  e,  as  parameter,  the  values: 

Primary  impressed  e.m.f.. 
Secondary  terminal  voltage, 
Primary  current, 

Secondary  current, 

sn,e 

•'"('-,+  r)- js(x,+  x)  * 
Therefrom,  we  get: 
Ratio  of  currents, 

|-»= -^{l  +  ^(J7.  +  A)[(r, +  r)-/s(x. +x)]|. 
Ratio  of  e.m.fs., 


E. 


i+^(,.^,r,4T^-K^-/^.)(g»+^^) 


I  r,-  ]sx, 

(r,+  r)-  ys(Xj+  x) 
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Total  apparent  primary  impedance, 


1+ 

s            r,-  /x, 

+ 

(r,-  /a!.)  (&•+ 

7b.) 

r) 

-js(x,+  x)] 

where 


in  the  general  secondary  circuit  as  discussed  in  foot-note,  page  265. 
Substituting  in  these  equations: 

gives  the 

General  Equations  of  the  Stationary  AUernating^urrent  Trans^ 

former: 


/.■ 


"•*!a»(Z.Vz)+^«i 


1  ^Jtx^ 


11               «             \    7  V 

i»      -n 

^'a'(Z,+  Z)  '  ^•^« 

ir  " 

1     -^ 

2,-10  =  aMZ,+  Z) 


'■^tcTtd^-^-^' 


I  i+o-r, (z,+z)  I 
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Subetituting  in  the  equations  of  the  general  alternating- 
current  transformer, 

Z  =0, 
gives  the 

General  Eqaalioris  of  the  Induction  Motor: 


JSX, 


7^=-^|i+f  (?,+  ;■&.)  (r.-y^c,)!, 


2'=-('-i-/*ri) 


1+-  (^-'MXj/o+y&o) 

o 


Returning  now  to  the  general  alternating-current  transfor- 
mer, we  have,  by  substituting 

(r,+  r)»+«'(x,+  x)»  =  2*», 
and  separating  the  real  and  imaginary  quantities^ 

E, n^  I  [l+  ^(r.  (r.+  r)+  sx,  (x,+x)) 

+  ('"«i7o+*o&o)]+  /  [^  («^  (*i+  *)^  a;  ('•»+  »•)) 

Neglecting  the  exciting  current,  or  rather  considering  it  as 
a  separate  and  independent  shunt  circuit  outside  of  the  trans- 
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former,  as  can  approximately  be  done,  and  assuming  the  primary 
impedance  reduced  to  the  secondary  circuit  as  equal  to  the 
secondary  impedance. 

Substituting  this  in  the  equations  of  the  general  transformer, 
we  get, 

^o  =  -  n,e  j  1+  ^3[r,  (r,+  r)+  sx,  {x,+  x)] 
+  ^K(x,+  x)-x,(r,+  r)]|, 

E^  =  ?I!^\[r(r^  +  r)-\-s'xix^-\-x)]  +  ]s[rx^-xr,]\, 

U-=-^l(r,+  r)+  is(x,+  x)\, 

I.  =  -7V  {(»•,+ r)+js(Xi+x)j. 

^k 

173.  The  true  power  is,   in  S3mibolic  representation   (see 
Chapter  XV>: 

denoting, 

— 1—  =  w 


Zk' 

gives: 
Secondary  output  of  the  transformer. 

Internal  loss  in  secondary  circuit. 
Total  secondary  power. 
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Internal  loss  in  primary  circuit, 

Total  electrical  output,  plus  loss, 

Total  electrical  input  of  primary, 

P,==[E,IJ^s(^)\r+r,  +  sr,)  =  w{r  +  r,  +  sr,); 

Hence,  mechanical  output  of  transfonner, 

P=Po-^'=^(l-«)(r  +  r,); 
Ratio, 

mechanical  output    ^        P       __^  "  ^  ^  speed 
total  secondary  power     Pj  +  Pj*        s         slip 

174.  Thus, 

In  a  general  alternating  transformer  of  ratio  of  turns,  a, 
and  ratio  of  frequencies,  5,  neglecting  exciting  current,  it  is: 

Electrical  input  in  primary, 

p  _^    gn,V  (r  H-  r,  4-  r.s) 
'     (r,  +  ry  +  ^  (X,  +  xy  ' 

Mechanical  output, 

_  s(l  -  s)n,^^  (r  +  r,)    . 
(r,  +  r)»  +  5^  (a:,  +  xf ' 

Electrical  output  of  secondary, 

p  __  s'nyr 


(r.  +  ry  +  s*(a;,  +  x)» ' 
Losses  in  transformer, 


(r,  +  r)»  +  s"  (x,  +  xf 
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Of  these  quantities,  P^  and  P^  are  alwajrs  positive;  P^  and  P 
can  be  positive  or  negative,  according  to  the  value  of  s.  Thus 
the  apparatus  can  either  produce  mechanical  power,  acting  as 
a  motor,  or  consume  mechanical  power;  and  it  can  either 
consume  electrical  power  or  produce  electrical  power,  as  a 
generator. 

176.  At 

s  =  0,  synchronism,  P©  =  0,     P  =  0,    Pj  =  0. 

At  0  <  s  <  1,  between  s3nichronism  and  standstill. 

Pj,  P  and  Po  are  positive;  that  is,  the  apparatus  consumes 
electrical  power  P^  in  the  primary,  and  produces  mechanical 
power  P  and  electrical  power  P^  +  P^  in  the  secondary,  which 
is  partly,  P/,  consumed  by  the  internal  secondary  resistance, 
partly,  Pj,  available  at  the  secondary  terminals. 

In  this  case 

P  1   -5' 

that  is,  of  the  electrical  power  consumed  in  the  primary  circuit, 
P^j,  a  part  P^  is  consumed  by  the  internal  primary  resistance, 
the  remainder  transmitted  to  the  secondary,  and  divides  between 
electrical  power,  P^  4-  P^*,  and  mechanical  power,  P,  in  the 
proportion  of  the  sUp,  or  drop  below  synchronism,  s,  to  the 
speed:  1  —  s. 

In  this  range,  the  apparatus  is  a  motor. 

At  5  >  1;  or,  backwards  driving,  P  <  0,  or  negative;  that  is, 
the  apparatus  requires  mechanical  power  for  driving. 

Then:  P,  -  P,'  -  P,'  <  P,; 

that  is,  the  secondary  electrical  power  is  produced  partly  by 
the  primary  electrical  power,  partly  by  the  mechanical 
power,  and  the  apparatus  acts  simultaneously  as  transformer 
and  as  alternating-current  generator,  with  the  secondary  as 
armature. 

The  ratio  of  mechanical  input  to  electrical  input  is  the  ratio 
of  speed  to  synchronism. 

In  this  case,  the  secondary  frequency  is  higher  than  the 
primary. 
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At  5  <  0,  beyond  synchronism, 

P  <  0;  that  is,  the  apparatus  has  to  be  driven  by  mechanical 
power. 

P^  <  0;  that  is,  the  primary  circuit  produces  electrical  power 
from  the  mechanical  input. 

At  r  -f-  Tj  +  STj  =  0,  or,   5  <  ■- ^  ; 

the  electrical  power  produced  in  the  primary  becomes  less  than 
required  to  cover  the  losses  of  power,  and  P^  becomes  positive 
again. 

We  have  thus: 

consumes  mechanical  and  primary  electric  power;  produces 
secondary  electric  power. 

consumes  mechanical,  and  produces  electrical  power  in  primary 
and  in  secondary  circuit. 

0<  s  <  1 

consumes  primary  electric  power,  and  produces  mechanical 
and  secondary  electrical  power. 

1  <s 

consumes  mechanical  and  primary  electrical  power;  produces 
secondary  electrical  power. 

176.  As  an  example,  in  Fig.  121  are  plotted,  with  the  slip  s  as 
abscissas,  the  values  of  • 

Secondary  electrical  output  as  Curve     I. 
total  internal  loss  as  Curve   II. 

mechanical  output  as  Curve  III. 

primary  electrical  input        as  Curve  IV. 
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for  the  values: 


hence, 


n,e  =  100.0; 

r  =  0.4; 

r,    -      0.1; 

X  =  0.3; 

X,    =      0.2; 

p      16.000  s* 

»         1+8'     ' 

p,     p,_8.000s»  . 
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Fig.  121. 

177.  Since  the  most  common  practical  application  of  the 
general  alternating-current  transformer  is  that  of  frequency 
converter,  that  is,  to  change  from  one  frequency  to  another, 
either  with  or  without  change  of  the  number  of  phases,  the 
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following  characteristic  curves  of  this  apparatus  are  of  great 
interest. 

1.  The  r^ulation  curve;  that  is,  the  change  of  secondary 
terminal  voltage  as  fimction  of  the  load  at  constant  impressed 
primary  voltage. 

2.  The  compoimding  curve;  that  is,  the  change  of  primary 
impressed  voltage  required  to  maintain  constant  secondary 
terminal  voltage. 

In  this  case  the  impressed  frequency  and  the  speed  are  con- 
stant, and  consequently  the  secondary  frequency  is  also  constant. 
Generally  the  frequency  converter  is  used  to  change  from  a  low 
frequency,  as  25  cycles,  to  a  higher  frequency,  as  62.5  cycles, 
and  is  then  driven  backward,  that  is,  against  its  torque,  by 
mechanical  power.  Mostly  a  ssmchronous  motor  is  employed, 
connected  to  the  primary  mains,  which  by  over -excitation 
compensates  also  for  the  lagging  current  of  the  frequency 
converter. 

Let, 

Yq  =  Qo  +  y^o  =  primary  exciting  admittance  per  circuit  of 
the  frecjuency  converter. 

Zj  =  r^  —  /Xj  =  internal  self-inductive  impedance  per  second- 
ary circuit,  at  the  secondary  frequency. 

Z^  =r^  —  jx^  =  internal  self -inductive  impedance  per  pri- 
mary circuit  at  the  primary  frequency. 

a    =  ratio  of  secondary  to  primary  turns  per  circuit. 

h  =  ratio  of  number  of  secondary  to  number  of  primary 
circuits. 

c     =  ratio  of  secondary  to  primary  frequencies. 

Let, 

e  =  generated  e.m.f.  per  secondary  circuit  at  secondary 
frequency. 

Z  =r  —  ]X  ^  external  impedance  per  secondary  circuit  at 
secondary  frequency,  that  is  load  on  secondary  system,  where 
X  =  0  for  non-inductive  load. 
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We  then  have, 
the  total  secondary  impedance, 

Z  +  Zj  =={r  ^-r,)  -/(x  +  x,); 
the  secondary  current, 

where, 

r  "4"  r  dC  "l~  dC 

°«=(r  +  r,)»  +  (x  +  x,)»    ^""^   "'°(r  +  r,)»  +  (i  +  Xj)»' 

and  the  secondary  tenninal  voltage, 

=  c  (r  -  jx)  (a^  +  ja,)  =  e  (6^  +  j*,); 
where, 

6i  =  (rttj  +  xa^   and   ft,  =  {ra^  -  xa^); 

primary  generated  e.m.f.  per  circuit, 

primary  load  current  per  circuit, 

/ *    =  abl  ^  =abe  (a^  +  ja^); 

primary  exciting  current  per  circuit, 
thus,  total  primary  current, 


where, 


Cj  =«  aba.  +  ~        and       c,  =  ofta,  +  —  ; 
ac  ac 
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and  the  primary  terminal  voltage: 

where, 

d.  =—  +  rx.  +  xx^       and       d,  =  r^c^-x^c^; 
^    ac  *  ' 

or  the  absolute  value  is 


e^=-e  y/d^  +  dj',      e  = 


\/d^'  +  d,^ ' 


substituting  this  value  of  e  in  the  preceding  equations,  gives, 
as  function  of  the  primary  impressed  e.m.f.,  e^: 

secondary  current, 

/.  =  "fe+jy,  or,  absolute,    /.=  e,  J^L±^  ; 
secondary  terminal  voltage, 

Vd,»  +  d,»  •      "V  d^.  +  d,' ' 

primary  current, 

■•  Vd.'  +  d,»  ^•"'•VrfiT^.' 

primary  impressed  e.m.f. 

E.  _«o(^i+i^. 

••"  Vd.'  +  d.'' 
secondary  output, 

primary  electrical  input, 

•     l^.^J  d,»+d,'       ' 

primary  apparent  input,  volt-amperes. 
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Substituting  thus  different  values  for  the  secondary  external 
impedance,  Z,  gives  the  r^ulation  curve  of  the  frequency 
converter. 

Such  a  curve,  taken  from  tests  of  a  200-kw.  frequency  converter 


t 

ti 

$ 

% 

' 

/ 

1 

moo 

A 

/^ 

IS 

■ 

___ 

y 

r 

u 

/ 

P*— 

u 

> 

/ 

19 

/ 

/ 

y 

/ 

^^ 

y 

^ 

^ 

^ 

( 

RIMAR 

I  •« 

RE 
)  VOIT 

2UU1 
%  CON 

ION 
ITANT 

:uRVi 
M  < 

s 

YCLE8 

THRE 

-PMU 

E    S 

^ 

^^^ 

•EC< 

NDAR^ 

.«>.» 

CYCLE 

QUA 

TER-I 

HA8E 

^_ 

SE 

lONDA 

Y  CUf 

RENT 

\ 

PER  P 

lASE, 

AMP. 

\ 

^ 

J 

FiQ.  122. 


changing  from  6300  volts,  25  cycles,  three-phase,  to  2500  volts, 
62.5  cycles,  quarter-phase,  is  given  in  Fig.  122. 
From  the  secondary  terminal  voltage. 


E,  =  6  (6,  +  j-6,), 


it  follows,  absolute, 


e^  =  e  \/h^  +  6,',        e  = 


A_ 


V6j2+fe^2 
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Substituting  these  values  in  the  above  equation  gives  the 
quantities  as  functions  of  the  secondary  terminal  voltage,  that 
is,  at  constant  6^  or  the  compounding  curve. 

The  compounding  curve  of  the  frequency  converter  above 
mentioned  is  given  in  Fig.  123. 


CHAPTER  XIX. 

INDUCTION   MACHINES. 

178.  A  specialization  of  the  general  alternating-current  trans- 
former is  the  induction  motor.  It  differs  from  the  stationary 
alternating-current  transformer,  which  is  also  a  specialization 
of  the  general  transformer,  in  so  far  as  in  the  stationary  trans- 
fonper  only  the  transfer  of  electrical  energy  from  primary  to 
secondary  is  used,  but  not  the  mechanical  force  acting  between 
the  two,  and  therefore  primary  and  secondary  coils  are  held 
rigidly  in  position  with  regard  to  each  other.  In  the  induction 
motor,  only  the  mechanical  force  between  primary  and  second- 
ary is  used,  but  not  the  transfer  of  electrical  energy,  and  thus 
the  secondary  circuits  closed  upon  themselves.  Transformer 
and  induction  motor  thus  are  the  two  Umiting  cases  of  the 
general  alternating-current  transformer.  Hence  the  induction 
motor  consists  of  a  magnetic  circuit  interlinked  with  two  electric 
circuits  or  sets  of  circuits,  the  primary  and  the  secondary 
circuit,  which  are  movable  with  regard  to  each  other.  In 
general  a  number  of  primary  and  a  nimiber  of  secondary 
circuits  are  used,  angularly  displaced  around  the  periphery  of 
the  motor,  and  containing  e.m.fs.  displaced  in  phase  by  the 
same  angle.  This  multi-circuit  arrangement  has  the  object 
always  to  retain  secondary  circuits  in  inductive  relation 
to  primary  circuits  and  vice  versa^  in  spite  of  their  relative 
motion. 

The  result  of  the  relative  motion  between  primary  and  second- 
ary is,  that  the  e.m.fs.  generated  in  the  secondary  or  the  motor 
armature  are  not  of  the  same  frequency  as  the  e.m.fs.  impressed 
upon  the  primary,  but  of  a  frequency  which  is  the  difference 
between  the  impressed  frequency  and  the  frequency  of  rotation, 
or  equal  to  the  "slip,"  that  is,  the  difference  between  syn- 
chronism and  speed  (in  cycles). 
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Hence,  if 
/  =  frequency  of  main  or  primary  e.m.f., 

8  =  percentage  slip; 

sf  =  frequency  of  armature  or  secondary  e.m.f., 

and,  (!-«)/=  frequency  of  rotation  of  armature. 

In  its  reaction  upon  the  primary  circuit,  however,  the  arma- 
ture current  is  of  the  same  frequency  as  the  primary  current, 
since  it  is  carried  around  mechanically,  with  a  frequency  equal 
to  the  difference  between  its  own  frequency  and  that  of  the 
primary.  Or  rather,  since  the  reaction  of  the  secondary  on  the 
primary  must  be  of  primary  frequency  —  whatever  the  speed 
of  rotation  —  the  secondary  frequency  is  always  such  as  to 
give  at  the  existing  speed  of  rotation  a  reaction  of  primary 
frequency. 


179.  Let  the  primary  system  consist  of  p^  equal  circuits, 
displaced  angularly  in  space  by  —  of  a  period,  that  is,  —  of 

Po  Po 

the  width  of  two  poles,  and  excited  by  p^  e.m.fs.  displaced  in 
phase  by  —  of  a  period;  that  is,  in  other  words,  let  the  field 

Po 

circuits   consist   of   a   symmetrical   p^-phase   system.    Analo- 
gously, let  the  armature  or  secondary  circuits  consist  of  a 
symmetrical  p^-phase  system. 
Let 

n^  =«  number  of  primary  turns  per  circuit  or  phase; 
n,  =  number  of  secondary  turns  per  circuit  or  phase; 

a  =  -^  =  ratio  of  total  primary  turns  to  total  secondary 
^iPi 
turns  or  ratio  of  transformation. 


Since  the  number  of  secondary  circuits  and  number  of  turns 
of  the  secondary  circuits,  in  the  induction  motor  —  as  in  the 
stationary  transformer  —  is  entirely  unessential,  it  is  preferable 
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to  reduce  all  secondary  quantities  to  the  primary  system,  by  the 
ratio  of  transformation,  a;  thus 

if  E/-  =  secondary  e.m.f .  per  circuit, 

El   =  aEi  =  secondary  e.m.f.  per  circuit  reduced  to  primary 
system; 

if  7/  «  secondary  current  per  circuit, 

{i  =^  «  secondary  current  per  circuit  reduced  to  primary 
^  system; 

if  r/  ==  secondary  resistance  per  circuit, 

fj    ==  aVj  =:  secondary  resistance  per  circuit  reduced  to  pri- 
mary system; 

if  x/  =  secondary  reactance  per  circuit, 

x^   =  a^x/  =  secondary  reactance  per  circuit  reduced  to  pri- 
mary system; 

if  z/   =  secondary  impedance  per  circuit, 

z^    =  ah/  =  secondary  impedance  per  circuit  reduced  to  pri- 
mary system; 

that  is,  the  number  of  secondary  circuits  and  of  turns  per 
secondary  circuit  is  assumed  the  same  as  in  the  primary  sjrstem. 
In  the  following  discussion,  as  secondary  quantities,  the 
values  reduced  to  the  primary  system  shall  be  exclusively 
used,  so  that,  to  derive  the  true  secondary  values,  these  quan- 
tities have  to  be  reduced  backwards  again  by  the  factor 

180.  Let 

4>  =  total  maximum  flux  of  the  magnetic  field  per  motor  pole. 
We  then  have 

E  ==  \/2  7m J  4>  10"*  ==  effective  e.m.f.  generated  by  the  magnetic 
field  per  primary  circuit. 

Counting  the  time  from  the  moment  where  the  rising  mag- 
netic flux  of  mutual  induction,  *  (flux  interUnked  with  both 
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electric  circuits,  primary  and  secondary),  passes  through  zero, 
in  complex  quantities,  the  magnetic  flux  is  denoted  by 

and  the  primary  generated  e.m.f ., 

J?  =  -  e; 
where 

e  =  \/2  7m/4>  10"'may  be  considered  as  the  "active  e.m.f.  of  the 
motor,"  or  "counter  e.m.f." 

Since  the  secondary  frequency  is  sf,  the  secondary  induced 
e.m.f.  (reduced  to  primary  system)  is  JS^  =  —  se. 
Let 

I^=  exciting  current,  or  current  through  the  motor,  per  primary 

circuit,  when  doing  no  work  (at  S3aichronism), 
and 

Y  =  g  -h  jb=  primary  admittance  per  circuit  =  -^  • 

e 

We  thus  have, 

ge  =  magnetic  power  current,  gt?  =  loss  of  power  by  hysteresis 
(and  eddy  currents)  per  primary  coil. 

Hence 

Poff^  =  total  loss  of  power  by  h)rsteresis  and  eddies,  as  calculated 
according  to  Chapter  XIII. 

be     =  magnetizing  current,  and 

njbe   =  effective  m.m.f.  per  primary  circuit; 

hence  -—nJbe  =  total  effective  m.m.f., 

and 

-^n,,&c=  total  maximum  m.m.f.,  as  resultant  of  the  m.m.fs. 
^^2  Qf  i]iQ  p^-phases,  combined  by  the  parallelogram  of 

m.m.fs.* 

*  Complete  discussion  hereof,  see  Chapter  XXXIII. 
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If  (R  =  reluctance  of  magnetic  circuit  per  pole,  as  discussed 
in  Chapter  XIII,  it  is 

v2 

Thus,  from  the  hysteretic  loss,  and  the  reluctance,  the  con- 
stants, g  and  6  and  thus  the  admittance,  F,  are  derived. 

Let  r^  =  resistance  per  primary  circuit; 

Xq  =  reactance  per  primary  circuit; 
thus, 

Zq  ^r^  —  jx^  =  impedance  per  primary  circuit; 

r^   =  resistance  per  secondary  circuit  reduced  to  primary 
system;  « 

Xj  =  reactance  per  secondary  circuit  reduced  to  primary 
system,  at  full  frequency  /; 
hence, 

sx^  =  reactance  per  secondary  circuit  at  slip  s, 
and  ^ 

Zj  =  fj  —  jsx^  =  secondary  internal  impedance. 


181.  We  now  have, 

K[  •)it')nv 

Primary  generated  e.m.f.. 

'hiv    ' 

E  =-  e. 

Secondary  generated  e.m.f.. 

E^  =  -  se. 

Hence, 

Secondary  current. 

J   _Ey  _           se 

''     ^1          ^-M' 

Component  of   primary   current,   corresponding  thereto,   or 
primary  load  current. 
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Primary  exciting  current, 

I^  =  eY  =  e  (gf  +  jb);  hence, 
Total  primary  current, 

e.m.f.  consumed  by  primary  impedance,, 

e.m.f.  required  to  overcome  the  primary  generated  e.m.f., 

hence. 

Primary  terminal  voltage, 

We  get  thus,  in  an  induction  motor,  at  slip  s  and  active  e.m.f.  e, 
Primary  terminal  voltage. 

Primary  current, 

or,  in  complex  expression, 
Primary  terminal  voltage. 

Primary  current. 
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To  eliminate  c,  we  divide,  and  get, 

Primary  current,  at  slip  «,  and  impressed  e.m.f.,  E^; 

or. 

Neglecting,  in  the  denominator,  the  small  quantity  Z^^Y, 
it  is 


8+  (r,-  jsx,)  (g+jb)  ^ 


(8+  r,g+  sx,b)  +  j  (rfi-  sx,g)  ^  '       • 
(r,+  sr^-ys(x,+  x,)         •' 
or,  expanded, 

[(sr^  +  ^r;)  +  T*g  +  «r^  (r^-  2,6)  +  s»a;,  {x^  +  2,g+  r,6)]  + 

r_  +?!«'  (x„+x,)+r,'6+8r.  (a;^+r.6)  +  s'a;,  (g«&+a;n&-r.g)lp 
(r.+ «•,)'+ 8»(x.+  x,)» 

Hence,  displacement  of  phase  between  current  and  e.m.f., 

•     (sr,+8V,)+r,'g+sri(r,g-x.5)+s»x,  (x,gf+x,6i-r,6)  " 

Neglecting  the  exciting  current,  /,,  altogether,  that  is,  setting 
F=0, 


We  have 


,      .^  (r.+  8rj  +  7s(x„+x.) 


_B£, 


(r.+  sr,)- js(x,+  x,)' 
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182.  In  graphic  representation,  the  induction  motor  diagram 
appears  as  follows:  — 

Denoting  the  magnetism  by  the  vertical  vector  0^  in  Fig.  124, 
the  m.m.f.  in  ampere-turns  per  circuit  is  represented  by  vector 
OF,  leading  the  magnetism,  04>,  by  the  angle  of  hysteretic 
advance  a.  The  e.m.f.  generated  in  the  secondary  is  propor- 
tional to  the  slip  Sy  and  represented  by  OE^  at  the  amplitude  of 
180°.  Dividing  OE^  by  a  in  the  proportion  of  r,  -^  sx^,  and 
connecting  a  with  the  middle,  6,  of  the  upper  arc  of  the  circle, 
OEj,  this  line  intersects  the  lower  arc  of  the  circle  at  the  point, 
//i.  Thus,  0//^  is  the  e.m.f.  consumed  by  the  secondary 
resistance,  and  OI^x^  equal  and  parallel  to  EJ^r^  is  the  e.m.f. 
consumed  by  the  secondary  reactance.  The  angle,  Efiljr^  =  dj, 
is  the  angle  of  secondary  lag. 


Fia.  124. 


The  secondary  m.m.f.,  OG^,  is  in  the  direction  of  the  vector, 
Oljr^.  Completing  the  parallelogram  of  m.m.fs.  with  OF  as 
diagonal  and  OG^,  as  one  side,  gives  the  primary  m.m.f.,  OG, 
as  other  side.  The  primary  current  and  the  e.m.f.  consmned 
by  the  primary  resistance,  represented  by  Olr^,  is  in  line  with 
OG,  the  e.m.f.  consiuned  by  the  primary  reactance  90®  ahead 
of  (Xr,  and  represented  by  OIx^,  and  their  resultant,  OIz^,  is  the 
e.m.f.  consumed  by  the  primary  impedance.  The  e.m.f.  gene- 
rated in  the  primary  circuit  is  0E\  and  the  e.m.f.  required  to 
overcome  this  counter  e.m.f.  is  OE  equal  and    opposite  to 
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0E\  Combining  OE  with  OIz^  ffves  the  primary  terminal 
voltage  represented  by  Vector  OE^,  and  the  angle  of  primary  lag, 
E,OG=e,. 

183.  Thus  far  the  diagram  is  essentially  the  same  as  the 
diagram  of  the  stationary  alternating-current  transformer. 
Regarding  dependence  upon  the  slip  of  the  motor,  the  locus  of 
the  different  quantities  for  different  values  of  the  slip,  «,  is 
determined  thus, 


Fig. 126. 


Let 


E,  =  sE\ 


Assume  in  opposition  to  04>,  a  point,  A,  such  that 
OA  4-  /jfj  =  E^  -^  I^sx^y  then 


OA 


=  ^->^=%>^'  =  -^£'- constant. 


I,sx, 


I,sx^ 
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That  is,  I^r^  lies  on  a  half-circle  with  OA  =  —*-  £'  as  diameter. 

^i  

That  means  (?i  lies  on  a  half-circle,  gfp  in  Fig.  125  with  OC 
as  diameter.  In  consequence  hereof,  G^  lies  on  half-circle  g^ 
with  FB  equal  and  parallel  to  OC  as  diameter. 

Thus  Ir^  lies  on  a  half-circle  with  DH  as  diameter,  which 
circle  is  perspective,  to  the  circle,  FB,  and  Ix^  lies  on  a  half- 
circle  with  IK  as  diameter,  and  Iz^^  on  a  half-circle  with  LN 
as  diameter,  which  circle  is  derived  by  the  combination  of  the 
circles,  Ir^  and  Ix^. 

The  primary  terminal  voltage,  E^^  lies  thus  on  a  half-circle, 
e^,  equal  to  the  half-circle,  Iz^y  and  having  to  point  E  the  same 
relative  position  as  the  half-circle,  Iz^,  has  to  point  0. 

This  diagram  corresponds  to  constant  intensity  of  the  maxi- 
mum magnetism,  04>.  If  the  primary  impressed  voltage,  -B^, 
is  kept  constant,  the  circle,  e^,  of  the  primary  impressed  voltage 
changes  to  an  arc  with  0  as  center,  and  all  the  corresponding 
points  of  the  other  circles  have  to  be  reduced  in  accordance 
herewith,  thus  giving  as  locus  of  the  other  quantities  curves  of 
higher  order  which  most  conveniently  are  constructed  point  for 
point  by  reduction  from  the  circle  of  the  loci  in  Fig.  125. 

Torque  and  Power. 
184.  The  torque  developed  per  pole  by  an  electric  motor 

equals  the  product  of  effective  magnetism,  -— = ,  times  effective 

V2 

armature  m.m.f .,  — -r ,  times  the  sine  of  the  angle  between  both, 
v2 

2y  =  ^sin(4>(F). 

If  rij  =  number  of  turns,  /j  =  current,  per  circuit,  with 
Pi  armature  circuits,  the  total  maximum  current  polarization, 
or  m.m.f.  of  the  armature,  is 

V2 
Hence  the  torque  per  pole, 

2y  =  £i2i^gin(<I>/). 

2V2 
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If  g  =  the  number  of  poles  of  the  motor,  the  total  torque 
t)f  the  motor  is, 

2  \/2  ' 

The  secondary  induced  e.mi.,  E^,  lags  90^  behind  the  inducing 
magnetism,  hence  reaches  a  maximum  displaced  in  space  by 
90°  from  the  position  of  maximum  magnetization.  Thus,  if 
the  secondary  current,  /^  lags  behind  its  e.m.f.,  E^,  by  angle, 
dj,  the  space  displacement  between  armature  current  and  field 
magnetism  is 

¥  (/,*)  =  90°  +  e,, 


hence 

sin  (*/,) 

=  cosd,. 

We  have. 

however, 

cos  0^  = 

'"i 

Vr*  +  s'x*' 

it= 

es  10-» 

Vr,'  +  s»x,' 

e  = 

\/2  ;m,4>/  lO"*, 

thus, 

n,<I>  = 

elO» 

substituting  these  values  in  the  equation  of  the  torque,  it  is 

n...     qp.sr.e' 10'      . 
4;r/(r,»+s»x,')' 


or,  in  practical  (c.g.s.)  units, 


yp.^'i^^ 


4;r/(r,'+«»x,')' 

is  the  torque  of  the  induction  motor. 

At  the  slip,  s,  the  frequency,  /,  and  the  number  of  poles,  q, 
the  linear  speed  at  unit  radius  is 

»  =  — i-(l-s); 
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hence  the  output  of  the  motor, 


or,  substituted, 


is  the  TpovxT  of  the  induction  motor. 

186.  We  can  arrive  at  the  same  results  in  a  different  way: 
By  the  counter  e.m.f.,  e,  of  the  primary  circuit  with  current 
/  «/o+  ^1  ^he  power  is  consumed,  el  =  el ^■\-  el  ^  The  power, 
el^  \r  that  consumed  fey  the  primary  hysteresis  and  eddys. 
The  power,  e/  j,  disappears  in  the  primary  circuit  by  being  trans- 
mitted to  the  secondary  system. 

Thus  the  total  power  impressed  upon  the  secondary  system, 
per  circuit,  is 

Of  this  power  a  part,  EJ^,  is  consumed  in  the  secondary  circuit 
by  resistance.    The  remainder, 

disappears  as  electrical  power  altogether;  hence,  by  the  law 
of  conservation  of  energy,  must  reappear  as  some  other  form  of 
energy,  in  this  case  as  mechanical  power,  or  as  the  output  of 
the  motor  (including  friction). 

Thus  the  mechanical  output  per  motor  circuit  is 


Substituting, 


E,  =se; 


it  is 


'      r.-isx,' 


p,  _^s{l-'  s) 

_  6^8  (1  ~  s)  (r,  +  J8Z,) 
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hence,  since  the  imaginary  part  has  no  meaning  as  power, 

and  the  total  power  of  the  motor. 
At  the  linear  speed, 

.«=.iiEi(i_,) 

at  unit  radius  the  torque  is 


4;r/(r,»+s»a;,») 
In  the  forgoing,  we  found 

or,  approximately, 

expand«i,  ^  =^o  (,^  ^  ^^j  I  jf^  ^  ,^  >' 

or,  eliminating  imaginary  quantities, 

Substituting  this  value  in  the  equations  of  torque  and  of 
power,  they  become, 

torque.  D ^ ,  _, , ,^   ^^(fJl__  ^,', 


47r/j(r,+  sr,)»+s»(a;,+  a;^»{ 
p,r,E*s(l-s) 


power,  p  =  ^_££#^«-a^:iiL^. 
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Maximum  Torque. 

186.  The  torque  of  the  induction  motor  is  a  maximum  for 
that  value  of  slip  s,  where 

^^■••^*^    '''=4./i(r.+ry+:'(x.+x.)r 

for.  dj(r.+  sr„)H^s»(x,  +  x,)»j^Q. 

expanded,  this  gives, 


or,  5f  =  ■  ,         '    • 

Vr,'  +  {x,+x,y 

Substituting  this  in  the  equation  of  torque,  we  get  the  value  of 
maximum  torque, 

D,^ mEl 


8^/fro+ Vr/+  {x,-\-x,yi' 

that  is,  independent  of  the  secondary  resistance,  r^. 

The  power  corresponding  hereto  is,  by  substitution  of  st  in  P, 


p^_  p^E,^sVr^2^(x,+  x,y^rA 

2  Vr,'  +  {x,+x,y  \  Vr,'  +  {x,  +  x,y  +  r,\  " 

This  power  is  not  the  maximum  output  of  the  motor,  but 
is  less  than  the  maximum  output.  The  maximum  output  is 
foimd  at  a  lesser  slip,  or  higher  speed,  while  at  the  maximum 
torque  point  the  output  is  already  on  the  decrease,  due  to  the 
decrease  of  speed. 

With  increasing  slip,  or  decreasing  speed,  the  torque  of  the 
induction  motor  increases;  or  inversely,  with  increasing  load, 
the  speed  of  the  motor  decreases,  and  thereby  the  torque  in- 
creases, so  as  to  carry  the  load  down  to  the  slip,  s^  correspond- 
ing to  the  maximum  torque.    At  this  point  of  load  and  slip 
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the  torque  begins  to  decrease  again;  that  is,  as  soon  as  with 
increasing  load,  and  thus  increasing  sUp,  the  motor  passes  the 
maximum  torque  point,  St,  it  "falls  out  of  step, "  and  comes  to  a 
standstill. 

Inversely,  the  torque  of  the  motor,  when  starting  from  rest, 
increases  with  increasing  speed,  until  the  maximum  torque 
point  is  reached.  From  there  towards  sjmchronism  the  torque 
decreases  again. 

In  consequence  hereof,  the  part  of  the  torque-speed  curve 
below  the  maximum  torque  point  is  in  general  unstable,  and  can 
be  observed  only  by  loading  the  motor  with  an  apparatus  whose 
counter-torque  increases  with  the  speed  faster  than  the  torque 
of  the  induction  motor. 

In  general,  the  maximum  torque  point,  s^  is  between  syn- 
chronism and  standstill,  rather  nearer  to  synchronism.  Only 
in  motors  of  very  large  armature  resistance,  that  is,  low  efficiency, 
s]  >  1,  that  is,  the  maximum  torque,  occurs  below  standstill, 
and  the  torque  constantly  increases  from  synchronism  down 
to  standstill. 

It  is  evident  that  the  position  of  the  maximum  torque  point, 
«/,  can  be  varied  by  varying  the  resistance  of  the  secondary- 
circuit,  or  the  motor  armature.  Since  the  slip  of  the  maxi- 
mum torque  point,  s/,  is  directly  proportional  to  the  armature 
resistance,  r^,  it  follows  that  very  constant  speed  and  high 
efficiency  brings  the  maximum  torque  point  near  synchronism, 
and  gives  small  starting  torque,  while  good  starting  torque 
means  a  maximum  torque  point  at  low  speed;  that  is,  a  motor 
with  poor  speed  regulation  and  low  efficiency. 

Thus,  to  combine  high  efficiency  and  close  speed  regulation 
with  large  starting  torque,  the  armature  resistance  has  to  be 
varied  during  the  operation  of  the  motor,  and  the  motor  started 
with  high  armature  resistance,  and  with  increasing  speed  this 
armature  resistance  cut  out  as  far  as  possible. 

187.  If  St  =  1, 


In  this  case  the  motor  starts  with  maximum  torque,  and  when 
overloaded  does  not  drop  out  of  step,  but  gradually  slows  dowTi 
more  and  more,  imtil  it  comes  to  rest. 
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If  Si>  1, 


then  r,  >  Vr^^  +  (x^  +  x,)'. 

In  this  case,  the  maximum  torque  point  is  reached  only 
by  driving  the  motor  backwards,  as  counter  torque. 

As  seen  above,  the  maximum  torque,  A,  is  entirely  independ- 
ent of  the  armature  resistance,  and  likewise  is  the  current  corre- 
sponding thereto,  independent  of  the  armature  resistance.  Only 
the  speed  of  the  motor  depends  upon  the  armature  resistance. 

Hence  the  insertion  of  resistance  into  the  motor  armature 
does  not  change  the  maximum  torque,  and  the  current  corre- 
sponding thereto,  but  merely  lowers  the  speed  at  which  the 
maximum  torque  is  reached. 

The  effect  of  resistance  inserted  into  the  induction  motor  is 
merely  to  consume  the  e.m.f.,  which  otherwise  would  find  its 
mechanical  equivalent  in  an  increased  speed,  analogous  to 
resistance  in  the  armature  circuit  of  a  continuous-current  shunt 
motor. 

Further  discussion  on  the  effect  of  armature  resistance  is 
found  under  "Starting  Torque." 

Maximum  Power 

188.  The  power  of  an  induction  motor  is  a  maximiun  for  that 
slip,  Sp,  where 


or,  ance  P  =  ■ 


p.r,g.'s  (1  -s) 


ds  \  s  (1  -  s)  J         ' 

expanded,  this  gives 


8o  = 


substituted  in  P,  we  get  the  maximum  power, 


Pp  = 


j^AL 


2  {{r,  +  r.)  +  V(r,  +  r,)^  +  (x.  +  x,)'} 
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This  result  has  a  simple  physical  meaning:  (r^  +  r^)  =r  is 
the  total  resistance  of  the  motor,  primary  plus  secondary  (the 
latter  reduced  to  the  primary),  {x^  +  x^  is  the  total  reactance, 
and  thus  ^/{r^  +  r^)'  +  (x^  +  x^)'  =  ^  is  the  total  impedance  of 
the  motor.    Hence 

p  P^E^' 

""     2  {r  +  2}  ' 

is  the  maximum  output  of  the  induction  motor,  at  the  slip, 

8    -        ^^ 

r^  +  z 

The  same  value  has  been  derived  in  Chapter  XI.,  as  the  max- 
imum power  which  can  be  transmitted  into  a  non-inductive 
receiver  circuit  over  a  line  of  resistance,  r,  and  impedance,  z, 
or  as  the  maximum  output  of  a  generator,  or  of  a  stationary 
transformer.    Hence: 

The  maximum  outpui  of  an  indttction  motor  is  expressed  by 
the  same  formula  as  the  mxiximum  oiUptU  of  a  generator j  or  of  a 
stationary  transformer,  or  the  maximum  output  which  can  be 
transmitted  over  an  inductive  line  into  a  non-inductive  receiver 
circuit. 

The  torque  corresponding  to  the  maximum  output,  Pp,  is 

qp,E,'  (r,  +  z) 
^        8  7tfz{r  +  Z)     ' 

This  is  not  the  maximum  torque;  but  the  maximum  torque, 
Dt,  takes  place  at  a  lower  speed,  that  is,  greater  slip, 


St  = 


smce 


Vr,'  +  (x,  +  x,y     r,  +  V(r,  -\-r,y  +  {x,  +x,y  ' 

that  is,  Si>  Sp. 

It  is  obvious  from  these  equations,  that,  to  reach  as  large 
an  output  as  possible,  r  and  z  should  be  as  small  as  possible; 
that  is,  the  resistances,  r^  +  r^,  and  the  impedances,  z,  and  thus 
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the  reactances,  x^  +  x^y  should  be  small.  Since  r^  -{■  r^  is 
usually  small  compared  with  x^  +  x^  it  follows,  that  the  problem 
of  induction  motor  design  consists  in  constructing  the  motor  so 
as  to  give  the  minimum  possible  reactances,  x^  +  x^. 

Starting   Torque. 
189.  In  the  moment  of  starting  an  induction  motor,  the  slip  is 

s  =  l; 
hence,  starting  current, 

1  4-  (r,-yxi)(sf +  y6) 


(''i  -i^i)  +  (^0  ~7\)  +  (^1  -i-^i)  (^  -  y^o)  (ff  +  i^) 


^o'f 


or,  expanded,  with  the  rejection  of  the  last  term  in  the  denomi- 
nator, as  insignificant, 


[(^1  +r,)+g  (r,  [r,  +  r  J  +  x,  [x,+xj)  +  6(r,x,  -  x/ J]  - 


r         J  IK-^l^-^oJ^^   V'lL'l^'oJ^-^'l  l-^l^-^oV^y   Vo-^l^-^o'in  yp 


and,  displacement  of  phase,  or  angle  of  lag. 


tan  d^  = 


(r^-f  rj^^  (^[^+rJ  +  Xi[x,+xJ)  +  6  (r,Xj-x/i) 


Neglecting  the  exciting  current,  gf  =  0  =  6,  these  equations 
assume  the  form, 


/=.^^-^°^T^^^^-^^U^„  = 


ir^  +  r,y  +  (x,  +  x,y  ''     (r,  +  r J  -  j  (x,  +  x J  ' 
or,  eliminating  ima^nary  quantities. 


and 


J  - 

K 

=  ^0. 

V(r^  +  r,y 

'  +  (Xi 

+  x,r 

Z   ' 

,        ^,  +  2^« . 

•    .  »-.  +  ro 
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That  means,  that  in  starting  the  induction  motor  without 
additional  resistance  in  the  armature  circuit,  —  in  which  case 
Xj  +  x^  is  large  compared  with  r^  +  r,,,  and  the  total  impe- 
dance, z,  small,  —  the  motor  takes  excessive  and  greatly  lagging 
currents. 

The  starting  torque  is 


^0- 


4;:/     2» 


That  is,  the  starting  torque  is  proportional  to  the  armature 
resistance,  and  inversely  proportional  to  the  square  of  the  total 
impedance  of  the  motor. 

It  is  obvious  thus,  that,  to  secure  large  starting  torque,  the 
impedance  should  be  as  small,  and  the  armature  resistance  as 
large,  as  possible.  The  former  condition  is  the  condition  of 
large  maximum  output  and  good  efficiency  and  speed  regula- 
tion; the  latter  condition,  however,  means  inefficiency  and  poor 
regulation,  and  thus  cannot  properly  be  fulfilled  by  the  internal 
resistance  of  the  motor,  but  only  by  an  additional  resistance 
which  is  short-circuited  while  the  motor  is  in  operation. 

Since,  necessarily, 

we  have  D   <  ^^^^  • 

we  nave,  i^,  <  ^  ^^^  , 

and  since  the  starting  current  is,  approximately, 
we  have,  D^<^EJ. 

would  be  the  theoretical  torque  developed  at  100  per  cent 
efficiency  and  power-factor,  by  e.m.f.  E^,  and  current  /,  at 
synchronous  speed. 
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Thus,  D,  <  D,„ 

and  the  ratio  between  the  starting,  torque,  D^,  and  the  theo- 
retical maximum  torque,  Z)^^,  gives  a  means  to  judge  the  per- 
fection of  a  motor  regarding  its  starting  torque. 

This  ratio,  j^ ,  exceeds  0.9  in  the  best  motors. 

E 

Substituting  /  =  —  in  the  equation  of  starting  torque,  it 
z 

assumes  the  form. 

Since —  =  synchronous  speed,  it  is: 

The  starting  torque  of  the  induction  motor  is  equal  to  the  resistance 
loss  in  the  motor  armature,  divided  by  the  synchronous  speed. 

The  armature  resistance  which  gives  maximum  starting  torque 
is 

dD. 


dr. 


or  since,  D^  =  - 


9P,^. 


0 


1»» 


expanded,  this  ^ves, 

the  same  value  as  derived  in  the  paragraph  on  "maximum 
torque." 

Thus,  adding  to  the  internal  armature  resistance,  r/,  in  start- 
ing the  additional  resistance, 

rr  -  Vr,'  +  (X,  +  x,y  -  r/, 

makes  the  motor  start  with  maximum  torque,  while  with 
increasing  speed  the  torque  constantly  decreases,  and  reaches 
zero  at  synchronism.  Under  these  conditions,  the  induction 
motor  behaves  similarly  to  the  continuous-current  series  motor, 
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^varying  in  speed  with  the  load,  the  difference  being,  however, 
that  the  induction  motor  approaches  a  definite  speed  at  no-load, 
while  with  the  series  motor  the  speed  indefinitely  increases  with 
decreasing  load. 

The  additional  armature  resistance,  r/',  required  to  give 
a  certain  starting  torque,  if  found  from  the  equation  of  starting 
torque: 

Denoting  the  internal  armature  resistance  by  r/,  the  total 
armature  resistance  is  r ^  =  r/  +  r/', 


Do- 


and  thus, 

hence, 

r''=  — r'-  r  + 


4  7:f  (r/  +  r/'  +  r.)'  +  (x,  +  xj» ' 
qp 


-(x,+x,)V. 


Fia.  126. — Speed  Characteristica  of  Induction  Motor. 

This  ^ves  two  values,  one  above,  the  other  below,  the  maxi- 
mum torque  point. 

Choosing  the  positive  sign  of  the  root,  we  get  a  larger  armature 
resistance,  a  small  current  in  starting,  but  the  torque  constantly 
decreases  with  the  speed. 
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Choosing  the  negative  sign,  we  get  a  smaller  resistance,  a 
large  starting  current,  and  with  increasing  speed  the  torque 
first  increases,  reaches  a  maximum,  and  then  decreases  again 
towards  synchronism. 

These  two  points  correspond  to  the  two  points  of  the  speed- 
torque  curve  of  the  induction  motor,  in  Fig.  126,  giving  the 
desired  torque,  D^. 

The  smaller  value  of  r/'  ^ves  fairly  good  speed  regulation, 
and  thus  in  small  motors,  where  the  comparatively  large  start- 
ing current  is  no  objection,  the  permanent  armature  resistance 
may  be  chosen  to  represent  this  value. 

The  larger  value  of  r/'  aUows  to  start  with  minimum  current, 
but  requires  cutting  out  of  the  resistance  after  the  start,  to 
secure  speed  regulation  and  efficiency. 

190.  Approximately,  the  torqTie  of  the  induction  motor  at 
any  shp,  s: 


D  = 


4;r/{(r,  +  sr,r  +  8'(x,+  Xo)'}' 


can  be  expressed  in  a  simple  and  so  convenient  form  as  function 
of  the  maximum  torque: 

or  of  the  starting  torque:  8  =  1: 

n   _  9P/A' 


Dividing  D  by  Dt  we  have 

(r,  +  srX+  s*  {x,  +  xX 

Since  r,,  the  primary  resistance,  is  small  compared  with  * 
X  =  Xj  +  x„ 

the  total  self-inductive  reactance  of  the  motor,  it  can  be  neg- 
lected under  the  square  root,  and  the  equation  so  ^ves: 

2  r,s  (r,  +  x) 
(r.  +  sr,y  +  s'x'  '^" 
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at,  still  more  approximately: 

and  the  starting  torque,  for  :  s  =  1: 

_2r^ 

hence,  dividing, 

.r.'  +  s'x'    ''»' 

or,  if  r^  is  small  compared  with  x,  that  is,  in  a  motor  of  low- 
resistance  armature: 

From  the  equation: 

it  follows  that  for  small  values  of  s,  or  near  synchronism : 

D  =  A- 

By  neglecting  s'x*  compared  with  r  j* : 

For  low  values  of  speed,  or  high  values  of  s,  it  follows,  by 
neglecting  r^  compared  with  s*af : 

8X 

that  is,  approximately,  near  synchronism,  the  torque  is  directly 
proportional  to  the  slip,  and  inversely  proportional  to  the 
armature  resistance,  that  is,  proportional  to  the  ratio 

' =--r- ;  near  standstill,  the  torque  is  inversely  pro- 
armature  resistance 

portional  to  the  slip,  but  directly  proportional  to  the  armature 
resistance,  and  so  is  increased  by  increasing  the  armature  resist- 
ance in  a  motor  of  low-armature  resistance. 
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Synchronism. 

191.  At  synchronism,  s  =  0,  we  have, 

I.^E,{g  +  jb); 
or, 

P  =  0,  D  =  0; 

that  is,  power  and  torque  are  zero.  Hence,  the  induction 
motor  can  never  reach  complete  synchronism,  but  must  slip 
sufficiently  to  give  the  torque  consumed  by  friction. 

Running  near  Synchronism. 

192.  When  running  near  synchronism,  at  a  slip,  s,  above 
the  maximum  output  point,  where  s  is  small,  from  0.01  to  0.05 
at  full  load,  the  equations  can  be  simplified  by  neglecting  terms 
with  s,  as  of  higher  order. 

We  then  have,  current, 

J  __s  +r,(g  +  jb)  ^  ^ 
or,  eliminating  imaginary  quantities. 


vf^ 


I  =  \/[-  +  g}  +  VE,; 


angle  of  lag, 


''i 
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or,  inversely, 


r.P 


pA 


i  > 

0 


4  Tzfr^D 

that  is, 

Near  synchronism,  the  slip,  s,  of  an  induction  motor,  or  its  drop 
in  speed,  is  proportional  to  the  armaiure  resistance,  r^,  and  to  the 
power,  P,  or  torqiie,  D. 

Example. 

193.  As  an  example  are  shown,  in  Fig.  126,  characteristic 
curves  of  a  20-horsepower  three-phase  induction  motor,  of  900 
revolutions  synchronous  speed,  8  poles,  frequency  of  60  cycles. 

The  impressed  e.m.f.  is  110  volts  between  lines,  and  the  motor 
star  connected,  hence  the  e.m.f.  impressed  per  circuit: 

^  =  63.5;  or  E^  =  63.5. 
v3 

The  constants  of  the  motor  are: 

Primary  admittance,       Y  =  0,1    +0.4  j. 
Primary  impedance,       Z  =  0.03  —  0.09  ;. 
Secondary  impedance,    Zj «  0.02  —  0.085  /. 

In  Fig.  126  is  shown,  with  the  speed  in  per  cent  of  syn- 
chronism, as  abscissas,  the  torque  in  kilogram-meters  as  ordinates 
in  drawn  lines,  for  the  values  of  armature  resistance: 


=  0.02    :  short-circuit  of  armature,  full  speed. 

=  0.045  : 0.025  ohms  additional  resistance. 

=  0.18    : 0.16  ohms  additional,  maximum  starting  torque. 

=  0.75    : 0.73    ohms   additional,    same  starting  torque    as 

=  0.045. 


On  the  same  figure  is  shown  the  current  per  line,  in  dotted 
lines,  with  the  verticals  or  torque  as  abscissas,  and  the  hori- 
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zontals  or  amperes  as  ordinates.    To  the  same  current  always 

corresponds  the  same  torque,  no  matter  what  the  speed  may  be. 

On  Fig.  127  is  shown,  with  the  current  input  per  line  as 

abscissas,  the  torque  in  kilogram-meters  and  the  output  in  horse- 
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Fig.  127.  —  Current  Characteristics  of  InducUou  Motor. 


power  as  ordinates  in  drawn  lines,  and  the  speed  and  the  mag- 
netism, in  per  cent  of  their  synchronous  values,  as  ordinates  in 
dotted  lines,  for  the  armature  resistance,  r^  =  0.02,  or  short- 
circuit. 

In  Fig.  128  is  shown,  with  the  speed,  in  per  cent  of  synchro- 
nism, as  abscissas,  the  torque  in  drawn  line,  and  the  output  in 
dotted  line,  for  the  value  of  armature  resistance  r^  =  0.045, 
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for  the  whole  range  of  speed  from  120  per  cent  backwards 
speed  to  220  per  cent  beyond  synchronism,  showing  the  two 
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FiQ.  128.  —  Speed  Characteristics  of  Indaction  Motor. 

maxima,  the  motor  maximum  at  s  =  0.25,  and  the  generator 
maximum  at  s  =  —  0.25. 

194.  As  seen  in  the  preceding,  the  induction  motor  is  charac- 
terized by  the  three  complex  imaginary  constants, 

Fq  =  g^o  +  ?^o*  *^®  primary  exciting  admittance, 

Z^  =  Tq  —  jx^,  the  primary  self-inductive  impedance,  and 

Zj  =  fj  —/Xi,  the  secondarj'^  self-inductive  impedance, 

reduced  to  the  primary  by  the  ratio  of  secondary  to  primary 
turns. 

From  these  constants  and  the  impressed  e.m.f.,  e^  the  motor 
can  be  calculated  as  follows: 

Let, 

e  —  counter  e.m.f.  of  motor,  that  is,  e.m.f.  generated  in  the 
primary  by  the  mutual  magnetic  flux. 
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At  the  slip  8  the  e.m.f.  generated  in  the  secondary  circuit  is, 

Thus  the  secondary  current, 


where, 


The  primary  exciting  current  is, 

loo  =  ^1^0  =  e(ffo  +  J^o); 
thus,  the  total  primary  current, 

lo  =  li  +  (oo  =  «  (6i  +  iW 
where, 

^1  =  ^1  +  ffo;    ^iJ^d    6,  =  a,  +  &o- 

The  e.m.f.  consumed  by  the  primary  impedance  is, 

the  primary  counter  e.m.f.  is  e,  thus  the  primary  impressed 
e.m.f., 

where, 

Cj  -  1  +  r„&i  +  xp^   and   c,  =  r^6,  --  x^^, 

or,  the  absolute  value  is, 


«o  =  «  Vcj*  +  c,S 
hence, 

e  =  —  " 
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Substituting  this  value  gives, 
Secondary  current, 

Primary  current. 


Impressed  e.m.f., 


Thus  torque,  in  synchronous  watts  (that  is,  the  watts  output 
the  torque  would  produce  at  synchronous  speed), 

D  =  [el  J 


c,'  +  cr 


hence,  the  torque  in  absolute  units, 

where  /  =  frequency. 
The  power  output  is  torque  times  speed,  thus: 

The  power  input  is, 

p,  =  [E,i,]  =  [E,ij  +  j[Ej_,y  =  p.>  +  yp/ 

^  e,'  (6.C,  +  b,c,)        e,^  (6,c.  -  b.c,)  , 
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The  volt-ampere  input, 


^-, 

,  =  «/o  = 

e,'  V6.'  +  6,' 

Vc.'  +  c,' 

hen 

ce,  the 

efficiency 

is, 

p. 

ajl 

-«). 

p.' 

Vi  + 

6,c,' 

the 

power-l 

factor, 

Po' 

i 

!),c,  +  6^, 

the  apparent  efficiency, 

P.  _  g.  (1  -  s) 

Pa,      \/(6,'  +  6/)  (c,'  +  c,») ' 

the  torque  efficiency,* 

and  the  apparent  torque  efficiency,! 
D Oj 

196.  Most  instructive  in  showing  the  behavior  of  an  induction 
motor  are  the  load  curves  and  the  speed  curves. 

The  load  curves  are  curves  giving,  with  the  power  output  as 
abscissas,  the  current  input,  speed,  torque,  power-factor,  effi- 
ciency, and  apparent  efficiency,  as  ordinates. 

The  speed  curves  give,  with  the  speed  as  abscissas,  the  torque, 
current  input,  power-factor,  torque  efficiency,  and  apparent 
torque  efficiency,  as  ordinates. 

♦  That  is  the  ratio  of  actual  torque  to  torque  which  would  be  produced,  if 
there  were  no  losses  of  energy  in  the  motor,  at  the  same  power  input. 

t  That  is  the  ratio  of  actual  torque  to  torque  which  would  be  produced  if 
there  were  neither  losses  of  energy  nor  phase  displacement  in  the  motor,  at 
the  same  volt-ampere  input. 
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The  load  curves  characterize  the  motor  especially  at  its 
normal  rumaing  speeds  near  synchronism,  while  the  speed 
curves  characterize  it  over  the  whole  range  of  speed. 

In  Rg.  129  are  shown  the  load  curves,  and  in  Fig.  130  the 
speed  curves  of  a  motor  having  the  constants:  1^0=0.01  +  0.1  j; 
Zo  =  0.1  -0.3  j;  and  Z,  =  0.1-0.3  j. 
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INDUCTION   GENERATOR. 


196.  In  the  foregoing,  the  range  of  speed  from  5=1,  stand- 
still, to  s  =  0,  synchronism,  has  been  discussed.  In  this  range 
the  motor  does  mechanical  work. 
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Fig. 130. 
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It  consumes  mechanical  power,  that  is,  acts  as  generator  or  as 
brake  outside  of  this  range. 

For  s  >  1,  backwards  driving,  P^  becomes  negative,  repre- 
senting consumption  of  power,  while  D  remains  positive;  hence, 
since  the  direction  of  rotation  has  changed,  represents  con- 
sumption of  power  also.  All  this  power  is  consumed  in  the 
motor,  which  thus  acts  as  brake. 

For  s  <  0,  or  negative,  P^  and  D  become  negative,  and  the 
machine  becomes  an  electric  generator,  converting  mechanical 
into  electric  energy. 

The  calculation  of  the  induction  generator  at  constant  fre- 
quency, that  is,  at  a  speed  increasing  with  the  load  by  the 
negative  slip,  s^,  is  the  same  as  that  of  the  induction  motor 
except  that  s^  has  negative  values,  and  the  load  curves  for  the 
machine  shown  as  motor  in  Fig.  129  are  shown  in  Fig.  131  for 
negative  slip  s^  as  induction  generator. 

Again,  a  maximum  torque  point  and  a  maximum  output 
point  are  found,  and  the  torque  and  power  increase  from 
zero  at  synchronism  up  to  a  maximum  point,  and  then  decrease 
again,  while  the  current  constantly  increases. 

197,  The  induction  generator  differs  essentially  from  the 
ordinary  synchronous  alternator  in  so  far  as  the  induction 
generator  has  a  definite  power-factor,  while  the  synchronous 
alternator  has  not.  That  is,  in  the  synchronous  alternator 
the  phase  relation  between  current  and  terminal  voltage  entirely 
depends  upon  the  condition  of  the  external  circuit.  The  in- 
duction generator,  however,  can  operate  only  if  the  phase 
relation  of  current  and  e.m.f.,  that  is,  the  power-factor  required 
by  the  external  circuit,  exactly  coincides  with  the  internal 
power-factor  of  the  induction  generator.  This  requires  that 
the  power-factor  either  of  the  external  circmt  or  of  the  induction 
generator  varies  with  the  voltage,  so  as  to  permit  the  generator 
and  the  external  circuit  to  adjust  themselves  to  equality  of 
power-factor. 

Beyond  magnetic  saturation  the  power-factor  decreases; 
that  is,  the  lead  of  current  increases  in  the  induction  machine. 
Thus,  when  connected  to  an  external  circuit  of  constant  power- 
factor  the  induction  generator  will  either  not  generate  at  all, 
if  its  power-factor  is  lower  than  that  of  the  external  circuit,  or, 


INDUCTION  MACHINES.  313 

if  its  power-factor  is  higher  than  that  of  the  external  circuit,  the 
voltage  will  rise  until  by  magnetic  saturation  in  the  induction 
generator  its  power-factor  has  fallen  to  equality  with  that  of 
the  external  circuit.  This,  however,  requires  magnetic  satura- 
tion in  the  induction  generator,  in  some  part  of  the  magnetic 
circuit,  as  for  instance  in  the  armature  teeth. 

To  operate  below  saturation,  —  that  is,  at  constant  internal 
power-factor,  —  the  induction  generator  requires  an  external 
circuit  with  leading  current,  whose  power-factor  varies  with  the 
voltage,  as  a  circuit  containing  synchronous  motors  or  syn- 
chronous converters.  In  such  a  circuit,  the  voltage  of  the 
induction  generator  remains  just  as  much  below  the  counter 
e.m.f.  of  the  synchronous  motor  as  is  necessary  to  ^ve  the 
required  leading  exciting  current  of  the  induction  generator,  and 
the  synchronous  motor  can  thus  to  a  certain  extent  be  called 
the  exciter  of  the  induction  generator. 

When  operating  self-exciting,  that  is,  shunt-wound,  con- 
verters from  the  induction  generator,  below  saturation  of  both 
the  converter  and  the  induction  generator,  the  conditions  are 
unstable  also,  and  the  voltage  of  onq  of  the  two  machines  must 
rise  beyond  saturation  of  its  magnetic  field. 

When  operating  in  parallel  with  synchronous  alternating  cur- 
rent generators,  the  induction  generator  obviously  takes  its 
leading  exciting  current  from  the  synchronous  alternator,  which 
thus  carries  a  lagging  wattless  current. 

198,  To  generate  constant  frequency,  the  speed  of  the  in- 
duction generator  must  increase  with  the  load.  Inversely, 
when  driven  at  constant  speed,  with  increasing  load  on  the 
induction  generator,  the  frequency  of  the  current  generated 
thereby  decreases.  Thus,  when  calculating  the  characteristic 
curves  of  the  constant-speed  induction  generator,  due  regard 
has  to  be  taken  of  the  decrease  of  frequency  with  increase  of 
load,  or  what  may  be  called  the  slip  of  frequency,  s. 

Let,  in  an  induction  generator, 

Fo  =  9^0  +  7^0  ^  primary  exciting  admittance, 

Zq  =  ^^o  ~  /^o  =  primary  self-inductive  impedance, 

Zj   =  fj  —  jx^  =  secondary  self-inductive  impedance, 

reduced  to  primary,  all  these  quantities  being  reduced  to  the 
frequency  of  synchronism  with  the  speed  of  the  machine,  /. 
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Let  e  =  generated  e.m.f.,  reduced  to  full  frequency. 

s  =  slip  of  frequency,  thus:  (1  —  s)  /  =  frequency  generated 
by  machine. 

We  then  have 

the  secondary  generated  e.m.f., 

se: 
thus,  the  secondary  current, 

where. 


«i=:n-rkrT  and  a,= 


the  primary  exciting  current, 

thus,  the  total  primary  current, 

where, 

^1  =  ^1+  9o  and   6j  -  a,  +  6/, 

the  primary  impedance  voltage, 

•^  =  /o(^-y[i-sK); 

the  primary  generated  e.m.f.  is, 

6  (1  -  s). 

Thus,  primary  terminal  voltage, 

E^  =  6(l-s)-/,  (r,-y[l-s]2:,)  =  e  (c,  +  jc,), 
where, 
Cj  -  1  -  s  -  r^fei  -  (1  -  s)  xjb^   and   c,  =  (1  -  s)  xjb^  -  r^6„ 

hence,  the  absolute  value  is, 
and, 
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Thus, 

the  secondary  current, 


the  primary  current, 

the  primary  temunal  voltage, 


the  torque  and  mechanical  power  input, 
the  electrical  output, 


the  volt-ampere  output, 


= 

,«^ 

+  &/ 
+  '^,' 

; 

the  efficiency, 

the 

power-factor. 

cos  0  = 

h,c,  +  6,c, 

V(6.' 

+  K)  (c,' 

+  0 

or, 

tan<? 
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In  Fig.  132  is  plotted  the  load  characteristic  of  a  constant- 
speed  induction  generator,  at  constant  terminal  voltage  e^j  j=_110, 
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and   the   constants: 
Z,  =  0.1  -0.3/. 


Fo  =  0.01  +  0.1  /;  Z,  =  0.1  -  0.3  /,  and 


199.  As  an  example  may  be  considered  a  power  transmission 
from  an  induction  generator  of  constants  Y ^,  Z^,  Z^,  over  a 
line  of  impedance,  Z  =-  r  —  /x,  into  a  s3mchronous  motor  of 
synchronous  impedance,  Z,  =  Tj  —  /Xj,  operating  at  constant- 
field  excitation. 

Let  e^  =  counter  e.m.f.  or  nominal  generated  e.m.f.  of  syn- 
chronous motor  at  full  frequency;  that  is,  frequency  of  synchro- 
nism with  the  speed  of  the  induction  generator.  By  the  preced- 
ing paragraph  the  primary  current  of  the  induction  generator  was, 

lo  =  «(^  +  7^2); 


the  primary  terminal  voltage, 
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thus,  terminal  voltage  at  synchronous  motor  terminals, 
f/.-^, -7,(r-y[l-s]x) 

where, 

d^^  c^—  rfcj  —  (1  —  s)  x6j  and  d2  =  (1  —  s)  xb^  —  rftj; 

the  counter  e.m.f.  of  the  synchronous  motor, 

where, 

fcj  =  dj  —  fj&j  —  (1  —  s)  Xjfcj  and  AJj  ==  (1  —  s)  Xj&j  —  r,6,, 

or  the  absolute  value 


s,= 

eVAj' 

+  k*. 

since,  however. 

> 

£?,- 

eod- 

■«), 

we  have, 

e  = 

eod 

-8) 

Thus,  the  current, 

/    = 

.*.(!■ 

-  s)  (fc. 

+  ?&,) 

i  0 

y 

yi-»  -I. 

t"* 

the  terminal  voltage  at  induction  generator, 
c„  (1  -  s)  (Cj  +  jc,) 


and  the  terminal  voltage  at  the  synchronous  motor, 
p  /      e,(l-8)(d. +jd,) . 

herefrom  in  the  usual  way  the  efficiencies,  power-factor,  etc., 
are  derived. 


J 
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When  operated  from  an  induction  generator,  a  synchronous 
motor  gives  a  load  characteristic  very  similar  to  that  of  an 
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induction  motor  operated  from  a  synchronous  generator,  but 

in  the  former  case  the  current  is  leading,  in  the  latter  lagging. 

In  either  case,  the  speed  gradually  falls  off  with  increasing 

load  (in  the  synchronous  motor,  due  to  the  falling  off  of  the 
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frequency  of  the  induction  generator),  up  to  a  maximum  output 
point,  where  the  motor  drops  out  of  step  and  comes  to  standstill. 
Such  a  load  characteristic  of  the  induction  generator  in  Fig.  132, 
feeding  a  synchronous  motor  of  counter  e.m.f.  e^  =  125  volts 
(at  full  frequency)  and  synchronous  impedance  Z,=  0.04  —  6  j, 
over  a  line  of  negligible  impedance  is  shown  in  Fig.  133. 

CONCATENATION,  OR  TANDEM  CONTROL  OF  INDUCTION 

MOTORS. 

200.  If  of  two  induction  motors  the  secondary  of  the  first 
motor  is  connected  to  the  primary  of  the  second  motor,  the  second 
machine  operates  as  motor  with  the  e.m.f.  and  frequency 
impressed  upon  it  by  the  secondary  of  the  first  machine,  which 
acts  as  general  alternating-current  transformer,  converting  a 
part  of  the  primary  impressed  power  into  secondary  electrical 
power  for  the  supply  of  the  second  machine^  and  a  part  into 
mechanical  work. 

The  frequency  of  the  secondary  e.m.f.  of  the  first  motor,  and 
thus  the  frequency  impressed  upon  the  second  motor,  is  the 
frequency  of  slip  below  complete  synchronism,  s.  The  fre- 
quency of  the  secondary  generated  e.m.f.  of  the  second  motor 
is  the  difference  between  its  impressed  frequency,  s,  and  its 
speed;  thus,  if  both  motors  are  connected  together  mechaiu- 
eally  to  turn  at  the  same  speed,  1  —  s,  the  secondary  frequency 
of  the  second  motor,  is  2  s  —  1,  hence  equal  to  zero  at  5  =  0.5. 
That  is,  the  second  motor  reaches  its  synchronism  at  half  speed. 
At  this  speed  its  torque  becomes  equal  to  zero,  the  power  com- 
ponent of  the  current  in  it,  and  consequently  the  power  com- 
ponent of  the  secondary  current  of  the  first  motor,  and  thus 
the  torque  of  the  first  motor  becomes  equal  to  zero  also,  when 
neglecting  the  hysteresis  power  current  of  the  second  motor. 
That  is,  a  sjrstem  of  concatenated  motors  with  short-circuited 
secondary  of  the  second  motor  approaches  half  sjmchronism, 
in  the  same  manner  as  the  ordinary  induction  motor  approaches 
sjmchronism.  With  increasing  load,  its  -slip  below  half  syn- 
chronism increases. 

More  generally,  any  pair  of  induction  motors  connected  in 
concatenation  divide  the  speed  so  that  the  sum  of  their  two 
respective   speeds   approaches   synchronism    at    no-load;    or, 
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still  more  generally,  any  number  of  concatenated  motors  run 
at  such  speeds  that  the  sum  of  the  speeds  approaches  syn- 
chronism at  no-load. 

With  mechanical  connection  between  the  two  motors,  con- 
catenation thus  offers  a  means  to  operate  a  pair  of  induction 
motors  at  full  eflSciency  at  half  speed  in  tandem,  as  well  as  at 
full  speed  in  parallel,  and  thus  ^ves  the  same  advantage  as  the 
series-parallel  control  of  the  continuous-current  motor. 

In  starting,  a  concatenated  system  is  controlled  by  resistance 
in  the  armature  of  the  second  motor. 

Since,  with  increasing  speed,  the  frequency  impressed  upon 
the  second  motor  decreases  proportionally  to  the  decrease  of 
voltage,  when  neglecting  internal  losses  in  the  first  motor,  the 
magnetic  density  of  the  second  motor  remains  practically  con- 
stant, and  thus  its  torque  the  same  as  when  operated  at  full 
voltage  and  full  frequency  under  the  same  conditions. 

At  half  synchronism  the  torque  of  the  concatenated  couple 
becomes  zero,  and  above  half-synchronism  the  second  motor 
runs  beyond  its  impressed  frequency;  that  is,  becomes  a  genera- 
tor. In  this  case,  due  to  the  reversal  of  current  in  the  secondary 
of  the  first  motor,  its  torque  becomes  negative  also,  that  is,  the 
concatenated  couple  becomes  an  induction  generator  above 
half  synchronism.  At  about  two  thirds  synchronism,  with  low- 
resistance  armature,  the  torque  of  the  couple  becomes  zero  again, 
and  once  more  positive  between  about  two  thirds  sjmchronism 
and  full  synchronism,  and  negative  once  more  beyond  full 
synchronism.  With  high  resistance  in  the  secondary  of  the 
second  motor,  the  second  range  of  positive  torque,  below  full 
synchronism,  disappears,  more  or  less. 

201.  The  calculation  of  a  concatenated  couple  of  induction 
motors  is  as  follows. 
Let 

/  =  frequency  of  main  circuit, 
s  =  slip  of  the  first  motor  from  synchronism. 

The  frequency  in  the  secondary  of  the  first  motor  and  thus 
impressed  upon  the  primary  of  the  second  motor  is  sf. 

The  speed  of  the  first  motor  is  (1  —s)f;  thus  the  slip  of  the 
second  motor,  or  the  frequency  in  its  secondary,  is 

6/-(l-s)/=(2s-l)/, 
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Let 


e  =  counter  e.m.f.  generated  in  the  secondary  of  the  second 
motor,  reduced  to  full  frequency. 

Z^  =  r^  —  ]\  ==  primary  self-inductive  impedance. 

Zj  =  fj  —  jXj  =  secondary  self-inductive  impedance. 

Y  =  g  +  jb  =  primary  exciting  admittance  of  each  motor, 
all  reduced  to  full  frequency  and  to  the  primary  by  the  ratio 
of  turns. 

We  then  have  for  the  second  motor: 
the  secondary  generated  e.m.f., 

6(25-1); 
the  secondary  current, 

where, 


6(25-1)  ,  .     , 


(2  8-l)r,  (2  8-^1)%       , 

^i      r,'  +(25- 1)\^  ^"^  ^^     r,'  +  (25-  l)'x,» ' 

the  primary  exciting  current, 

lo  =  «(3  +  y&); 

thus,  the  total  primary  current, 

ii  =  li  +  lo  ==  «  (^1  +  iW 
where, 

&!  =  ttj  +  gf    and    63  =  0,  +  6; 

the  primary  generated  e.m.f.  is 

56, 

the  primary  impedance  voltage  is 

/,(r,-jsxj: 

thus,  the  primary  impressed  e.m.f., 

jBj  ==  56  +  /,  (ro-jsxo)  =^e{c^-\-  jc,), 
where, 

Cj  =  5  +  fj^fti  +  sx,,6j    and   c,  =  r^6,  —  sx^ft^. 
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For  the  first  motor,  the  secondary  current, 

the  secondary  generated  e.m.f., 

^,  =  ^,  +  /,  (r,  -  jsx,)  =  e  (d,  +  jd,), 
where, 

^1  ^  ^1  +  ^1^1  +  ^-^1^3   ^^^   dj  =  Cj  +  ^i&a  — s^A; 

the  primary  generated  e.m.f.. 


where, 


o 


ft,  =  —   and   ft,  =  —   : 

5  5 


the  primary  exciting  current, 

the  total  primary  current, 

where, 

ffi  =  &i  +  gK-^K    aild    3jj  =  6,  +  grft,  +  6ft,; 

the  primary  impedance  voltage  is, 

/(^-y^o); 

thus,  the  primary  impressed  e.m.f., 

E,^E,+  I  (fo-yx,)  =  e  (A,+  j\), 
where, 

Ai  -  ftj  4-  r^i  +  X(^2   and   A^  =  ft,  +  r^t-^fffti 
or,  the  absolute  value, 

and, 


*  At  9  «  0  these  terms,  ^i  and  k^  become  indefinite,  and  thus  at  and  very 
near  synchronism  have  to  be  derived  by  substituting  the  complete  ezpres' 
sions  for  k^  and  k^ 
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Substituting  now  this  value  of  e  in  the  preceding  gives  the 
values  of  the  currents  and  e.m.fs.  in  the  different  circuits  of 
the  motor  series. 

In  the  second  motor,  the  torque 

hence,  its  power  output, 

P,  =  {l-s)D^  =  (l-s)e^aj. 

The  power  input  is, 

=  e»[(c, +jc,)(6. +J&,)], 

hence,  the  efficiency  is, 

P^      (l-8)e»o,       (l-8)o, 

P/"°   [E,UY  ■    cA  +  ^A' 

the  power-factor  is, 

P2  [^2/2]'  Cl^l  +  C2&2 


etc. 
In  the  first  motor, 

the  torque, 

=  e"  (*,&,  +  A;,6,); 
the  power  output, 

=  e'(l-s)(A;A  +  A!A); 
the  power  input, 
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Thus,  the  efficiency  is, 
P. 


(l-s)(ft,6, +  AA) 


the  power-factor  of  the  whole  system  is, 

P,  _  \g^  +  h^^  ^ 

the  power-factor  of  the  first  motor  is, 


EJ  -  EJ,     V(A,»  +  A,')  (gf,'  +  g,^)  -  V(c,' +  c/)  (6,' +  6,») ' 
the  total  efficiency  of  the  system, 


etc. 
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Fig.  134.  —  Concatenation  of  Induction  Motors,  Speed  Cmres. 

202.  As  examples  are  given  in  Fig.  134,  the  curves  of  total 
torque,  of  torque  of  the  second  motor,  and  of  current,  for  the 
range  of  slip  from  s  =  +  1.5  to  s  =  —  0.7  for  a  pair  of  induction 
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motors  in  concatenation,  having  the  constants:  Z^^  Z^^  0.1  — 

0.3j,  F=o.oi+o.iy. 

As  seen,  there  are  two  ranges  of  positive  torque  for  the  whole 
system^  one  below  half  synchronism,  and  one  from  about  two 
thirds  to  full  synchronism,  and  two  ranges  of  negative  torque, 
or  generator  action  of  the  motor,  from  half  to  two  thirds  syn- 
chronism, and  above  full  synchronism. 
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Pia.  185.  —  Concatenation  of  Induction  Motors,  Speed  Curves. 

With  higher  resistance  in  the  secondary  of  the  second  motor, 
the  second  range  of  positive  torque  of  the  system  disappears 
more  or  less,  and  the  torque  curves  become  as  shown  in  Fig.  135. 

SINQLB-PHASE   INDUCTION    MOTOR. 

203.  The  magnetic  circuit  of  the  induction  motor  at  or  near 
synchronism  consists  of  two  magnetic  fluxes  superimix)sed 
upon  each  other  in  quadrature,  in  time,  and  in  position.  In  the 
polyphase  motor  these  fluxes  are  produced  by  e.m.fs.  displaced 
in  phase.  In  the  monocyclic  motor  one  of  the  fluxes  is  due  to 
the  primary  power  circuit,  the  other  to  the  primary  exciting 
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circuit.  In  the  single-phase  motor  the  one  flux  is  produced  by 
the  primary  circuit,  the  other  by  the  currents  produced  in  the 
secondary  or  armature,  which  are  carried  into  quadrature  posi- 
tion by  the  rotation  of  the  armature.  In  consequence  thereof, 
while  in  all  these  motors  the  magnetic  distribution  is  the  same 
at  or  near  synchronism,  and  can  be  represented  by  a  rotating 
field  of  uniform  intensity  and  uniform  velocity,  it  remains  such 
in  poljrphase  and  monocyclic  motors;  but  in  the  single-phase 
motor,  with  increasing  slip,  —  that  is,  decreasing  speed,  —  the 
quadrature  field  decreases,  since  the  secondary  armature  cur- 
rents are  not  carried  to  complete  quadrature  position;  and  thus 
only  a  component  available  for  producing  the  quadrature  flux. 
Hence,  approximately,  the  quadrature  flux  of  a  single-phase 
motor  can  be  considered  as  proportional  to  its  speed;  that  is, 
it  is  zero  at  standstill. 

Since  the  torque  of  the  motor  is  proportional  to  the  product 
of  secondary  current  times  magnetic  flux  in  quadrature,  it 
follows  that  the  torque  of  the  single-phase  motor  is  equal  to 
that  of  the  same  motor  under  the  same  condition  of  operation 
on  a  poljrphase  circuit,  multiplied  with  the  speed;  hence  equal 
to  zero  at  standstill. 

Thus,  while  single-phase  induction  motors  are  quite  satisfac- 
tory at  or  near  synchronism,  their  torque  decreases  proportionally 
with  the  speed,  and  becomes  zero  at  standstill.  That  is,  they 
are  not  self-starting,  but  some  starting  device  has  to  be  usecl. 

Such  a  starting  device  may  either  be  mechanical  or  electrical. 
All  the  electrical  starting  devices  essentially  consist  in  impres- 
sing upon  the  motor  at  standstill  a  magnetic  quadrature  flux. 
This  may  be  produced  either  by  some  outside  e.m.f.,  as  in  the 
monocyclic  starting  device,  or  by  displacing  the  circuits  of  two 
or  more  primary  coils  from  each  other,  either  by  mutual  induc- 
tion between  the  coils,  —  that  is,  by  using  one  as  secondary 
to  the  other,  —  or  by  impedances  of  different  inductance  factors 
connected  with  the  different  primary  coils. 

204.  The  starting  devices  of  the  single-phase  induction  motor 
by  producing  a  quadrature  magnetic  flux  can  be  subdivided 
into  three  classes: 

1.  Phase-Splitting  Devices.  Two  or  more  primary  circuits 
are  used,  displaced  in  position  from  each  other,  and  either  in 
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series  or  in  shunt  with  each  other,  or  in  any  other  way  related, 
as  by  transformation.  The  impedances  of  these  circuits  are 
made  different  from  each  other  as  much  as  possible  to  produce 
a  phase  displacement  between  them.  This  can  be  done  either 
by  inserting  external  impedances  in  the  circuits,  as  a  condenser 
and  a  reactive  coil,  or  by  making  the  internal  impedances  of  the 
motor  circuits  different,  as  by  making  one  coil  of  high  and  the 
other  of  low  resistance. 

2.  Inductive  Devices.  The  different  primary  circuits  of 
the  motor  are  inductively  related  to  each  other  in  such  a  way 
as  to  produce  a  phase  displacement  between  them.  The  induc- 
tive relation  can  be  outside  of  the  motor  or  inside,  by  having 
the  one  coil  submitted  to  the  inductive  action  of  the  other;  and 
in  this  latter  case  the  current  in  the  secondary  coil  may  be  made 
leading,  accelerating  coil,  or  lagging,  shading  coil 

3.  Monocyclic  Devices.  External  to  the  motor  an  essentially 
wattless  e.m.f.  is  produced  in  quadrature  with  the  main  e.m.f. 
and  impressed  upon  the  motor,  either  directly  or  after  com- 
bination with  the  single-phase  main  e.m.f.  Such  wattless 
quadrature  e.m.f.  can  be  produced  by  the  common  connection 
of  two  impedances  of  different  power-factor,  as  an  inductive 
reactance  and  a  resistance,  or  an  inductive  and  a  condensive 
reactance  connected  in  series  across  the  mains. 

The  investigation  of  these  starting-devices  offers  a  very 
instructive  application  of  the  symbolic  method  of  investiga- 
tion of  alternating-current  phenomena,  and  a  study  thereof 
is  thus  recommended  to  the  reader.* 

206.  Frequently,  no  special  motors  are  built  for  single-phase 
operation,  but  polyphase  motors  used  in  single-phase  circuits, 
since  for  starting  the  polyphase  primary  winding  is  required, 
the  single  primary-coil  motor  obviously  not  allowing  the  appli- 
cation of  phase-displacing  devices  for  producing  the  starting 
quadrature  flux. 

Since  at  or  near  synchronism,  at  the  same  impressed  e.m.f. 
—  that  is,  the  same  magnetic  density  —  the  total  volt-amperes 
excitation  of  the  single-phase  induction  motor  must  be  the  same 

♦  See  paper  on  the  Single-pha^e  Induction  Motor,  A.  I.  E.  E.  Transactions, 
1898. 
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as  of  the  same  motor  on  polyphase  circuit,  it  follows  that  by 
operating  a  quarter-phase  motor  from  single-phase  circuit  on 
one  primary  coil,  its  primary  exciting  admittance  is  doubled. 
Operating  a  three-phase  motor  single-phase  on  one  circuit  its 
primary  exciting  admittance  is  trebled.  The  self-inductive 
primary  impedance  is  the  same  single-phase  as  polyphase,  but 
the  secondary  impedance  reduced  to  the  primary  is  lowered, 
since  in  single-phase  operation  all  secondary  circuits  corre- 
spond to  the  one  primary  circuit  used.  Thus  the  secondary 
impedance  in  a  quarter-phase  motor-  running  single-phase  is 
reduced  to  one-half,  in  a  three-phase  motor  running  single- 
phase  reduced  to  one-third.  In  consequence  thereof  the  slip  of 
speed  in  a  single-phase  induction  motor  is  usually  less  than  in  a 
polyphase  motor;  but  the  exciting  current  is  considerably 
greater,  and  thus  the  power-factor  and  the  efficiency  are  lower. 

The  preceding  considerations  obviously  apply  only  when 
running  so  near  synchronism  that  the  magnetic  field  of  the 
single-phase  motor  can  be  assumed  as  uniform,  that  is,  the 
cross  magnetizing  flux  produced  by  the  armature  as  equal  to 
the  main  magnetic  flux. 

When  investigating  the  action  of  the  single-phase  motor  at 
lower  speeds  and  at  standstill,  the  falling  off  of  the  magnetic 
quadrature  flux  produced  by  the  armature  current,  the  change 
of  secondary  impedance,  and  where  a  starting  device  is  used 
the  effect  of  the  magnetic  field  produced  by  the  starting  device, 
have  to  be  considered. 

The  exciting  current  of  the  single-phase  motor  consists  of 
the  primary  exciting  current  or  current  producing  the  main 
magnetic  flux,  and  represented  by  a  constant  admittance,  Y^^, 
the  primary  exciting  admittance  of  the  motor,  and  the  secondarj'' 
exciting  current,  that  is,  that  component  of  primary  current 
corresponding  to  the  secondary  current  which  gives  the  excita- 
tion for  the  quadrature  magnetic  flux.  This  latter  magnetic 
flux  is  equal  to  the  main  magnetic  flux,  ^q,  at  sjmchronism, 
and  falls  off  with  decreasing  speed  to  zero  at  standstill,  if  no 
starting  device  is  used,  or  to  <I>j  =  ^Jt  at  standstill  if  by  a  start- 
ing device  a  quadrature  magnetic  flux  is  impressed  upon  the 
motor,  and  at  standstill  t  =  ratio  of  quadrature  or  starting 
magnetic  flux  to  main  magnetic  flux. 

Thus  the  secondary  exciting  current  can  be  represented  by  an 
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admittance,  F^S  which  changes  from  equality  with  the  primary 
exciting  admittance,  Y^^,  at  synchronism  to  Y^^  =  0,  respec- 
tively to  y/  =  IYq^  at  standstill.  Assuming  thus  that  the 
starting  device  is  such  that  its  action  is  not  impaired  by  the 
change  of  speed,  at  slip  s  the  secondary  exciting  admittance 
can  be  represented  by: 

y.'-[i-(i-0  8]r.\ 

The  secondary  impedance  of  the  motor  at  synchronism  is 

the  joint  impedance  of  all  the  secondary  circuits,  since  all 

secondary  circuits  correspond  to  the  same  primary   circuit, 

Z  Z 

hence  =  -^   with  a  three-phase  secondary,  and  =  -^    with  a 

two-phase  secondary  with  impedance  Z^  per  circuit. 

At  standstill,  however,  the  secondary  circuits  correspond  to 
the  primary  circuit  only  with  their  projection  in  the  direction 
of  the  primary  flux,  and  thus  as  resultant  only  one-half  of  the 
secondary  circuits  are  effective,  so  that  the  secondary  impe- 

2Z 

dance  at  standstill  is  equal  to  — ^  with  a  three-phase,  and  equal 

o 

to  Zj  with  a  two-phase,  secondary.  Thus  the  effective  second- 
ary impedance  of  the  single-phase  motor  changes  with  the  speed 

and  can  at  the  slip,  8,  be  represented  by  Zj*  = in  a 

o 

three-phase  secondary,   and   Z^^  = in  a  two-phase 

secondary,  with  the  impedance,  Z^,  per  secondary  circuit. 

In  the  single-phase  motor  without  starting  device,  due  to 
the  falling  off  of  the  quadrature  flux,  the  torque  at  slip  8  is: 

D  =  a,e»  (1  -  s). 

In  a  single-phase  motor  with  a  starting  device  which  at 
standstill  produces  a  ratio  of  magnetic  fluxes  ^,  the  torque  at 
standstiU  is 

where  D^  =  total  torque  of  the  same  motor  on  pol3rphase 
circuit. 
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Thus  denoting  the  value  — ~  =  i?, 
the  single-phase  motor  torque  at  standstill  is: 

and  the  single-phase  motor  torque  at  slip  s  is: 
D  =  a,^  [1  -  (1  _  v)  si 

206.  In  the  single-phase  motor  considerably  more  advan- 
tage is  gained  by  compensating  for  the  wattless  magnetizing 
component  of  current  by  capacity  than  in  the  polyphase  motor, 
where  this  wattless  component  of  the  current  is  relatively 
small.  The  use  of  shunted  capacity,  however,  has  the  dis- 
advantage of  requiring  a  wave  of  impressed  e.m.f.  very  close 
to  sine  shape;  since  even  with  a  moderate  variation  from  sine 
shape  the  wattless  charging  current  of  the  condenser  of  higher 
frequency  may  lower  the  power-factor  more  than  the  compen- 
sation for  the  wattless  component  of  the  fundamental  wave 
raises  it,  as  will  be  seen  in  the  chapter  on  General  Alternating- 
Current  Waves. 

Thus  the  most  satisfactory  application  of  the  condenser 
in  the  single-phase  motor  is  not  in  shunt  to  the  primary  circuit, 
but  in  a  tertiary  circuit;  that  is,  in  a  circuit  stationary  with 
regard  to  the  primary  impressed  circuit  but  submitted  to 
inductive  action  by  the  revolving  secondary  circuit. 

In  this  case  the  condenser  is  supplied  with  an  e.m.f.  trans- 
formed twice,  from  primary  to  secondary,  and  from  secondary 
to  tertiary,  through  multitooth  structures  in  a  uniformly  re- 
volving field,  and  thus  a  very  close  approximation  to  sine 
wave  produced  at  the  condenser,  irrespective  of  the  wave-shape 
of  primary  impressed  e.m.f. 

With  the  condenser  connected  into  a  tertiary  circuit  of  a 
single-phase  induction  motor,  the  wattless  magnetizing  ciurent 
of  the  motor  is  supplied  by  the  condenser  in  a  separate  circuit, 
and  the  primary  coil  carries  the  power  current  only,  and  thus 
the  efficiency  of  the  motor  is  essentially  increased. 

The  tertiary  circuit  may  be  at  right  angles  to  the  primary, 
or  under  any  other  angle.  Usually  it  is  applied  on  an  angle 
of  60°,  so  as  to  secure  a  mutual  induction  between  tertiary  and 
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primary  for  starting,  which  produces  in  starting  in  the  con- 
denser a  leading  current,  and  gives  the  quadrature  magnetic 
flux  required. 

207.  The  most  convenient  way  to  secure  this  arrangement 
is  the  use  of  a  three-phase  motor  which  with  two  of  its  ter- 
minals, 1-2,  is  connected  to  the  single-phase  mains,  and  with 
terminals  1  and  3  to  a  condenser. 

Let  Yq=  g^  -\-  jb^  =  primary  exciting  admittance  of  the  motor 
per  delta  circuit. 

^o=^o"~J^o  ==  primary  self-inductive  impedance  per  delta  circuit. 

Zj=  r^  —  jx^  =  secondary  self-inductive  impedance  per  delta 
circuit  reduced  to  primary. 

Let 

F,  =  g^—fis'^  admittance  of  the  condenser  connected  be- 
tween terminals  1  and  3. 

If  then,  as  single-phase  motor, 

t  »  ratio  of  auxiUary  quadrature  Sux  to  main  flux  in 

starting, 
h  =  ratio  of  e.m.f.  generated   in  condenser   circuit  to 
e.m.f.  generated  in  main  circuit  in  starting, 
starting  torque 
a^e*  in  starting 

Operating  single-phase 

Y^^  =  1.5  F^,  =  1.5  (g^+jb^)  ^primeLTy  exciting  admittance, 

y,*  =  i.5rji-(i-0s] 

=  1.5   (g^  +  j&o)   [1  ~  (1  ~  0  s]  ^  secondary   exciting 
admittance  at  sUp  s; 

2Z     2  (r  —  jx  ) 
Z^  =-  — -^ = ^        °  =  primary  self-inductive  impedance; 

Z^  «  — - —  Z^  =  — - —  (fj  —  jsx^  =»  secondary  self-4n- 
ductive  impedance; 

Z,*  =  ^  =  ^^^"^^'^^^  -  tertiary   self -inductive   impe- 
dance  of  motor. 
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Thus, 

Y^  = =  total  admittance  of  tertiary  circuit. 

Since  the  e.m.f.  generated  in  the  tertiary  circuit  decreases 
from  e  at  synchronism  to  ^  at  standstill,  the  effective  tertiary 
admittance  or  admittance  reduced  to  a  generated  e.m.f.,  e,  is, 
at  slip,  s 

7/«[l-(l-/i)8]7,. 
Let  then, 

e  ==  coimter  e.m.f.  of  primary  circuit, 
s  =  slip. 
We  have, 

the  secondary  load-current, 

^•  =  Z?  =  (l+«)(r.-/«x.)  --  *  ^«'  +  ^"'^' 
the  secondary  exciting  current, 

/,'=er/  =  1.5erjl-(l-0  8]; 
the  secondary  condenser  current; 

/^  =  eF/  =  er,[l-(l-A)s];      ' 
thus,  the  total  secondary  current, 

/•=/.  +  i:  +  /,; 
the  primary  exciting  current, 

thus,  the  total  primary  current, 

/.  =  /'  +  /.>  =  /,  +  /,  +  /,•  +/.'-«  (6,  +  jb,); 
the  primary  impressed  e.m.f., 

E,  =  e  +  Z,'/,  =  e  (c,  +  jc,); 
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thus,  the  main  counter  e.m.f., 


e  = 

Eo 

Cl+JC,' 

#w 

£  = 

Co 

or, 

c,  +  JC,' 

and  the  absolute  value, 

e  "■ 

«. 

Vc,'+cy 

hence,  the  primary  current, 

The  volt-ampere  input, 

Pa,  =  c/.; 
the  power  input, 


the  torque  at  slip  s, 


e«'a. 


D  =  D^[l-(l^T;)s]=-::7V^[l-(l-t;)4 


and  the  power  output, 

P-D(l-«) 


"^'"^^    .(l-.)[l-(l-.i,)a], 


c,'  +  c/ 


and  herefrom  in  the  usual  manner  may  be  derived  the  eflSciency, 
apparent  efficiency,  torque  efficiency,  apparent  torque  efficiency, 
and  j)ower-factor. 

The  derivation  of  the  constants,  i,  h,  v,  which  have  to  be 
determined  before  calculating  the  motor,  is  as  follows: 

Let  e^  =  single-phase  impressed  em.f., 

Y  =»  total  stationary  admittance  of  motor  per  delta  circuit, 
£,  »  e.m.f.  at  condenser  terminals  in  starting. 
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In  the  circuit  between  the  single-phase  mains  from  terminal 
1  over  terminal  3  to  2,  the  admittances,  Y  -f  7 „  and  F,  are  con- 
nected in  series,  and  have  the  respective  e.m.fs.,  E^  and  e^  —  E^. 
It  is  thus, 

Y  +  Y,-^Y  =  e,^E,^E,, 

since  with  the  same  current  in  both  circuits,  the  impressed 
e.m.fs.  are  inversely  proportional  to  the  respective  admittances. 
Thus, 

e  Y 

^8  ^  2y\  Y  ^  ^®  ^^^  "*"  ^^^^' 

and  the  quadrature  e.m.f.  is 
hence 


and  h  -  Vh^^  +  h^. 

Since  in  the  three-phase  e.m.f.  triangle,  the  altitude  corre- 

e 

spending  to  the  quadrature  magnetic  flux  = -,  and  the 

2  \/3 

quadrature  and   main   fluxes   are   equal,   in   the  single-phase 

motor  the  ratio  of  quadrature  to  main  flux  is 


t  -  ^'  =  1.155  k 


V3 


From  t,  r  is  derived  as  shown  in  the  preceding. 

For  further  discussion  on  the  theory  and  calculation  of  the 
single-phase  induction  motor,  see  American  Institute  Electrical 
En^neers  Transactions,  January,  1900. 

SYNCHRONOUS   INDUCTION  MOTOR. 

208.  The  induction  motor  discussed  in  the  foregoing  consists 
of  one  or  a  number  of  primary  circuits  acting  upon  a  movable 
armature  which  comprises  a  number  of  closed  secondary  cir- 
cuits displaced  from  each  other  in  space  so  as  to  offer  a  resultant 
circuit  in  any  direction.  In  consequence  thereof  the  motor  can 
be  considered  as  a  transformer,  having  to  each  primary  circuit 
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a  corresponding  secondary  circuit,  —  a  secondary  coil,  moving 
out  of  the  field  of  the  primary  coil,  being  replaced  by  another 
secondary  coil  moving  into  the  field. 

In  such  a  motor  the  torque  is  zero  at  synchronism,  positive 
below,  and  negative  above,  synchronism. 

If,  however,  the  movable  armature  contains  one  closed  cir- 
cuit only,  it  offers  a  closed  secondary  circuit  only  in  the  direc- 
tion of  the  axis  of  the  armature  coil,  but  no  secondary  circuit  at 
right  angles  therewith.  That  is,  with  the  rotation  of  the  arma- 
ture the  secondary  circuit,  corresponding  to  a  primary  circuit, 
varies  from  short-circuit  at  coincidence  of  the  axis  of  the  arma- 
ture coil  with  the  axis  of  the  primary  coil,  to  open-circuit  in 
quadrature  therewith,  with  the  periodicity  of  the  armature 
speed.  That  is,  the  apparent  admittance  of  the  primary  circuit 
varies  periodically  from  open-circuit  admittance  to  the  short- 
circuited  transformer  admittance. 

At  synchronism  such  a  motor  represents  an  electric  circuit 
of  an  admittance  varying  with  twice  the  periodicity  of  the 
primary  frequency,  since  twice  per  period  the  axis  of  the  arma- 
ture coil  and  that  of  the  primary  coil  coincide.  A  varying 
admittance  is  obviously  identical  in  effect  with  a  var3dng  reluc- 
tance, which  will  be  discussed  in  the  chapter  on  reaction  machines. 
That  is,  the  induction  motor  with  one  closed  armature  circuit  is, 
at  synchronism,  nothing  but  a  reaction  machine,  and  conse- 
quently gives  zero  torque  at  synchronism  if  the  maxima  and 
minima  of  the  periodically  varying  admittance  coincide  with 
the  maximum  and  zero  values  of  the  primary  circuit,  but  gives 
a  definite  torque  if  they  are  displaced  therefrom.  This  torque 
may  be  positive  or  negative  according  to  the  phase  displace- 
ment between  admittance  and  primary  circuit;  that  is,  the  lag 
or  lead  of  the  maximum  admittance  with  regard  to  the  primary 
maximum.  Hence  an  induction  motor  with  single-armature 
circuit  at  synchronism  acts  either  as  motor  or  as  alternating- 
current  generator  according  to  the  relative  position  of  the 
armature  circuit  with  respect  to  the  primary  circuit.  Thus  it 
can  be  called  a  synchronous  induction  motor  or  synchronous  in- 
duction generator,  since  it  is  an  induction  machine  giving  torque 
at  synchronism. 

Power-factor  and  apparent  efficiency  of  the  synchronous 
induction  motor  as  reaction  machine  are  very  low.    Hence  it  is 
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of  practical  application  only  in  cases  where  a  small  amount  of 
power  is  required  at  synchronous  rotation,  and  continuous 
current  for  field  excitation  is  not  available. 

The  current  produced  in  the  armature  of  the  synchronous 
induction  motor  is  of  double  the  frequency  impressed  upon  the 
primary. 

Below  and  above  synchronism  the  ordinary  induction  motor, 
or  induction  generator,  torque  is  superimposed  upon  the 
synchronous-induction  machine  torque.  Since  with  the  fre- 
quency of  slip  the  relative  position  of  primary  and  of  second- 
ary coil  changes,  the  synchronous-induction  machine  torque 
alternates  periodically  with  the  frequency  of  slip.  That  is, 
upon  the  constant  positive  or  negative  torque  below  or  above 
synchronism  an  alternating  torque  of  the  frequency  of  slip  is 
superimposed,  and  thus  the  resultant  torque  pulsating  with  a 
positive  mean  value  below,  a  negative  mean  value  above, 
synchronism. 

When  started  from  rest,  a  synchronous  induction  motor 
will  accelerate  like  an  ordinary  single-phase  induction  motor, 
but  not  only  approach  synchronism,  as  the  latter  does,  but  run 
up  to  complete  synchronism  under  load.  When  approaching 
synchronism  it  makes  definite  beats  with  the  frequency  of  slip, 
which  disappear  when  synchronism  is  reached. 

THE   HYSTERESIS    MOTOR. 

209.  In  a  revolving  magnetic  field,  a  circular  iron  disk,  or 
iron  cylinder  of  uniform  magnetic  reluctance  in  the  direction  of 
the  revolving  field,  is  set  in  rotation,  even  if  subdivided  so  as  to 
preclude  the  production  of  eddy  currents.  This  rotation  is  due 
to  the  effect  of  hysteresis  of  the  revolving  disks  or  cyUnder,  and 
such  a  motor  may  thus  be  called  a  hysteresis  motor. 

Let  /  be  the  iron  disk  exposed  to  a  rotating  magnetic  field 
or  resultant  m.m.f.  The  axis  of  resultant  magnetization  in  the 
disk,  /,  does  not  coincide  with  the  axis  of  the  rotating  field,  but 
lags  behind  the  latter,  thus  producing  a  couple.  That  is,  the 
component  of  magnetism  in  a  direction  of  the  rotating  disk,  /, 
ahead  of  the  axis  of  rotating  m.m.f.,  is  rising,  thus  below,  and 
in  a  direction  behind  the  axis  of  rotating  m.m.f.  decreasing;  that 
is,  above  proportionality  with  the  m.m.f.,  in  consequence  of  the 
lag  of  magnetism  in  the  hysteresis  loop,  and  thus  the  axis  of 
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resultant  magnetism  in  the  iron  disk,  I,  does  not  coincide  with 
the  axis  of  rotating  m.m.f.,  but  is  shifted  backwards  by  an 
Angle,  a,  which  is  the  angle  of  hysteretic  lead  in  Chapter  XIII., 
§114. 

The  induced  magnetism  gives  with  the  resultant  m.m.f.  a 
mechanical  couple,  — 

D  =  wiF<I>  sin  a, 
where 

9  ==  resultant  m.m.f ., 

*  =  resultant  magnetism, 

a  =  angle  of  hysteretic  advance  of  phase, 

m=  a  constant. 

The  apparent  or  volt-ampere  input  of  the  motor  is,  — 

Thus  the  apparent  torque  efficiency,  — 

D 

^=  sma, 

and  the  power  of  the  motor  is,  — 

P  -  (1  -  s)  D  =  (1  -  s)  m^^  sin  a, 
where 

s  =  slip  as  fraction  of  synchronism. 

The  apparent  efficiency  is,  — 

—  =  (1  _  ,s)  sm  a. 

^  a 

Since  in  a  magnetic  circuit  containing  an  air-gap  the  angle, 
er,  is  extremely  small,  a  few  degrees  only,  it  follows  that  the 
apparent  efficiency  of  the  hysteresis  motor  is  extremely  low,  the 
motor  consequently  unsuitable  for  producing  large  amounts  of 
mechanical  j)ower. 

From  the  equation  of  torque  it  follows,  however,  that  at 
constant  impressed  e.m.f.,  or  current,  —  that  is,  constant  (F,  — 
the  torque  is  constant  and  independent  of  the  speed;  and  there- 
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fore  such  a  motor  arrangement  is  suitable^  and  occasionally 
used  as  alternating-current  meter. 

For  s<0,  we  have  a  <0, 

and  the  apparatus  is  an  hysteresis  generator. 

210.  The  same  result  can  be  reached  from  a  different  point 
of  view.  In  such  a  magnetic  system,  comprising  a  movable 
iron  disk,  /,  of  uniform  magnetic  reluctance  in  a  revolving 
field,  the  magnetic  reluctance  —  and  thus  the  distribution  of 
magnetism  —  is  obviously  independent  of  the  speed,  and  con- 
sequently the  current  and  energy  expenditure  of  the  impressed 
m.m.f.  independent  of  the  speed  also.    If,  now,  — 

V  =  volume  of  iron  of  the  movable  part, 
<S>  =  magnetic  density, 
and  v  =  coefficient  of  hysteresis, 

the  energy  expended  by  hysteresis  in  the  movable  disk,  /,  is 
per  cycle,  — 

hence,  U  f  =  frequency,  the  power  supplied  by  the  m.m.f.  to 
the  rotating  iron  disk  in  the  hysteretic  loop  of  the  m.m.f.  is,  — 

At  the  slip,  sfj  that  is,  the  speed  (1  —  s)/,  the  power  expended 
by  hysteresis  in  the  rotating  disk  is,  however,  — 

P^  =  s/Fi7(B^-8. 

Hence,  in  the  transfer  from  the  stationary  to  the  revolving 
member  the  magnetic  power, — 

P  =  Po  -P,  =  (l-s)/F17<Bl•^ 

has  disappeared,  and  thus  reappears  as  mechanical  work,  and 
the  torque  is,  — 

that  is,  independent  of  the  speed. 
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Since,  as  seen  in  Chapter  XIII,  sin  a  is  the  ratio  of  the  energy 
of  the  hysteretic  loop  to  the  total  apparent  energy  of  the  mag- 
netic cycle,  it  follows  that  the  apparent  eflSciency  of  such  a 
motor  can  never  exceed  the  value  (1  —  s)  sin  a,  or  a  fraction  of 
the  primary  hysteretic  energy. 

The  primary  hysteretic  energy  of  an  induction  motor,  as 
represented  by  its  conductance,  gr,  being  a  part  of  the  loss  in 
the  motor,  and  thus  a  very  small  part  of  its  output  only,  it 
follows  that  the  output  of  a  hysteresis  motor  is  a  very  small 
fraction  only  of  the  output  which  the  same  magnetic  structure 
could  give  with  secondary  short-circuited  winding,  as  regular 
induction  motor. 

As  secondary  effect,  however,  the  rotary  effort  of  the  mag- 
netic structure  as  hysteresis  motor  appears  more  or  less  in  all 
induction  motors,  although  usually  it  is  so  small  as  to  be  neg- 
lected. 

If  in  the  hysteresis  motor  the  rotary  iron  structure  has  not 
uniform  reluctance  in  all  directions  —  but  is,  for  instance,  bar- 
shaped  or  shuttle-shaped  —  on  the  hysteresis-motor  effect  is 
superimposed  the  effect  of  vaiying  magnetic  reluctance,  which 
tends  to  accelerate  the  motor  to  synchronism,  and  maintain  it 
therein,  as  shall  be  more  fully  investigated  under  "Reaction 
Machine ''  in  Chapter  XXVII. 

211.  In  the  hysteresis  motor,  consisting  of  an  iron  disk  of 
uniform  magnetic  reluctance,  which  revolves  in  a  uniformly 
rotating  magnetic  field,  below  synchronism,  the  magnetic  flux 
rotates  in  the  armature  with  the  frequency  of  slip,  and  the 
resultant  line  of  magnetic  induction  in  the  disk  thus  lags,  in 
space,  behind  the  synchronously  rotating  line  of  resultant  m.m.f, 
of  the  exciting  coils,  by  the  angle  of  hysteretic  lead,  a,  which  is 
constant,  and  so  ^ves,  at  constant  magnetic  flux,  that  is,  con- 
stant impressed  e.m.f.,  a  constant  torque  and  a  power  propor- 
tional to  the  speed. 

Above  synchronism,  the  iron  disk  revolves  faster  than  the 
rotating  field,  and  the  line  of  resulting  magnetization  in  the  disk 
being  behind  the  line  of  m.m.f.  with  regard  to  the  direction  of 
rotation  of  the  magnetism  in  the  disk,  therefore  is  ahead  of  it  in 
space,  that  is,  the  torque  and  therefore  the  power  reverses  at 
synchronism,   and   above  synchronism   the   apparatus   is   an 
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hysteresis  generator,  that  is,  changes  at  synchronism  from  motor 
to  generator.  At  synchronism  such  a  disk  thus  can  give  mechani- 
cal power  as  motor,  with  the  line  of  induction  lagging,  or  give 
electric  power  as  generator,  with  the  line  of  induction  leading 
the  line  of  rotation  m.m.f. 

Electrically,  the  power  transferred  between  the  electric 
circuit  and  the  rotating  disk  is  represented  by  the  hysteresis 
loop.  Below  synchronism  the  hysteresis  loop  of  the  electric 
circuit  has  the  normal  shape,  and  of  its  constant  power  a 
part,  proportional  to  the  slip,  is  consumed  in  the  iron,  the  other 
part,  proportional  to  the  speed,  appears  as  mechanical  power. 
At  synchronism  the  hysteresis  loop  collapses  and  reverses,  and 
above  synchronism  the  electric  supply  current  so  traverses  the 
normal  hysteresis  loop  in  reverse  (Erection,  representing  genera- 
tion of  electric  power.  The  mechanical  power  consumed  by 
the  hysteresis  generator  then  is  proportional  to  the  speed,  and  of 
this  power  a  part,  proportional  to  the  slip  above  synchronism, 
is  consumed  in  the  iron,  the  other  part  is  constant  and  appears 
as  electric  power  generated  by  the  apparatus  in  the  inverted 
hysteresis  loop. 

This  apparatus  is  of  interest  especially  as  illustrating  the 
difference  between  hysteresis  and  molecular  magnetic  friction: 
the  hysteresis  is  the  power  represented  by  the  loop  between 
magnetic  induction  and  m.m.f.  or  the  electric  power  in  the 
circuit,  and  so  may  be  positive  or  negative,  or  change  from  the 
one  to  the  other,  as  in  the  above  instance,  while  molecular  mag- 
netic friction  is  the  power  consumed  in  the  magnetic  circuit  by 
the  reversals  of  magnetism.  Hysteresis  therefore  is  an  electrical 
phenomenon,  and  is  a  measure  of  the  molecular  magnetic  fric- 
tion only  if  there  is  no  other  source  or  consumption  of  power  in 
the  magnetic  circuit. 
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212.  If  an  induction  machine  is  driven  above  synchronism, 
the  power  component  of  the  primary  current  reverses,  that  is, 
energy  flows  outward,  and  the  machine  becomes  an  induction 
generator.  The  component  of  current  required  for  magnetiza- 
tion remains,  however,  the  same;  that  is,  the  induction  genera- 
tor requires  the  supply  of  a  reactive  current  for  excitation,  just 
as  the  induction  motor,  and  so  must  be  connected  to  some 
apparatus  which  gives  a  lag^ng,  or,  what  is  the  same,  consumes 
a  leading  current. 

The  frequency  of  the  e.m.f.  generated  by  the  induction  gen- 
erator, /,  is  lower  than  the  frequency  of  rotation  or  speed,  f^, 
by  the  frequency,  /j,  of  the  secondary  currents.  Or,  inversely, 
the  frequency,  f^,  of  the  secondary  circuit  is  the  frequency  of 
slip,  —  that  is,  the  frequency  with  which  the  speed  of  mechani- 
cal rotation  slips  behind  the  speed  of  the  rotating  field,  in 
the  induction  motor,  or  the  speed  of  the  rotating  field  slips 
behind  the  speed  of  mechanical  rotation,  in  the  induction 
generator. 

As  in  every  transformer,  so  in  the  induction  machine,  the 
secondary  current  must  have  the  same  ampere-turns  as  the 
primary  current  less  the  exciting  current,  that  is,  the  secondary 
current  is  approximately  proportional  to  the  primary  current, 
or  to  the  load  of  the  induction  generator. 

In  an  induction  generator  with  short-circuited  secondary, 
the  secondary  currents  are  proportional,  approximately,  to  the 
e.m.f.  generated  in  the  secondary  circuit,  and  this  e.m.f.  is 
proportional  to  the  frequency  of  the  secondary  circuit,  that  is, 
the  slip  of  frequency  behind  speed.  It  so  follows  that  the  slip 
of  frequency  in  the  induction  generator  with  short-circuited 
secondary  is  approximately  proportional  to  the  load,  that  is, 
such  an  induction  generator  does  not  produce  constant  syn- 
chronous frequency,  but   a  frequency  which  decreases  slightly 
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with  increasing  load,  just  as  the  speed  of  the  induction  motor 
decreases  sUghtly  with  increase  of  load. 

Induction  generator  and  induction  motor  so  have  also  been 
called  asynchronous  generator  and  asynchronous  motor,  but 
these  names  are  wrong,  since  the  induction  machine  is  not 
independent  of  the  frequency,  but  depends  upon  it  just  as  much 
as  a  synchronous  machine,  —  the  difference  being,  that  the 
synchronous  machine  runs  exactly  in  synchronism,  while  the 
induction  machine  approaches  synchronism.  The  real  asyn- 
chronous machine  is  the  commutating  machine. 

213.  Since  the  slip  of  frequency  with  increasing  load  on  the 
induction  generator  with  short-circuited  secondary  is  due  to 
the  increase  of  secondary  frequency  required  to  produce  the 
secondary  e.m.f.  and  therewith  the  secondary  currents,  it  follows: 
if  these  secondary  currents  are  produced  by  impressing  an  e-.m.f. 
of  constant  frequency,  /i,  upon  the  secondary  circuit,  the  primary 
frequency,  /,  does  not  change  with  the  load,  but  remains  con- 
stant and  equal  to  /  =  /©  —  /r  The  machine  then  is  a  syn- 
chrcmims-dndiiction  machine  —  that  is,  a  machine  in  which  the 
speed  and  frequency  are  rigid  with  regard  to  each  other,  just  as 
in  the  synchronous  machine,  except  that  in  the  synchronous- 
induction  machine,  speed  and  frequency  have  a  constant  dif- 
ference, while  in  the  synchronous  machine  this  difference  is  zero, 
that  is,  the  speed  equals  the  frequency. 

By  thus  connecting  the  secondary  of  the  induction  machine 
with  a  source  of  constant  low-frequency,  /j,  as  a  synchronous 
machine,  or  a  commutating  machine  with  low-frequency  field 
excitation,  the  primary  of  the  induction  machine  at  constant 
speed,  f^,  generates  electric  power  at  constant  frequency,  f^, 
independent  of  the  load.  If  the  secondary  /^  =  0,  that  is,  a 
continuous  current  is  supplied  to  the  secondary  circuit,  the 
primary  frequency  is  the  frequency  of  rotation  and  the  machine 
an  ordinary  synchronous  machine.  The  synchronous  machine  so 
appears  as  a  special  case  of  the  synchronous  induction  machine 
and  corresponds  to  /j  =  0. 

In  the  synchronous  induction  generator,  or  induction  machine 
with  an  e.m.f,  of  constant  low  frequency,  /j,  impressed  upon  the 
secondary  circuit,  by  a  synchronous  machine,  etc.,  with  increas- 
ing load,  the  primary  and  so  the  secondary  currents  change,  and 
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the  synchronous  machine  so  receives  more  power  as  synchronous 
motor,  if  the  rotating  field  produced  in  the  secondary  circuit 
revolves  in  the  same  direction  as  the  mechanical  rotation  — 
that  is,  if  the  machine  is  driven  above  synchronism  of  the 
e.m.f.  impressed  upon  the  secondary  circuit  —  or  the  synchronous 
machine  generates  more  power  as  alternator,  if  the  direction  of 
rotation  of  the  secondary  revolving  field  is  in  opposition  to  the 
speed.  In  the  former  case,  the  primary  frequency  equals  speed 
minus  secondary  impressed  frequency:  /  =  /o  —  /i,'  in  the  latter 
case,  the  primary  frequency  equals  the  sum  of  speed  and 
secondary  impressed  frequency:  /  =  /©  +  /j,  and  the  machine  is 
a  frequency  converter  or  general  alternating-current  transformer, 
with  the  frequency,  /j,  as  primary,  and  the  frequency,  /,  as 
secondary,  transforming  up  in  frequency  to  a  frequency,  /, 
which  is  very  high  compared  with  the  impressed  frequency, 
so  that  the  mechanical  power-input  into  the  frequency  con- 
verter is  very  large  compared  with  the  electrical  power-input. 

The  synchronous  induction  generator,  that  is,  induction  gene- 
rator in  which  the  secondary  frequency  or  frequency  of  slip  is 
fixed  by  an  impressed  frequency,  so  can  also  be  considered  as  a 
frequency  converter  or  general  alternating-current  transformer. 

214.  To  transform  from  a  frequency,  /j,  to  a  frequency,  f^,  the 
frequency,  /j,  is  impressed  upon  the  primary  of  an  induction 
machine,  and  the  secondary  driven  at  such  a  speed,  or  fre- 
quency of  rotation,  f^,  that  the  difference  between  primary 
impressed  frequency,  /j,  and  frequency  of  rotation,  /j,  that  is, 
the  frequency  of  slip,  is  the  desired  secondary  frequency,  f^ 

There  are  two  speeds,  f^,  which  fulfill  this  condition:  one 
below  synchronism:  f^  =  /i— A*  ^"^d  one  above  synchronism: 
fo  "^  fi  +  tr  That  is,  the  secondary  frequency  becomes  /„ 
if  the  secondary  runs  slower  than  the  primary  revolving  field 
of  frequency,  /j,  or  if  the  secondary  runs  faster  than  the  primary 
field,  by  the  slip,  fy 

In  the  former  case,  the  speed  is  below  synchronism,  that  is, 
the  machine  generates  electric  power  at  the  frequency,  /j,  in  the 
secondary,  and  consumes  electric  power  at  the  frequency,  /j, 
in  the  primary.  If  /^  <  /j,  the  speed  /^^  /,  — /,  is  between 
standstill  and  synchronism,  and  the  machine,  in  addition  to 
electric  power,  generates  mechanical  power,  as  induction  motor,  • 


344  ALTERNATING-CURRENT  PHENOMENA. 

and  as  has  been  seen  in  the  chapter  on  the  General  Alternating- 
Current  Transformer,  it  is,  approximately: 

Electric  power-input  -4-  electric  power-output  ■^  mechanical 
power-output «  /i  -^  /,  -^  /o- 

If  /,  >  /j,  that  is,  the  frequency  converter  increases  the  fre- 
quency, the  rotation  must  be  in  backward  direction,  against  the 
rotating  field,  so  as  to  give  a  slip,  /,,  greater  than  the  impressed 
frequency,  /„  and  the  speed  is  ^  =  f^—fv  ^^  this  case,  the 
machine  consumes  mechanical  power,  since  it  is  driven  against 
the  torque  given  by  it  as  induction  motor,  and  we  have: 

Electric  power-input  -^  mechanical  power-input  ■^  electric 
power-output  =  /i  ^  /o  -^  /j- 

That  is,  the  three  powers,  primary  electric,  secondary  electric, 
and  mechanical,  are  proportional  to  their  respective  frequencies. 

As  stated,  the  secondary  frequency,  f^,  is  also  produced  by 
driving  the  machine  above  synchronism,  /^  —  that  is,  with  a 
negative  slip,  /„  or  at  a  speed,  /o  =  /i  +  /j.  In  this  case,  the 
machine  is  induction  generator,  that  is,  the  primary  circuit 
generates  electric  power  at  frequency  /j,  the  secondary  circuit 
generates  power  at  frequency  /j,  and  the  machine  consumes 
mechanical  power,  and  the  three  powers  again  are  proportional 
to  their  respective  frequencies: 

Primary  electric  output -^  secondary  electric  output -^  mechan- 
ical input  -  /i  ^  /j  -^  /o- 

Since  in  this  case  of  over  synchronous  rotation,  both  electric 
circuits  of  the  machine  generate,  it  cannot  be  called  a  frequency 
converter,  but  is  an  electric  generator,  converting  mechanical 
power  into  electric  power  at  two  different  frequencies,  /^  and 
/j,  and  so  is  called  a  synchronous  induction  machine,  since 
the  sum  of  the  two  frequencies  generated  by  it  equals  the 
frequency  of  rotation  or  speed  —  that  is,  the  machine  revolves 
in  synchronism  with  the  sum  of  the  two  frequencies  generated 
by  it. 

It  is  obvious  that  hke  all  induction  machines,  this  synchro- 
nous induction  generator  requires  a  reactive  lagging  current  for 
excitation,  which  has  to  be  supplied  to  it  by  some  outside  source, 
as  a  synchronous  machine,  etc. 
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That  is,  an  induction  machine  driven  at  speed  Z^,  when  sup-, 
plied  with  reactive  exciting  current  of  the  proper  frequency, 
generates  electric  power  in  the  stator  as  well  as  in  the  rotor,  at 
the  two  respective  frequencies,  /^  and  /,,  which  are  such  that  their 
sum  is  in  synchronism  with  the  speed,  that  is : 

.   /i+/2=/o; 

otherwise  the  frequencies,  /j  and  /j,  are  entirely  independent. 
That  is,  connecting  the  stator  to  a  circuit  of  frequency,  /j,  the 
rotor  generates  frequency  /j  =  /©  ~  fv  ^^  connecting  the  rotor 
to  a  circuit  of  frequency  f^,  the  stator  generates  a  frequency 
A  =/o-/r 

216,  The  power  generated  in  the  stator,  Pj,  and  the  power 
generated  in  the  rotor,  Pg,  are  proportional  to  their  respective 
frequencies : 

where  P^  is  the  mechanical  input  (approximately,  that  is,  neg- 
lecting losses). 

As  seen  here  the  difference  between  the  two  circuits,  stator 
and  rotor,  disappears  —  that  is,  either  can  be  primary  or 
secondary,  that  is,  the  reactive  lagging  current  required  for 
excitation  can  be  supplied  to  the  stator  circuit  at  frequency  /j, 
or  to  the  rotor  circuit  at  frequency  /,,  or  a  part  to  the  stator  and 
a  part  to  the  rotor  circuit.  Since  this  exciting  current  is  reactive 
or  wattless,  it  can  be  derived  from  a  synchronous  motor  or  con- 
verter, as  well  as  from  a  synchronous  generator,  or  an  alter- 
nating commutating  machine. 

As  the  voltage  required  by  the  exciting  current  is  proportional 
to  the  frequency,  it  also  follows  that  the  reactive  power-input  or 
the  volt-amperes  excitation,  is  proportional  to  the  frequency 
of  the  exciting  circuit.  Hence,  using  the  low-frequency  circuit 
for  excitation,  the  exciting  volt-amperes  are  small. 

Such  a  synchronous  induction  generator  therefore  is  a  two 
frequency  generator,  producing  electric  power  simultaneously 
at  two  frequencies,  and  in  amounts  proportional  to  these  fre- 
quencies. For  instance,  driven  at  85  cycles,  it  can  connect  with 
the  stator  to  a  25-cycle  system,  and  with  the  rotor  to  a  60-cycle 
system,  and  feed  into  both  systems  power  in  the  proportion  of 
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.25  -^  60,  as  is  obvious  from  the  equations  of  the  general  alter- 
nating-current transformer  in  the  preceding  chapter. 

216.  Since  the  amounts  of  electric  power  at  the  two  fre- 
quencies are  always  proportional  to  each  other,  such  a  machine 
is  hardly  of  much  value  for  feeding  into  two  different  systems, 
but  of  importance  are  only  the  casas  where  the  two  frequencies 
generated  by  the  machine  can  be  reduced  to  one. 

This  is  the  case: 

(1)  If  the  two  frequencies  are  the  same:  /j  =  /j  =  ^-    In  this 

case,  stator  and  rotor  can  be  connected  together,  in  parallel 
or  in  series,  and  the  induction  machine  then  generates  electric 
power  at  half  the  frequency  of  its  speed,  that  is,  runs  at  double 
synchronism  of  its  generated  frequency.  Such  a  "doiible 
synchronous  alternator  "  so  consists  of  an  induction  machine, 
in  which  the  stator  and  the  rotor  are  connected  with  each  other 
in  parallel  or  in  series,  supplied  with  the  reactive  exciting  cur- 
rent by  a  synchronous  machine  —  for  instance,  by  using  syn- 
chronous converters  with  overexcited  field  as  load,  —  and 
driven  at  a  speed  equal  to  twice  the  frequency  required.  This 
type  of  machine  may  be  useful  for  prime  movers  of  very  high 
speeds. 

(2)  If  of  the  two  frequencies,  one  is  chosen  so  low  that  the 
amount  of  power  generated  at  this  frequency  is  very  small,  and 
can  be  taken  up  by  a  synchronous  machine  or  other  low-fre- 
quency machine,  the  latter  then  may  also  be  called  an  exciter. 
For  instance,  connecting  the  rotor  of  an  induction  machine  to  a 
synchronous  motor  of  /,  =  4  cycles,  and  driving  it  at  a  speed 
of  /o  =  64  cycles,  generates  in  the  stator  an  e.m.f.  at  /^  =  60 
cycles,  and  the  amount  of  power  generated  at  60  cycles  is  V'  = 
15  times  the  power  generated  by  4  cycles.  The  machine  then 
is  an  induction  generator  driven  at  15  times  its  synchronous 
speed.  Where  the  power  at  frequency  /,  is  very  small,  it 
would  be  no  serious  objection  if  this  power  were  not  generated, 
but  consumed.  That  is,  by  impressing  /j  =  4  cycles  upon  the 
rotor,  and  driving  it  at  /<,  =  56  cycles,  in  opposite  direction  to 
the  rotating  field  produced  in  it  by  the  impressed  frequency  of  4 
cycles,  the  stator  also  generates  an  e.m.f.  at  /^  ==  60  cycles.     In 
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this  case,  electric  power  has  to  be  put  into  the  machine  by  a 
generator  at  /j  =  4  cycles,  and  mechanical  power  at  a  speed  of 
/^  =  56  cycles,  and  electric  power  is  produced  as  output  at  /^  = 
60  cycles.  The  machine  thus  operated  is  an  ordinary  frequency 
converter,  which  transforms  from  a  very  low  frequency,  /,  = 
4  cycles,  to  frequency  /^  =  60  cycles  or  15  times  the  impressed 
frequency,  and  the  electric  power-input  so  is  only  one-fifteenth 
of  the  electric  power-output,  the  other  fourteen-fifteenths  are 
given  by  the  mechanical  power-input,  and  the  generator  supply- 
ing the  impressed  frequency,  /,  =  4  cycles,  accordingly  is  so 
small  that  it  can  be  considered  as  an  exciter. 

217.  (3)  If  the  rotor  of  frequency,  /j,  driven  at  speed  /<,,  is 
connected  to  the  external  circuit  through  a  commutator,  the 
effective  frequency  supplied  by  the  commutator  brushes  to  the 
external  circuit  is  /o  —  /j)  hence  equals  /j,  or  the  stator  frequency. 
Stator  and  rotor  so  give  the  same  effective  frequency,  /j,  and 
irrespective  of  the  frequency,  f^  generated  in  the  rotor,  and  the 
frequencies,  /^  and  f^,  accordingly  become  indefinite,  that  is, 
/i  may  be  any  frequency,  f^  then  becomes  /^  —  /„  but  by  the 
commutator  is  transformed  to  the  same  frequency,  f^.  If  the 
stator  and  rotor  were  used  on  entirely  independent  electric 
circuits,  the  frequency  would  remain  indeterminate.  As  soon, 
however,  as  stator  and  rotor  are  connected  together,  a  relation 
appears  due  to  the  transformer  law,  that  the  secondary  ampere- 
turns  must  equal  the  primary  ampere-turns  (when  neglecting 
the  exciting  ampere-turns).  This  makes  the  frequency  depend- 
ent upon  the  number  of  turns  of  stator  and  rotor  circuit. 

Assuming  the  rotor  circuit  is  connected  in  multiple  with  the 
stator  circuit  —  as  it  always  can  be,  since  by  the  commutator 
brushes  it  has  been  brought  to  the  same  frequency.  The  rotor 
e.m.f.  then  must  be  equal  to  the  stator  e.m.f.  The  e.m.f., 
however,  is  proportional  to  the  frequency  times  number  of 
turns,  and  it  is  therefore: 

^2  /a  =  ^i/i> 

where  n^  =  number  of  effective  stator  turns, 

rij  =  number  of  effective  rotor  turns,  and  /j  and 
/,  are  the  respective  frequencies. 
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Herefrom  follows: 

/i  -^  /a  =  ^2  -  ^i) 

that  is,  the  frequencies  are  inversely  proportional  to  the  number 
of  effective  turns  in  stator  and  in  rotor. 
Or,  since  /o  =  A  +  /a  is  the  frequency  of  rotation: 

/i  -^  /o  =  ^3  ^  ^1  +  ^2. 

That  is,  the  frequency,  f^,  generated  by  the  synchronous- 
induction  machine  with  commutator,  is  the  frequency  of  rotation, 
A,  times  the  ratio  of  rotor  turns,  n„  to  total  turns,  n  ^-\-  n^. 

Thus,  it  can  be  made  anything  by  properly  choosing  the 
number  of  turns  in  the  rotor  and  in  the  stator,  or,  what  amounts 
to  the  same,  interposing  between  rotor  and  stator  a  transformer 
of  the  proper  ratio  of  transformation. 

The  powers  generated  by  the  stator  and  by  the  rotor,  how- 
ever, are  proportional  to  their  respective  frequencies,  and  so  are 
inversely  proportional  to  their  respective  turns. 

^1  -^  ^2  =  /i  -  /2  =  ^2  -  ^xJ 

if  n^  and  n^,  and  therewith  the  two  frequencies,  are  very  different, 
the  two  powers,  P^  and  P^,  are  very  different,  that  is,  one  of  the 
elements  generates  very  much  less  power  than  the  other,  and 
since  both  elements,  stator  and  rotor,  have  the  same  active 
surface,  and  so  can  generate  approximately  the  same  power,  the 
machine  is  less  economical. 
That  is,   the   commutator  permits  the  generation  of  any 

desired  frequency,  /j,  but  with  bast  economy  only  if  /i  =  ^ ,  or 

half-synchronous  frequency,  and  the  greater  the  deviation  from 
this  frequency,  the  less  is  the  economy.  If  one  of  the  fre- 
quencies is  very  small,  that  is,  /j  is  either  nearly  equal  to  syn- 
chronism A,  or  very  low,  the  low-frequency  structure  generates 
very  little  power. 

By  shifting  the  commutator  brushes,  a  component  of  the  rotor 
current  can  be  made  to  magnetize  and  the  machine  becomes  a 
self-exciting,  alternating-current  generator. 
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The  use  of  a  commutator  on  alternating-current  machines  is 
in  general  undesirable,  as  it  imposes  limitations  on  the  design, 
for  the  purpose  of  eliminating  destructive  sparking,  as  discussed 
in  the  chapter  on  Alternating-Current  Commutatiug  Machines. 

The  synchronous-induction  machines  have  not  yet  reached 
a  sufficient  importance  to  require  a  detailed  investigation,  so 
only  two  examples  may  be  considered. 

218.    (1)   Double  Synchronous  AUemaior. 

Assume  the  stator  and  rotor  of  an  induction  machine  to  be 
wound  for  the  same  number  of  effective  turns  and  phases,  and 
connected  in  multiple  or  in  series  with  each  other,  or,  if  wound 
for  different  number  of  turns,  connected  through  transformers 
of  such  ratios  as  to  give  the  same  effective  turns  when  reduced 
to  the  same  circuit  by  the  transformer  ratio  of  turns. 

Let 

y  J  =  gf  +  jb  ^  exciting  admittance  of  the  stator, 

Zj  =  Tj  —  jXj  =  self-inductive  impedance  of  the  stator, 

Zj  =  r,  —  ;>,=  self-inductive  impedance  of  the  rotor, 

and 

e  =  e.m.f.  generated  in  the  stator  by  the  mutual  inductive 
magnetic  field,  that  is,  by  the  magnetic  flux  corresponding  to 
the  exciting  admittance,  Y^; 


and 


/  =  total  current,  or  current  supplied  to  the  external  circuit, 
/j  =  stator  current. 


/,  =  rotor  current. 


With  series  connection  of  stator  and  rotor  . 

/  -  /.  =  i« 

with  parallel  connection  of  stator  and  rotor: 

/  =  /.  +  /,. 
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Using  the  equations  of  the  general  induction  machine,  the 
slip  of  the  secondary  circuit  or  rotor  is 

the  exciting  admittance  of  the  rotor  is 

y,  =  9  4-/56  =  Sf-y6, 
and  the  rotor  generated  e.m.f., 

E^  =  56  ==  —  e; 

that  is,  the  rotor  must  be  connected  to  the  stator  in  the  opposite 
direction  to  that  in  which  it  would  be  connected  at  standstill, 
or  in  a  stationary  transformer. 

That  is,  magnetically,  the  power  components  of  stator  and 
rotor  current  neutralize  each  other.  Not  so,  however,  the 
reactive  components,  since  the  reactive  component  of  the  rotor 
current, 

/,  =  V  +  7V, 

in  its  reaction  on  the  stator  is  reversed,  by  the  reversed  direction 
of  relative  rotation,  or  the  slip,  s  =«  —  1,  and  the  effect  of  the 
rotor  current,  /„  on  the  stator  circuit  accordingly  corresponds 
to 

hence,  the  total  magnetic  effect  is 

and  since  the  total  effect  must  be  the  exciting  current 

^0         ''0    ^  Jo   > 

it  follows  that 

i/-t7=t/andV'+V'=C. 

Hence,  the  stator  power  current  and  rotor  power  current, 
i '  and  i/,  are  equal  to  each  other  (when  neglecting  the  small 
hysteresis  power  current).  The  synchronous  exciter  of  the 
machine  must  supply  in  addition  to  the  magnetizing  current, 
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the  total  reactive  current  of  the  load.  Or  in  other  words,  such 
a  machine  requires  a*  synchronous  exciter  of  a  volt-ampere 
capacity  equal  to  the  volt-ampere  excitation  plus  the  reactive 
volt-amperes  of  the  load,  that  is,  with  an  inductive  load,  a  large 
exciter  machine.  In  this  respect,  the  double-synchronous 
generator  is  analogous  to  the  induction  generator,  and  is  there- 
fore suited  mainly  to  a  load  with  leading  current,  as  over- 
excited converters  and  synchronous  motors,  in  which  the  reactive 
component  of  the  load  is  negative  and  so  compensates  for  the 
reactive  component  of  excitation,  and  thereby  reduces  the  size 
of  the  exciter. 

This  means  that  the  double-synchronous  alternator  has  zero 
armature  reaction  for  non-inductive  load,  but  a  demagnetizing 
armature  reaction  for  inductive,  a  magnetizing  armature 
reaction  for  anti-inductive  load,  and  the  excitation,  by  alter- 
nating-reactive current,  so  has  to  be  varied  with  the  character 
of  the  load,  in  general  in  a  far  higher  degree  than  with  the  syn- 
chronous alternator. 

219.    (2)  SynchrcmouS'Iiidtiction    Generaior    with    Law-Fre- 
quency Excitation. 

Here  two  cases  exist: 

(a)  if  the  magnetic  field  of  excitation  revolves  in  opposite 
direction  to  the  mechanical  rotation. 

(6)   If  it  revolves  in  the  same  direction. 

In  the  first  case,  (a)  the  exciter  is  a  low-frequency  generator 
and  the  machine  a  frequency  converter,  calculated  by  the  same 
equations. 

Its  voltage  regulation  is  essentially  that  of  a  synchronous 
alternator:  with  increasing  load,  at  constant  voltage  impressed 
upon  the  rotor  or  exciter  circuit,  the  voltage  drops  moderately 
at  non-inductive  load,  greatly  at  inductive  load,  and  rises  at 
anti-inductive  load.  To  maintain  constant  terminal  voltage, 
the  excitation  has  to  be  changed  with  a  change  of  load  and 
character  of  load.  With  a  low-frequency  synchronous  machine 
as  exciter,  this  is  done  by  varying  the  field  excitation  of  the 
exciter. 

At  constant  field  excitation  of  the  synchronous  exciter,  the 
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regulation  is  that  due  to  the  impedance  between  the  nominal 
generated  e.m.f.  of  the  exciter,  and  the  terminal  voltage  of  the 
stator  —  that  is,  corresponds  to: 

Z  =  Z,  +  Z,  -h  z,. 

Here    Zq  =  synchronous  impedance  of  the  exciter,  reduced  to  full 
frequency  /^ 

Zj  =  self-inductive  impedance  of  the  rotor,  reduced  to  full 
frequency  /j, 

Zj  =  self-inductive  impedance  of  the  stator. 

If  then  E^  =  nominal  generated  e.m.f.  of  the  exciter  generator, 
that  is,  corresponding  to  the  field  excitation,  and, 

/j  =  f  -h  jij  =  stator  current  or  output  current,  the  stator  ter- 
minal voltage  is 

E.^E,^-  ZI,,  or,  E,  =  E+  (r-jx)  (i  +  ji,); 
and,  choosing  ^^  =  e^  as  real  axis,  and  expanding: 

and  the  absolute  value, 

^0   =  (^1  +  ^'  +  ^lY  +  (^/  -  ri^y, 
e^   =  Ve^^  —  {xi  —  ri^y  —  (ri  +  xi^). 

220.  As  an  example  is  shown,  in  Fig.  136,  on  p.  359  in  dotted 
lines,  with  the  total  current,  /  =  Vi^  +  ij^,  as  abscissas,  the  volt.- 
age  regulation  of  such  a  machine,  or  the  terminal  voltage,  ej, 
with  a  4-cycle  synchronous  generator  as  exciter  of  the  60-cycle 
synchronous-induction  generator,  driven  as  frequency  converter 
at  56  cycles. 

(1)  for  non-inductive  load,  or  /^  =  t.  (Curve  I.) 

(2)  for  inductive  load  of  80  per  cent  power-factor,  or  /j  = 
7(0.8  +  0.6j).  (Curve  II.) 

(3)  for  anti-inductive  load   of  80  per  cent  power-factor,  or 
7,  =  7  (0.8  -  0.6  j).  (Curve  III.) 
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For  the  constants: 


e„  =  2000  volts, 

Z,  =  1-0.5/, 

Z,  =  0.1-0.3j, 

Z,  -0.5-0.5/; 

hence 

Z 

=  1.6- 

-1.3/. 

Then 

e,  =  \/4  X  10*  -  (1.3 1  - 1.6  i,y  -  (1.6  i  +  1.3  i^) ; 
hence,  for  non-inductive  load,  t,  —  0; 


c,  =  ^4  X  10*  - 1.69 1»  -  1.6  i; 
for  inductive  load  of  80  per  cent  power-factor  i^  =  0.6  /,  i  =  0.8  /; 


e,  =  \/4x  10« -. 0064  P- 2.06  7; 

and  for  anti-inductive  load  of  80  per  cent  power-factor  t,  = 
-0.6  7,1  =  0.8  7: 
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Fig.  196.  —  SynchronotiB  Induction  Generator  Be^ation  Curves. 

As  seen,  due  to  the  internal  impedance,  and  especially  the 
resistance  of  this  machine,  the  regulation  is  very  poor,  and  even 
at  the  chosen  anti-inductive  load  no  rise  of  voltage  occurs. 
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221.  Of  more  theoretical  interest  is  the  case  (6),  where  the 
exciter  is  a  synchronous  motor,  and  the  synchronous  induction 
generator  produces  power  in  the  stator  and  in  the  rotor  circuit. 
In  this  case,  the  power  is  produced  by  the  generated  e.m.f.,  E, 
(e.m.f.  of  mutual  induction,  or  of  the  rotating  magnetic  field) 
of  the  induction  machine,  and  energy  flows  outward  in  both 
circuits,  in  the  stator  into  the  receiving  circuit,  of  terminal 
voltage  E^,  in  the  rotor  against  the  impressed  e.m.f.  of  the 
synchronous  motor  exciter  E^.  The  voltage  of  one  receiving 
circuit,  the  stator,  therefore,  is  controlled  by  a  voltage  impressed 
upon  another  receiving  circuit,  the  rotor,  and  this  results  in  some 
interesting  effects  in  voltage  regulation. 

Assume  the  voltage,  E^,  impressed  upon  the  rotor  circuit  as 
the  nominal  generated  e.m.f.  of  the  synchronous-motor  exciter, 
that  is,  the  field  corresponding  to  the  exciter  field  excitation, 
and  assume  the  field  excitation  of  the  exciter,  and  therewith 
the  voltage,  ^^,,  to  be  maintained  constant. 

Reducing  all  the  voltages  to  the  stator  circuit  by  the  ratio  of 
their  effective  turns  and  the  ratio  of  their  respective  frequencies, 
the  same  e.m.f.,  E^  is  generated  in  the  rotor  circuit  as  in  the 
stator  circuit  of  the  induction  machine. 

At  no-load,  neglecting  the  exciting  current  of  the  induction 
machine,  that  is,  with  no  current,  we  have  -B^  =  -B  =  jB^. 

If  a  load  is  put  on  the  stator  circuit  by  taking  a  current  / 
from  the  same,  the  terminal  voltage,  ^j,  drops  below  the  gene- 
rated e.m.f.,  E,  by  the  drop  of  voltage  in  the  impedance,  Z^,  of 
the  stator  circuit.  Corresponding  to  the  stator  current,  I^,  a 
current,  /j,  then  exists  in  the  rotor  circuit,  giving  the  same 
ampere-turns  as  Z^,  in  opposite  direction,  and  so  neutralizdng  the 
m.m.f.  of  the  stator  (as  in  any  transformer).  This  current,  /,, 
exists  in  the  synchronous  motor,  and  the  synchronous  motor 
e.m.f.,  E^y  accordingly  drops  below  the  generated  e.m.f.,  E,  of 
the  rotor,  or,  since  E^  is  maintained  constant,  E  rises  above  E^ 
with  increasing  load,  by  the  drop  of  voltage  in  the  rotor  impe- 
dance Zj,  and  the  synchronous  impedance,  Z^j  of  the  exciter. 

That  is,  the  stator  terminal  voltage,  E^^  drops  with  increasing 
load,  by  the  stator  impedance  drop,  and  rises  with  increasing 
load  by  the  rotor  and  exciter  impedance  drop,  since  the  latter 
causes  the  generated  e.m.f.,  E,  to  rise. 

If  then  the  impedance  drop  in  the  rotor  circuit  is  greater  than 
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that  in  the  stator,  with  increasing  load  the  terminal  voltage 
£j,  of  the  machine  rises,  that  is,  the  machine  automatically 
over-compounds,  at  constant-exciter  field  excitation,  and  if 
the  stator  and  the  rotor  impedance  drops  are  equal,  the  machine 
compounds  for  constant  voltage. 

In  such  a  machine,  by  properly  choosing  the  stator  and  rotor 
impedances,  automatic  rise,  decrease  or  constancy  of  the 
terminal  voltage  with  the  load  can  be  produced. 

This,  however,  applies  only  to  non-inductive  load.  If  the 
current,  /,  differs  in  phase  from  the  generated  e.m.f.,  E,  the 
corresponding  current,  /„  also  diflfers;  but  a  lag^g  component 
of  /j  corresponds  to  a  leading  component  in  /„  since  the  stator 
circuit  slips  behind,  the  rotor  circuit  is  driven  ahead  of  the 
rotating  magnetic  field,  and  inversely,  a  leading  component  of 
/j  gives  a  lagging  component  of  /j.  The  reactance  voltage  of 
the  lagging  current  in  one  circuit  is  opposite  to  the  reactance 
voltage  of  the  leading  current  in  the  other  circuit,  therefore 
does  not  neutralize  it,  but  adds,  that  is,  instead  of  compounding, 
regulates  in  the  wrong  direction. 

222.  The  automatic  compounding  of  the  synchronous  induc- 
tion generator  with  low-frequency  synchronous-motor  excita- 
tion so  fails  if  the  load  is  not  non-inductive. 

Let 

Zj  =  Tj  —  jXj  =  stator  self-inductive  impedance, 

Z3  =  fj  —  jx^  =  rotor  self-inductive  impedance,  reduced  to  the 

stator  circuit  by  the  ratio  of  the  effective  turns  ^  =  ~ ,  and  the 

^1 

ratio  of  frequencies  a  =  7^ ; 

/i 

Zq  =  r^  —  ]Xq  =  synchronous  impedance  of  the  synchronous- 
motor  exciter; 

E^  «  terminal  voltage  of  the  stator,  chosen  as  real  axis,  =  e/, 

Eq  «  nominal   generated   e.m.f.   of  the  synchronous-motor 
exciter,  reduced  to  the  stator  circuit; 

E  =  generated  e.m.f.  of  the  synchronous-induction  generator 
stator  circuit,  or  the  rotor  circuit  reduced  to  the  stator  circuit. 
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The  actual  e.m.f.  generated  in  the  rotor  circuit  then  is  S'  = 
taE,  and  the  actual  nominal  generated  e.m.f.  of  the  synchronous 
exciter  is  E^  =  toE^. 

Let 

/j  =  i  4-  ji^  =  current  in  the  stator  circuit,  or  the  output 
current  of  the  machine. 

The  current  in  the  rotor  circuit,  in  which  the  direction  of 
rotation  is  opposite,  or  ahead  of  the  revolving  field,  then  is, 
when  neglecting  the  exciter  current, 

(If  Y  =  exciting  admittance,  the  exciting  current  is  I^  =-•  EYy 
and  the  total  rotor  current  then  /^  4-  Z,.) 
Then  in  the  rotor  circuit, 

E  ^E,  +  (Z,  +  Z,)I^  (1) 

and  in  the  stator  circuit: 

E  =E,+  ZJ,.  (2) 

Hence, 

E,^E,  +  I,(Z,  +  Z,)-I,Z„  (3) 

or,  substituting  for  /,  and  /,, 

E,=E,  +  i  (Z,  +  Z,  -  Z,)  -  ji,  (Z,  +  Z,  +  Z,).  (4) 

Denoting  now, 

Z,  +  Z,  +  Z,  =  Z,^T^-ix„ 

Z,  +  Z,-Z,^Z,  =  r,-ix„  <*^ 

and  substituting, 

E,-E,  +  iZ,-p,Z„  (6) 

or,  since  E  ^=  e^, 

E,  =  e,-iZ,  +  p,Z, 

=  («i  -  r^i  +  x,i,)  +  /  (x^i  +  r,t,),  (7) 
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or  the  absolute  value 

«o'  =  i^i-r,i  +  x^i,y  +  (x,i  +  r^i.y.  (8) 

Hence 


That  is,  the  terminal  voltage,  c^,  decreases  due  to  the  decrease 
of  the  square  root,  but  may  increase  due  to  the  second  term. 

At  no-loadj 

i  =  0,  ij  =  0  and  e^  =  e^. 

At  rum-inductive  load. 


i\  =  0  and  e^  =  Ve^^  -  x/t*  +  r^i.  (10) 

e^  first  increases,  from  its  no-load  value,  6^,  reaches  a  maximum, 
and  then  decreases  again. 


Since 


X^  =  X^  +  Xj       Xj, 


at  r^  =  0  and  x^  =  0,  or, 

^1  =  ^  +  r,, 

Xi   =  Xq  +  Xj, 

and, 

e^  =  6jj,  that  is,  in  this  case  the  terminal  voltage 
is  constant  at  all  non-inductive  loads,  at  constant  exciter 
excitation. 

In  general,  or  for  /^  =  i  +  ji\, 

if  t\  is  positive  or  inductive  load,  from  equation  (9)  follows 
that  the  terminal  voltage,  e^j  drops  with  increasing  load;  while 

if  ij  is  negative  or  anti-inductive  load,  the  terminal  voltage, 
Cj,  rises  with  increasing  load,  ultimately  reaches  a  maximum 
and  then  decreases  again. 
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From  equation  (9)  follows,  that  by  changing  the  impedances, 
the  amount  of  compounding  can  be  varied.  For  instance,  at 
non-inductive  load,  or  in  equation  (10)  by  increasing  the  resist- 
ance, r^,  the  voltage,  6j,  increases  faster  with  the  load. 

That  is,  the  over-compounding  of  the  machine  can  be  in- 
creased by  inserting  resistance  in  the  rotor  circuit. 

223.  As  an  example  is  shown,  in  Fig.  136,  in  full  line,  with 
the  total  current,  /  =  Vi*  +  i^^  as  abscissas,  the  voltage 
regulation  of  such  a  machine,  or  the  terminal  voltage,  6^,  with 
a  4-cycle  synchronous  motor  as  exciter  of  a  60-cycle  synchronous- 
induction  generator  driven  at  64-cycles  speed. 

(1)  For  non-inductive  load,  or  /^  =  i,  (Curve  I.) 

(2)  For   inductive   load    of   80   per   cent     power-factor;    or 

/j  =  /  (0.8  +  0.6  j).  (Curve  II.) 

(3)  For  anti-inductive  load  of  80  per  cent  power-factor;  or 
7,  =  7  (0.8  -  0.6  j).  (Curve  III.) 

For  the  constants, 

e^  =  2000  volts.  Z^  =  0.5  -  0.5  j. 

Z^  =  0.1  -0.3/.  a  =  0.067. 

Zj  =  1  —  0.5  y.  i  =  1,  that  is,  the  sanie 

number  of  turns  in 
stator  and  rotor. 

Then, 

Z,  =  1.6  -  1.3  j  and  Z,  =  1.4  -  0.7  j. 

Hence,  substituting  in  equation  (9), 

e,  =  \/4x  10«-(0.7i+  1.6t\)*+  1.4t-1.3i\; 

thus,  for  non-inductive  load,  tj  =  0; 


c,  =  \/4  X  W - 0.49 i^+  1.4 i; 
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for  inductive  load  of  80  per  cent  power-factor  i\  =  0.6  /;  i  =  0.8  7; 

e,  =  \/4  X  10^  -  2.31  P  +  .34  7; 

and  for  anti-inductive  load  of  80  per  cent  power-factor  i\  = 
-  0.6  7;  i  =  0.8  7; 

e,  =  V4  X  10*  -  ATP  +  1.9 1. 

Comparing  the  curves  of  this  example  with  those  of  the  same 
machine  driven  as  frequency  converter  with  exciter  generator, 
and  shown  in  dotted  lines  in  the  same  chart  (Fig.  136),  it  is 
seen  that  the  voltage  is  maintained  at  load  far  better,  and 
especially  at  inductive  load  the  machine  gives  almost  perfect 
regulation  of  voltage,  with  the  constants  assumed  here. 
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Fig.  187.  —  Synchronous  Induction  Generator. 


To  show  the  variation  of  voltage  with  a  change  of  power- 
factor,  at  the  same  output  in  current,  in  Fig.  137,  the  terminal 
voltage,  e^,  is  plotted  with  the  phase  angle  as  abscissas,  from 
wattless  anti-inductive  load,  or  90°  lead,  to  wattless  inductive 
load,  or  90°  lag,  for  constant  current-output  of  400  amperes. 
As  seen,  at  wattless  load  both  machines  give  the  same  voltage 
but  for  energy  load  the  type  (6)  gives  with  the  same  excitation 
a  higher  voltage,  or  inversely,  for  the  same  voltage  the  type  (a) 
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requires  a  higher  excitation.  It  is,  however,  seen  that  with  the 
same  current-output,  but  a  change  of  power-factor,  the  voltage 
of  type  (a)  is  far  more. constant  in  the  range  of  inductive  load, 
while  that  of  type  (6)  is  more  constant  on  anti-inductive  load, 
and  on  inductive  load  very  greatly  varies  with  a  change  of 
power-factor. 


CHAPTER  XXI. 

ALTERNATING-CURRENT   GENERATOR. 

224.  In  the  aJternating-current  generator,  e.m.f.  is  generated 
in  the  armature  conductors  by  their  relative  motion  through  a 
constant  or  approximately  constant  magnetic  field. 

When  yielding  current,  two  distinctly  different  m.m.fs. 
are  acting  upon  the  alternator  armature  —  the  m.m.f.  of  the 
field  due  to  the  field-exciting  spools,  and  the  m.m.f.  of  the 
armature  current.  The  former  is  constant,  or  approximately 
so,  while  the  latter  is  alternating,  and  in  synchronous  motion 
relatively  to  the  former;  hence  fixed  in  space  relative  to  the 
field  m.m.f.,  or  unidirectional,  but  pulsating  in  a  single-phase 
alternator.  In"  the  polyphase  alternator,  when  evenly  loaded 
or  balanced,  the  resultant  m.m.f.  of  the  armature  current  is 
more  or  less  constant. 

The  e.m.f.  generated  in  the  armature  is  due  to  the  mag- 
netic flux  passing  through  and  interlinked  with  the  armature 


Fig.  138. 

conductors.    This  flux  is  produced  by  the  resultant  of  both 
m.m.fs.,  that  of  the  field,  and  that  of  the  armature. 

On  open-circuit,  the  m.m.f.  of  the  armature  is  zero,  and  the 
e.m.f.  of  the  armature  is  due  to  the  m.m.f.  of  the  field-coils  only. 
In  this  case  the  e.m.f.  is,  in  general,  a  maximum  at  the  moment 
when  the  armature  coil  faces  the  position  midway  between 

361 


362  ALTERNATING-CURRENT  PHENOMENA, 

adjacent  field-coils,  as  shown  in  Fig.  138,  and  thus  incloses  no 
magnetism.  The  e.m.f.  wave  in  this  case  is,  in  general,  sym- 
metrical. 

An  exception  to  this  statement  may  take  place  only  in 
those  types  of  alternators  where  the  magnetic  reluctance  of  the 
armature  is  different  in  different  directions;  thereby,  during 
the  synchronous  rotation  of  the  armature,  a  pulsation  of  the 
magnetic  flux  passing  through  it  is  produced.  This  pulsation 
of  the  magnetic  flux  generates  e.m.f.  in  the  field-spools,  and 
thereby  makes  the  field  current  pulsating  also.  Thus,  we  have, 
in  this  case,  even  on  open-circuit,  no  rotation  through  a  con- 
stant magnetic  field,  but  rotation  through  a  pulsating  field, 
which  makes  the  e.m.f.  wave  uns3rmmetrical,  and  shifts  the 
maximum  point  from  its  theoretical  position  midway  between 
the  field-poles.  In  general  this  secondary  reaction  can  be 
neglected,  and  the  field  m.m.f.  be  assumed  as  constant. 

The  relative  position  of  the  armature  m.m.f.  with  respect  to 
the  field  m.m.f.  depends  upon  the  phase  relation  existing  in 
the  electric  circuit.  Thus,  if  there  is  no  displacement  of  phase 
between  current  and  e.m.f.,  the  current  reaches  its  maximum 
at  the  same  moment  as  the  e.m.f.  or,  in  the  position  of  the 
armature  shown  in  Fig.  138,  midway  between  the  field-poles. 
In  this  case  the  armature  current  tends  neither  to  magnetize  nor 
demagnetize  the  field,  but  merely  distorts  it;  that  is,  demagne- 
tizes the  trailing-pole  corner,  a,  and  magnetizes  the  leading- 
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pole  corner,  6.  A  change  of  the  total  flux,  and  thereby  of 
the  resultant  e.m.f.,  will  take  place  in  this  case  only  when  the 
magnetic  densities  are  so  near  to  saturation  that  the  rise  of 
density  at  the  leading-pole  corner  will  be  less  than  the  decrease  of 
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density  at  the  trailing-pole  comer.  Since  the  internal  self- 
inductive  reactance  of  the  alternator  itself  causes  a  certain  lag 
of  the  current  behind  the  generated  e.m.f.,  this  condition  of  no 
displacement  can  exist  only  in  a  circuit  with  external  negative 
reactance,  as  capacity,  etc. 

If  the  armature  current  lags,  it  reaches  the  maximum  later 
than  the  e.m.f.;  that  is,  in  a  position  where  the  armature-coil 
partly  faces  the  field-pole  which  it  approaches,  as  shown  in 
diagram  in  Fig.  139.  Since  the  armature  current  is  in  opposite 
direction  to  the  current  in  the  following-field  pole  (in  a  genera- 
tor), the  armature  in  this  case  will  tend  to  demagnetize  the 
field. 

If,  however,  the  armature  current  leads,  —  that  is,  reaches 
its  maximum  while  the  armature-coil  still  partly  faces  the 
field-pole  which  it  leaves,  as  shown  in  diagram  Fig.  140,  —  it 


Fia.  140. 

tends  to  magnetize  this  field-coil,  since  the  armature  current  is 
in  the  same  direction  as  the  exciting  current  of  the  preceding- 
field  spools. 

Thus,  with  a  leading  current,  the  armature  reaction  of  the 
alternator  strengthens  the  field,  and  thereby,  at  constant- 
field  excitation,  increases  the  voltage;  with  lagging  current  it 
weakens  the  field,  and  thereby  decreases  the  voltage  in  a  gene- 
rator. Obviously,  the  opposite  holds  for  a  synchronous  motor, 
in  which  the  armature  current  is  in  the  opposite  direction;  and 
thus  a  lagging  current  tends  to  magnetize,  a  leading  current  to 
demagnetize,  the  field. 

226.  The  e.m.f.  generated  in  the  armature  by  the  resultant 
magnetic  flux,  produced  by  the  resultant  m.m.f.  of  the  field  and 
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of  the  armature,  is  not  the  tenninal  voltage  of  the  machine;  the 
terminal  voltage  is  the  resultant  of  this  generated  e.m.f.  and  the 
e.m.f.  of  self-inductive  reactance  and  the  e.m.f.  representing 
the  power  loss  by  resistance  in  the  alternator  armature.  That 
is,  in  other  words,  the  armature  current  not  only  opposes  or 
assists  the  field  m.m.f.  in  creating  the  resultant  magnetic  flux, 
but  sends  a  second  magnetic  flux  in  a  local  circuit  through  the 
armature,  which  flux  does  not  pass  through  the  field-spools, 
and  is  called  the  magnetic  flux  of  armature  self-inductive 
reactance. 

Thus  we  have  to  distinguish  in  an  alternator  between  armature 
reaction,  or  the  magnetizing  action  of  the  armature  upon  the 
field,  and  armature  self-inductive  reactance,  or  the  e.m.f.  gene- 
rated in  the  armature  conductors  by  the  current  therein.  This 
e.m.f.  of  self-inductive  reactance  is  (if  the  magnetic  reluctance, 
and  consequently  the  reactance,  of  the  armature  circuit  is 
assumed  as  constant)  in  quadrature  behind  the  armature 
current,  and  will  thus  combine  with  the  generated  e.m.f.  in  the 
proper  phase  relation.  Obviously  the  e.m.f.  of  self-inductive 
reactance  and  the  generated  e.m.f.  do  not  in  reality  combine, 
but  their  respective  magnetic  fluxes  combine  in  the  armature- 
core,  where  they  pass  through  the  same  structure.  These 
component  e.m.fs.  are  therefore  mathematical  fictions,  but 
their  resultant  is  real.  This  means  that,  if  the  armature  current 
lags,  the  e.m.f.  of  self-inductive  reactance  will  be  more  than  90 
time  degrees  behind  the  generated  e.m.f.,  and  therefore  in  partial 
opposition,  and  will  tend  to  reduce  the  terminal  voltage.  On  the 
other  hand,  if  the  armature  current  leads,  the  e.m.f.  of  self- 
inductive  reactance  will  be  less  then  90°  behind  the  generated 
e.m.f.,  or  in  partial  conjunction  therewith,  and  increase  the 
terminal  voltage.  This  means  that  the  e.m.f.  of  self-inductive 
reactance  increases  the  terminal  voltage  with  a  leading,  and 
decreases  it  with  a  lagging  current,  or,  in  other  words,  acts  in  the 
same  manner  as  the  armature  reaction.  For  this  reason  both 
actions  can  be  combined  in  one,  and  represented  by  what  is 
called  the  synchronous  reactance  of  the  alternator.  In  the  fol- 
lowing, we  shall  represent  the  total  reaction  of  the  armature  of 
the  alternator  by  the  one  term,  synchronous  reactance.  While 
this  is  not  exact,  as  stated  above,  since  the  reactance  should  be 
resolved  into  the  magnetic  reaction  due  to  the  magnetizing 
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action  of  the  armature  current,  and  the  electric  reaction  due  to 
the  self-induction  of  the  armature  current,  it  is  in  general 
sufficiently  near  for  practical  purposes,  and  well  suited  to  explain 
the  phenomena  taking  place  under  the  various  conditions  of 
load.  This  synchronous  reactance,  x,  is  frequently  not  constant, 
but  is  pulsating,  owing  to  the  synchronously  varying  reluctance 
of  the  armature  magnetic  circuit,  and  the  field  magnetic  circuit; 
it  may,  however,  be  considered  in  what  follows  as  constant; 
that  is,  the  e.m.fs.  generated  thereby  may  be  represented  by 
their  equivalent  sine  waves.  A  specific  discussion  of  the  dis- 
tortions of  the  wave  shape  due  to  the  pulsation  of  the  syn- 
chronous reactance  is  found  in  Chapter  XXVI.  The  synchronous 
reactance,  x,  is  not  a  true  reactance  in  the  ordinary  sense  of  the 
word,  but  an  equivalent  or  effective  reactance.  Sometimes  the 
total  effects  taking  place  in  the  alternator  armature  are  repre- 
sented by  a  magnetic  reaction,  neglecting  the  self-inductive 
reactance  altogether,  or  rather  replacing  it  by  an  increase  of  the 
armature  reaction  or  armature  m.m.f.  to  such  a  value  as  to 
include  the  self-inductive  reactance.  This  assumption  is  mostly 
made  in  the  preliminary  designs  of  alternators. 

226.  Let  E^  «  generated  e.m.f.  of  the  alternator,  or  the 
e.m.f.  generated  in  the  armature-coils  by  their  rotation  through 
the  constant  magnetic-field  produced  by  the  current  in  the 
field-spools,  or  the  open-circuit  voltage,  more  properly  called 
the  '*  nominal  generated  e.m.f.,"  since  in  reality  it  does  not  exist 
Bs  before  stated. 

Then 

E^  =  V2  Ttnf^  10-'; 

where 

n  =  total  number  of  tiuiis  in  series  on  the  armature, 
/  =  frequency, 
4>  =  total  magnetic  flux  per  field-pole. 

Let  x^  =  synchronous  reactance, 

r^  =  internal  resistance  of  the  alternator; 

then  Zj,=  fg  —  jx^  =  internal  impedance. 
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If  the  circuit  of  the  alternator  is  closed  by  the  external 
impedance, 

Z  =  r  —  jx, 


the  current 

T          E»                       Et 

■~  Z,  +  Z      (r,  +  r)  -i  (X, 

+  x)' 

or, 

r^               ^« 

V(r,  +  ry+(x,  +  xy' 

and,  the  terminal  voltage, 

E  = 

17        IP         17                    ^^^ 

-yx) 

■  •    "  ••    /-,-  ^^^^^j_ 

■j(a;,  +  x)  ' 

or. 

^          ^yr»  +  x* 

V(r,  +  r)»  +  (x.  +  x)' 

o'  +  x.'' 
r'  +  x' 

or,  expanded  in  a  series, 

p     J?  li      '•q^  +  ^0^  ,  2  (r,r  +  x^)  -  (r^  +  x/)  1 

^=-^«f-    r'  +  x'   +  2(r'+x')  =^-"f' 

As  shown,  the  terminal  voltage  varies  with  the  conditions  of 
the  external  circuit. 

227.  As  an  example  in  Figs.  141-146,  at  constant  generated 
e.m.f., 

E^  =  2500; 

and  the  values  of  the  internal  impedance, 

^0  =  ^0  -  7^0  =  1  -  10  J. 
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With  the  current,  I,  as  abscissas,  the  terminal  voltages,  E, 
as  ordinates  in  full  line,  and  the  kilowatts  output,  =  Pr,  in 
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Fia.  141. — Field  Characteristic  of  Alternator  on  Non-inductive  Load. 

dotted  lines,  the  kilovolt^amperes  output,  =  lE^  in  dash- 
dotted  lines,  we  have,  for  the  following  conditions  of  external 
circuit: 

In  Fig.  141,  non-inductive  external  circuit,  a:  =  0. 

f 
In  Fig.  142,  inductive  external  circuit,  of  the  condition,  -  = 

X 

+0.75,  with  a  power-factor,  0.6. 

In  Fig.  143,  inductive  external  circuit,  of  the  condition,  r=  0, 
with  a  power-factor,  0. 


so        iO       CO        80       100      UO       UO       100      180      100      SW      SM      MO  Amps. 

Flo.  142. —  Field  Characteristic  of  Alternator  at  60  per  cent  Power-Factor  on 

Inductive  Load. 
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Fia.  143.— Field  Characteristic  of  Alternator  on  Wattless  Inductive  Load. 
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In  Fig.  144,  external  circuit  with  leading  current,  of  the  condi- 
f 
tion,  -  =  —  0.75,  with  a  power-factor,  0.6. 
z 

In  Fig.  145,  external  circuit  with  leading  current,  of  the  condi- 
tion, r  =  0,  with  a  power-factor,  0. 

In  Fig.  146,  all  the  volt-ampere  curves  are  shown  together  as 
complete  ellipses,  giving  also  the  negative  or  syn- 
chronous motor  part  of  the  curves. 
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Fig.  144. — ^Fidd  Characteristic  of  Alternator  at  60  per  cent  Power-Factor  on 

Condenser  Load. 


Such  a  curve  is  called  a  /leZd  characteristic. 

As  shown,  the  e.m.f.  curve  at  non-inductive  load  is  nearly 
horizontal  at  open-circuit,  nearly  vertical  at  short-circuit,  and 
is  similar  to  an  arc  of  an  ellipse. 

With  reactive  load  the  curves  are  more  nearly  straight  lines. 

The  vpltage  drops  on  inductive  load  and  rises  on  capacity  load. 

The  output  increases  from  zero  at  open-circuit  to  a  maxi- 
mum, and  then  decreases  again  to  zero  at  short-circuit. 
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228.  The  dependence  of  the  terminal  voltage,  E,  uj)on  the 
phase  relation  of  the  external  circuit  is  shown  in  Fig.  147, 
which  gives,   at  impressed  e.m.f.,  E^  =  2500  volts,   and   the 
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Fio.  145. — ^Field  Characterifltic  of  Alternator  on  Wattless  Cbndenaer  Load. 

currents,  /  =  50,  100,  150,  200,  250  amperes,  the  terminal  vol- 
tages, -B,  as  ordinates,  with  the  inductance  factor  of  the  eirtemal 


circuit, 


Vr'  +  x' 


,  as  abscissas. 
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229.  If  the  internal  impedance  is  negli^ble  compared  with 
the  external  impedance,  then,  approximately, 


E  = 


Eyr'  +  x' 


v(r,  +  ry  +  ix^+  xY 


=  -E,; 


that  is,  an  altemator  with  small  internal  resistance  and  synr 
chronous  reactance  tends  to  regvlaie  jar  constant-terminal  voltage. 
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Fig.  146. — Field  Characteristic  of  Altemator. 


Every  altemator  does  this  near  open-circuit,  especially  on 
non-inductive  load. 

Even  if  the  synchronous  reactance,  x^^  is  not  quite  negli- 
gible, this  regulation  takes  place,  to  a  certain  extent,  on  non- 
inductive  circuit,  since  for  x  =  0, 


E 


E. 


r       r 
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and  thus  the  expression  of  the  tenninal  .voltage,  E^  contains 
the  synchronous  reactance,  x^,  only  as  a  term  of  second  order  in 
the  denominator. 

On  inductive  circuit,  however,  x^  appears  in  the  denominator 
as  a  term  of  first  order,  and  therefore  cbnstant-potential  regu- 
lation does  not  take  place  as  well. 
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FiQ.  147. — Regulation  of  Alternator  on  Various  Loads. 

With  a  non-inductive  external  circuit,  if  the  synchronous 
reactance,  x^,  of  the  alternator  is  very  large  compared  with  the 
external  resistance,  r, 

1  ^« 


current 


7-^ 


v/TTf^"^-' 


approximately,  or  constant;  or,  if  the  external  circuit  contains 
the  reactance,  x, 

approximately,  or  constant. 
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In  this  case,  the  terminal  voltage  of  a  non-inductive  circuit  is 

a;. 

approximately,  or  proportioiml  to  the  external  resistance, 
in  an  inductive  circuit, 

^0 


approximately,  or  proportional  to  the  external  impedance. 


230.  That  is,  on  a  non-inductive  external  circuit,  an  alter- 
nator with  very  low  synchronous  reactance  regulates  for  con- 
stant-terminal voltage,  as  a  constant-potential  machine;  an 
alternator  with  a  very  high  synchronous  reactance  regulates  for 
a  terminal  voltage  proportional  to  the  external  resistance,  as  a 
constant-current  machine. 

Thus,  every  alternator  acts  as  a  constant-potential  machine 
near  open-circuit,  and  as  a  constant-current  machine  near  short- 
circuit.  Between  these  conditions,  there  is  a  range  where  the 
alternator  regulates  approximately  as  a  constant-power  machine, 
that  is,  current  and  e.m.f.  vary  in  inverse  proportion,  as  between 
130  and  200  amperes  in  Fig.  141. 

The  modern  alternators  are  generally  more  or  less  machines 
of  the  first  class;  the  old  alternators,  as  built  by  JablockkofT, 
Gramme,  etc.,  were  machines  of  the  second  class,  used  for  arc 
lighting,  where  constant-current  regulation  is  an  advantage. 

Obviously,  large  external  reactances  cause  the  same  regula- 
tion for  constant  current  independently  of  the  resistance,  r, 
as  a  large  internal  reactance,  x^. 

On  non-inductive  circuit,  if 


7  = 


and  E 


V(r  4-  T,y  +  X,' 

EqT 

V{r  +  r,y  +  xy 
E,'r 


the  output  is  P^IE^^^^^^^^^, 

and  dP  x^-r^-^r:     ^,. 
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Hence,  if  x^  =  Vr^  —  r^, 


or  r  =  Vr^^  +  x^^  =  z^ 

the  power  is  a  maximum,  and 


E^ 


and  /  = 


^0 


Therefore,  with  an  external  resistance  equal  to  the  internal 
impedance,  or,  r  =  2^  =  Vr^^  +  x^^,  the  output  of  an  alternator 
is  a  maximum,  and  near  this  point  it  regulates  for  constant 
output;  that  is,  an  increase  of  current  causes  a  proportional 
decrease  of  terminal  voltage,  and  inversely. 

The  field  characteristic  of  the  alternator  shows  this  effect 
plainly. 


CHAPTER    XXII. 

ARMATURE   REACTIONS   OP  ALTERNATORS. 

231.  The  change  of  the  terminal  voltage  of  an  alternating 
current  generator,  resulting  from  a  change  of  load  at  constant 
fiekl-excitation,  is  due  to  the  combined  effect  of  armature 
reaction  and  armature  self-induction.  The  counter  m.m.f.  of 
the  armature  current,  or  armature  reaction,  combines  with  the 
impressed  m.m.f.  or  field  excitation  to  the  resultant  m.m.f., 
which  produces  the  resultant  magnetic  field  in  the  field-poles, 
and  generates  in  the  armature  an  e.m.f.  called  the  "virtual 
generated  e.m.f.,"  since  it  has  no  actual  existence,  but  is  merely 
a  mathematical  fiction.  The  counter  e.m.f.  of  self-induction  of 
the  armature  current,  that  is,  e.m.f.  generated  by  the  armature 
current,  by  a  local  magnetic  flux,  combines  with  the  virtual 
generated  e.m.f.  to  the  actual  generated  e.m.f.  of  the  armature, 
which  corresponds  to  the  magnetic  flux  in  the  armature  core. 
This  combined  with  the  e.m.f.  consumed  by  the  armature  resist- 
ance, gives  the  terminal  voltage. 

In  most  cases,  the  effect  of  armature  reaction  and  of  self- 
induction  are  the  same  in  character,  and  so  both  effects  usually 
are  contracted  in  one  constant;  for  purposes  of  design,  frequently 
the  self-induction  is  represented  by  an  increase  of  the  armature 
reaction,  that  is,  an  effective  armature  reaction  used  which  com- 
bines the  effect  of  the  true  armature  reaction,  and  the  armature 
self-induction.  That  is,  instead  of  the  counter  e.m.f.  of  self- 
induction,  a  counter  m.m.f.  is  used,  which  would  produce  the 
magnetic  flux  which  would  generate  the  e.m.f.  of  self-induction. 
For  theoretical  investigations  usually  the  armature  reaction  is 
represented  by  an  effective  self-induction,  that  is,  instead  of  the 
counter  m.m.f..  of  the  armature  reaction,  the  e.m.f.  considered, 
which  would  be  generated  by  the  magnetic  flux,  which  the  arma- 
ture reaction  would  produce.  That  is,  both  effects  are  com- 
bined in  an  effective  reactance,  the  "synchronous  reactance." 

While  armature  reaction  and  self-inductance  are  similar  in 

876 
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effect,  in  some  cases  they  differ  in  their  action;  the  e.m.f.  of 
self-inductance  is  instantaneous,  that  is,  appears  and  disappears 
with  the  current  to  which  it  is  due.  The  effect  of  the  armature 
reaction,  however,  requires  time;  the  change  of  the  magnetic  field 
resulting  from  the  combination  of  the  counter  m.m.f .  of  arma- 
ture reaction  with  the  impressed  m.m.f .  of  field  excitation  occurs 
gradually,  since  the  magnetic  field  flux  interlinks  with  the  field 
winding,  and  any  sudden  change  of  the  field  generates  an  e.m.f. 
in  the  field  circuit,  which  temporarily  increases  or  decreases  the 
field  current,  and  so  retards  the  change  of  the  field  flux.  So  for 
instance,  a  sudden  increase  of  load  results  in  a  simultaneous 
increase  of  the  counter  e.m.f.  of  self-induction  and  coimter 
m.m.f.  of  armature  reaction.  With  the  armature  reaction 
demagnetizing  the  field,  the  field  flux  begins  to  decrease,  and 
thus  generates  an  e.m.f.  in  the  field-exciting  circuit,  which 
increases  the  field  current,  and  retards  the  decrease  of  field 
flux,  so  that  the  field  flux  adjusts  itself  only  gradually  to  the 
change  of  circuit  conditions,  at  a  rate  of  speed  depending  xxpon 
the  constants  of  the  field-exciting  circuit,  etc. 

The  extreme  case  hereof  takes  place  when  suddenly  short- 
circuiting  an  alternator;  at  the  first  moment,  the  short-circuit 
current  is  limited  only  by  the  self-inductance,  and  the  magnetic 
field  still  has  full  strength,  the  field-exciting  current  has  greatly 
increased  by  the  e.m.f.  generated  in  the  field  circuit  by  the  arma- 
ture reaction.  Gradually  the  field-exciting  current  and  there- 
with the  field  magnetism,  die  down  to  the  values  corresponding 
to  the  short-circuit  condition.  Thus  the  momentary  short- 
circuit  current  of  an  alternator  is  far  greater  than  the  perma- 
nent short-circuit  current;  many  times  in  a  machine  of  low 
self-induction  and  high  armature  reaction,  as  a  low-frequency, 
high-speed  alternator  of  large  capacity,  relatively  little  in  a 
machine  of  low  armature-reaction  and  high  self-induction,  as  a 
high-frequency  imitooth  alternator. 

232.  Graphically,  the  internal  reactions  of  the  alternating- 
currpnt  generator  can  be  represented  as  follows: 

Let  the  impressed  m.m.f.,  or  field  excitation,  ^^^  be  repre- 
sented by  the  vector,  OF^,  in  Fig.  148,  chosen  for  convenience 
as  negative  vertical  axis.  Let  the  armature  current,  /,  be 
represented  by  vector  OL    This  current,  /,  gives  armature 
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reaction  iFj  =  nl,  where  n  =  number  of  effective  turns  of  the 
armature,  and  is  represented  by  the  vector,  OF^y  with  the  two 
quadrature  components,  OF/,  in  line  with  the  field  m.m.f.,  OF^, 
—  and  usually  opposite  thereto  —  and  OF'',  in  quadrature  with 

OF^  _ 

OF^  combined  with  OFj  gives  the  resultant  m.m.f.,  OF,  with 
the  quadrature   components,  OF'  =  OF^  -OF^,  and  0F'\ 


Fig.  148. 


The  m.m.f.,  OF,  produces  a  magnetic  flux,  04>,  and  this  gener- 
ates an  e.m.f.,  0/i\,  in  the  armature  circuit,  90  degrees  behind 
OF  in  phase,  the  virtual  generated  e.m.t 
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The  annature  self-induction  consumes  an  e.m.f.,  OE^,  90 
time-degrees  ahead  of  the  current,  thus,  subtracted  vectorially 
from  OE^,  gives  the  actual  generated  e.m.f.,  OE^. 

The  armature  resistance,  r,  consumes  an  e.m.f.,  OE^,  in  phase 
with  the  current,  which  subtracts  vectorially  from  the  actual 
generated  e.m.f.,  and  thus  ^ves  the  terminal  voltage,  OE. 

233.  Analjrtically,  these  reactions  are  best  calculated  by  the 
symboUc  method. 

Let  the  impressed  m.m.f.,  or  field-excitation,  fF^,  be  chosen  as 
the  negative  imaginary  axis,  hence  represented  by 

Let 

/  =  i\  +  ji^  =  armature  current.  (2) 

The  m.m.f.  of  the  armature  then  is 

q^,=n/  ^n{i,  +]i,)  (3) 

where 

n  =  number  of  effective  armature  turns, 

and  the  resultant  m.m.f.  then  is 

If,  then, 

(P  =  magnetic  permeance  of  the  structure,  that  is,  magnetic 
flux  divided  by  the  ampere-turns  m.m.f.  producing  it, 

(P  =  ^  ,   or,  *  =   (PiF  =  —  JCP  (/o  —  nij)  +  (Pn\.  (5) 

The  e.m.f.  generated  by  the  magnetic  flux  *  in  the  armature 
is  6,  =  2  Kfn^  10-' ,  (6) 

where  /  =  frequency. 

Denoting  2  Ttfn  10"*  by  a  we  have,  (7) 

e,  =  a,*  (8) 
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and  since  the  generated  e.m.f.  is  90  time-degrees  behind  the 
generating  flux,  in  symbolic  expression, 

E,  =  ja*;  (9) 

hence,  substituting  (5)  in  (9), 

^2  =  (^  (fo-  ^^'2)  +  jo^ni,,  (10) 

the  virtual  generated  e.m.f. 

The  e.m.f.  consumed  by  the  self-inductive  reactance  of  the 
armature  circuit  is, 

E^  =  —jxl  =  —jxi^  +  xi^;  (11) 

and  therefore,  the  cuUual  generated  e.m.f. 

E   ^  E  ^E 
-Vi        Va      V8 

=  {(WP/o—  (a<Pn  +  x)i^]  +  j\  {cUPn  +  x).  (12) 

The  e.m.f .  consumed  by  the  armature  resistance  r  is 
E.^rl  =  ri,  +  jri,;  (13) 

hence,  the  terminal  voltage, 
E  =  -B, -jB, 

=  {cKP^  -  (a(Pn+x)  1,  - n\}  +  j  {i\  {a(Pn  +  x)  —  nj  .  (14) 

234.  It  is 

/„  =  field  m.m.f.;  hence 

*o  =  ^/o  ==  magnetic  flux,  which  would  be  produced  by  the 
field  excitation,  /^,  if  the  magnetic  permeance  at  this  m.m.f.,  /^, 
were  the  same,  CP,  as  at  the  m.m.f.,  IF  —  that  is,  if  the  magnetic 
characteristic  would  not  bend  between  f^  and  5^,  due  to  mag- 
netic saturation,  or  in  other  words,  when  neglecting  saturation, 
and  therefore  e^  «  ocp/j,  (15)  =  e.m.f.  generated  in  the  armature 
by  the  field  excitation,  when  neglecting  magnetic  saturation,  or 
assuming  a  straight  line  saturation  curve. 

e^  is  called  the  ^'nominal  generated  e.m.f.  of  the  machine." 
ni  =  armature  m.m.f;  therefore, 
(?ni   =  magnetic  flux  produced  thereby,  and. 
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(Ufni=  e.m.f.  generated  in  the  armature  by  the  magnetic  flux  of 
armature  reaction;  hence, 

a<Fn  =  x^ 

=  effective  reactance,  representing  the  armature  reaction, 

and  x^  =  (WPn  +  x  (16) 

=  synchronous  reactance,  that  is,  the  effective  reactance 
representing  the  combined  effect  of  armature  self-induction  and 
armature  reaction. 

Substituting  (15)  and  (16)  in  (14)  gives, 
E  -  («o  -  ^oh  -  '^'i)  +  y  (^oh  -  ^%)'  (17) 

It  follows  herefrom: 

In  an  alternating-current  generator,  the  combined  effect  of 
armature  reaction  and  self-induction  can  be  represented  by  an 
effective  reactance,  the  synchronous  reactance,  x^,  which  consists 
of  the  two  components: 

x^^x  +  x,  (18) 

where, 
X  =  true  self-inductive  reactance  of  the  armature  circuit. 
Xj  =  a(fn  =  effective  reactance  of  armature  reaction,         (19) 

and  the  nominal  generated  e.m.f ', 

eo  =  a<J»/o;  (15) 

where, 

n   =  number  of  armature  turns,  effective, 

Jq  =  field  excitation,  in  ampere-turns, 

a   -  2  7r/n  10"'.  (7) 

(P  =  magnetic  permeance  of  the  field  structure  at  a  mag- 
netic flux  in  the  field-poles  corresponding  to  the  virtual  generated 
e.m.f.,  E^. 

The  introduction  of  the  terra  *' synchronous  reactance,"  x^ 
and  *' nominal  generated  e.m.f.,'*  e^,  is  hereby  justified,  when 
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dealing  with  the  permanent  condition  of  the  electric  circuit. 
The  case  of  the  transient  phenomena  of  momentary  short- 
circuit  currents,  etc.,  is  discussed  in  a  chapter  on  *"rransient 
Phenomena  and  Oscillations, "  section  I. 

It  must  be  understood  that  the  **  nominal  generated  e.m.f.'', 
e^  in  an  actual  machine,  in  which  the  magnetic  characteristic 
bends  due  to  the  approach  to  magnetic  saturation,  is  not  the 
voltage  generated  by  the  field  excitation  f^  at  open-circuit,  but 
is  the  voltage  which  would  be  generated,  if  at  excitation,  f^,  the 

4> 
magnetic  permeance,  (P  =    ^  were  the   same  as  at  the  actual 

flux  existing  in  the  machine  —  that  is,  if  the  magnetic  charac- 
teristic would  continue  in  a  straight  line  passing  through  the 
origin  when  prolonged. 
The  equation  (17)  may  also  be  written 

E  =eo-^ol;  .     (20) 

where, 
Z^  =  r  —  ]Xq  =  synchronous  impedance  of  the  alternator. 

or,  more  generally 
E^E,-^ZJ,  (22) 

and  so  is  the  equation  of  a  circuit,  supplied  by  the  e.m.f.,  E^, 
with  the  current,  /,  over  the  in^pedance,  Z^,  as  has  been  discussed 
in  the  chapter  on  resistance,  inductive  reactance  and  conden- 
sive  reactance. 

An  alternator  so  is  equivalent  to  an  e.m.f.,  E^y  the  nominal 
generated  e.m.f.,  supplying  current  over  an  impedance,  Z^,  the 
synchronous  impedance. 

235.  In  theoretical  investigations  of  alternators,  the  syn- 
chronous reactance,  x^,  is  usually  assumed  SiS  constant,  and  has 
been  assumed  so  in  the  preceding. 

In  reality,  however,  this  is  not  exactly,  and  frequently  not 

^  even  approximately  correct,  but  the  synchronous  reactance  is 

different  in  diifferent  positions  of  the  armature  with  regard  to  the 

field.    Since  the  relative  position  of  the  armature  to  the  field 
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varies  with  the  armature  current,  and  with  the  phase  angle  of 
the  armature  current,  the  regulation  curve  of  the  alternator,  and 
other  characteristic  curves,  when  calculated  under  the  assump- 
tion of  constant  synchronous  reactance,  may  differ  considerably 
from  the  observed  curves,  in  machines  in  which  the  synchronous 
reactance  varies  with  the  position  of  the  armature. 

The  two  components  of  the  synchronous  reactance  are  the 
self-inductive  reactance,  and  the  effective  reactance  of  armature 
reaction.  The  self-inductive  reactance  represents  the  e.m.f. 
generated  in  the  armature  by  the  local  field  produced  in  the 
armature  by  the  armature  current.  The  magnetic  reluctance 
of  the  self-inductive  field  of  the  armature  coil,  however,  is,  in 
general,  different  when  this  coil  stands  in  front  of  a  field-pole, 
and  when  it  stands  midway  between  two  field-poles,  and  the 
self-inductive  reactance  so  periodically  varies,  between  two 
extreme  values,  representing  respectively  the  positions  of  the 
armature  coils  in  front  of,  and  midway  between  the  field-poles, 
that  is,  pulsates  with  double  frequency,  between  a  value,  xf, 
corresponding  to  the  position  in  front,  and  a  value,  a/',  corre- 
sponding to  a  position  midway  between  the  field-poles.  Depend- 
ing upon  the  structure  of  the  machine,  as  the  angle  of  the  pole 
arc,  that  is,  the  angle  covered  by  the  pole  face,  either  xf  or  x" 
may  be  the  larger  one. 

The  effective  reactance  of  armature  reaction,  z^,  corresponds 
to  the  magnetic  flux,  which  the  armature  would  produce  in  the 
field-circuit.  With  the  armature  coil  facing  the  field-pole,  that 
is,  in  a  nearly  closed  magnetic  field-circuit,  x^  therefore  is 
usually  far  greater  than  with  the  armature  coil  facing  midway 
between  the  field-poles,  in  a  more  or  less  open  magnetic  circuit. 
Hence,  x^  also  varies  between  two  extreme  Values,  x/  and  x/', 
corresponding  respectively  to  the  position  in  line  with,  and  in 
quadrature  with,  the  field-poles.  In  this  case,  usually  x/  is 
larger  than  x/^ 

Since  x^  =  cuPn,  where  (P  =  magnetic  permeance,  (P  varies 
between  (P',  corresponding  to  the  position  of  the  armature  coil 
opposite  the  field-poles,  and  (P'',  corresponding  to  the  position 
of  the  armature  coil  midway  between  the  field-poles.  Usually 
(P'  is  far  larger. 

This  means  that  the  two  components  of  the  resultant  m.m.f., 
y,  SF/  in  line  with,  and  $F''  in  quadrature  with,  the  field-pole^. 
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act  upon  magnetic  circuits  of  very  different  permeance,  (P'  and 
<p'\  and  the  components  of  magnetic  flux,  due  to  (F'  and  SF" 
respectively,  are 

The  two  components  of  magnetic  flux,  ^'  and  ^",  therefore, 
are  in  general,  not  proportional  to  their  respective  m.m.fs.  IF'  and 
IF",  and  the  resultant  flux,  <P,  accordingly  is  not  in  line  with  the 
resultant  m.m.f.,  IF,  but  differs  therefrom  in  direction,  being 
usually  nearer  to  the  center  line  of  the  field-poles.  That  is, 
the  resultant  magnetic  flux,  *,  is  more  nearly  in  line  with  the 
impressed  m.m.f.  of  field  excitation,  fF^y  than  the  resultant 
m.m.f.,  IF,  is  —  or  in  other  words  —  the  magnetic  flux  is  shifted 
by  the  armature  reaction  less  than  the  resultant  m.m.f.  is 
shifted. 

236.  To  consider,  in  the  investigation  of  the  armature  reactions 
of  an  alternator,  the  difference  of  the  magnetic  reluctance  of  the 
structure  in  the  different  directions  with  regard  to  the  field, 
that  is,  the  effect  of  the  polar  construction  of  the  field,  or  the 
use  of  definite  polar  projections  in  the  magnetic  field,  the  reac- 
tions of  the  machine  must  be  resolved  into  two  components, 
one  in  line  and  the  other  in  quadrature  with  the  center  line  of 
the  field-poles,  or  the  direction  of  the  impressed  m.m.f.  or  field- 
excitation,  (Fo- 

Denoting  then  the  components  in  hne  with  the  field-poles, 
or  parallel  with  the  field-excitation,  y^,  by  prime,  as  /',  IF',  etc., 
and  the  components  facing  midway  between  the  field-poles,  or 
in  quadrature  position  with  the  field-excitation,  iFo,  by  second, 
as  /",  y",  the  diagram  of  the  alternator  reactions  is  modified 
from  that  given  in  Fig.  148. 

Choosing  agfdn,  in  Fig.  149,  the  impressed  m.m.f.  or  field- 
excitation,  iFo,  as  negative  vertical  vector  OF^,  the  current,  01, 
consists  of  the  component,  OV,  in  line  with  IFq,  or  vertical,  and 
01"  in  quadrature  with  IF^,  or  horizontal.  The  armature 
reaction,  OF^,  gives  the  components,  OF/  and  OF^',  and  the 
r^ultant  m.m.f.  therefore  consists  of  two  components,  OF'  = 
OF,  -  OF/,  and  OF"'  =  OF/'. 
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Let  now, 

(P'   =  permeance  of  the  field  magnetic  circuit;  (23) 

(p"  =  permeance  of  the  magnetic  circuit  through  the  armature 
in  quadrature  position  to  the  field-poles ;  (24) 


Fig.  149. 

the  components  of  the  resultant  magnetic  flux  are, 
4>'  =  cP'iF',  represented  by  04>';  and  *"  =  (P"$F",  represented 
by  0*", 

and  the  resultant  magnetic  flux,  by  combination  of  O*'  and 
04>",  is  0*,  and  is  not  in  Une  with  OF,  but  differs  therefrom, 
being  usually  nearer  to  OF^, 
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The  virtual  generated  e.m.f.  is 
E^  =  a*, 

and  represented  by  OE^,  90  degrees  behind  0*. 
Let  now 

a/  =  self-inductive  reactance  of  the  armature  when  facing 
the  field-poles,  and  thus  corresponding  to  the  com- 
ponent, /',  of  the  current,  (25) 

and 

a/'  =  self-inductive  reactance  of  the  armature  when  facing 
midway  between  the  field-poles,  and  thus  correspond- 
ing to  the  component,  /'',  of  the  current.  (26) 

Then 

E^  =  jfV  =  e.m.f.  consumed  by  the  self-induction  of  the 
current  component,  /', 

and 

E^'  =  x"  1"  =  e.m.f.  consumed  by  the  self-induction  of  the 
current  component,  /". 

E^  is  represented  by  vector  0-E/,  90  degrees  ahead  of  0/',  and 
B,"  is  represented  by  vector  OE^",  90  degrees  ahead  of  Oi'\  The 
r^ultant  e.m.f.  of  self-induction  then  is  given  by  the  combina- 
tion of  6E^  and  OE^',  as  OE^,  It  is  not  90  degrees  ahead  of  01, 
but  either  more  or  less.  In  the  former  case,  the  self-induction 
consumes  power,  in  the  latter  case,  it  produces  power.  That  is, 
in  such  an  armature  revolving  in  the  structure  of  non-uniform 
reluctance,  the  e.m.f.  of  self-induction  is  not  wattless,  but  niay 
represent  consumption,  or  production  of  power. 

Subtracting  vectorially  OE^  from  the  virtual  generated  e.m.f. 
O^v  gives  the  actual  generated  e.m.f.,  OE^,  and  subtracting 
therefrom  the  e.m.f.  consumed  by  the  armature  resistance, 
OE^,  in  phase  with  the  current,  01,  gives  the  terminal  vol- 
tage, 6K 

237.  Here  the  diagram  has  been  constructed  graphically,  by 
starting  with  the  field-excitation,  (Fo,  the  armature  current,  /, 
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and  the  phase  angle  between  the  armature  current,  /,  and  the 
field-excitation,  IF^  —  that  is,  the  angle  between  the  position  in 
which  the  armature  current  reaches  its  maximum,  and  the 
direction  of  the  field-poles.  This  angle,  however,  is  unknown. 
Usually  the  terminal  voltage,  OE,  the  current,  01,  and  the  angle, 
EOI,  between  current  and  terminal  voltage  are  given.  From 
these  latter  quantities,  however,  the  diagram  cannot  be  con- 
structed, since  the  position  of  the  field-excitation,  jFo,  and  so  the 


Fig.  150. 


directions,  in  which  the  electric  quantities  have  to  be  resolved 
into  components,  are  still  unknown,  when  starting  the  con- 
struction of  the  diagram. 

That  is,  as  usually,  the  graphical  representation  affords  an 
insight  into  the  inner  relations  of  the  phenomena,  but  not  a 
method  for  their  numerical  calculations,  and  for  the  latter  pur- 
pose, the  symbolic  method  is  required. 
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Let 


(30) 


E^  =  nominal  generated  e.m.f.,  or  e.m.f.  corresponding  to  the 
field-excitation,  ^q,  on  a  straight  line  continuation  of  the  mag- 
netic characteristic  from  the  actual  value  of  the  field  onwards,  — 
as  shown  by  Fig.  150. 

The  impressed  m.m.f.,  or  field  excitation,  is  then  given  by 

~y?o-  (27) 

Let 

/  =  /'  +  /"  =  armature  current,  (28) 

where  the  component,  /',  is  in  line,  the  component,  I/',  in  quad- 
rature with :— jlfo. 

If  n  ==  number  of  effective  armatm^  turns,  the  m.m.f.  of  the  ar- 
mature current,  /,  or  the  armature  reaction,  then  is 

?:  =n/,  (29) 

with  its  components,  in  phase  and  in  quadrature  with  the  field; 

and  the  compoDents  of  the  resultant  m.m.f.  then  are 

and  the  resultant 

gr  ^^j^^  +  nl/  +  nI/\  (32) 

The  components  of  the  magnetic  flux,  in  line  and  in  quadrature 
with  —  jfF^y  then  are 

=  (p'(-i^o  +  nr);  (33) 

=  (P"n/";  (34) 

hence,  the  resultant  magnetic  flux 

^  =  ^'  -f.  ^" 

=  CP'(  -  /$Fo+  n  I/)  +  (P''nr  (35) 
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The  e.m.f.  generated  by  this  magnetic  flux,  *,  or  the  virtual 
generated  e.m.f.  is 

E^  =  ya* 

=  (U9'  (Ifo  +  jnl/)  +  ia(9''nr\  (36) 

The  e.m.f.  consumed  by  the  self-inductive  reactance,  a/,  of 
the  current  component,  /',  is, 

E/^^jjfl/,  (37) 

the  e.m.f.  consumed  by  the  self-inductive  reactance,  x",  of  the 
current  component,  /",  is 

E/'=-]^'I/\  (38) 

and  the  total  e.m.f.  consumed  by  self-induction  thus  is 

E,  =-,(x'/'  +  x"/");  (39) 

hence,  the  actual  generated  e.m.f. 
E    =  E  —E 

=  a(P'^,  +  jr  (oKP'n  +  a/)  +  //"  {(U?"n  +  x'O-       (40 

The  e.m.f.  consumed  by  the  resistance,  r,  is 
E.^tI 

=  rV  +  rl/^)  (41) 

hence,  the  terminal  voltage  of  the  machine  is 

E  =  E^-E^ 
=  a(P'$F„-/'{r-j(a(P'n  +  a/)}-/"{r-y(a(F"n+x'0}.   (42) 
In  this  equation  of  the  terminal  voltage, 
x/  =  cup'n  +  af, 


x/'  -  a(P"n  +  x", 


(43) 
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are  effective  reactances^  corresponding  to  the  two  quadrature 
positions;  that  is 

x/  =  synchronous  reactance  corresponding  to  the  position 
of  the  armature  circuit  parallel  to  the  field  circuit;  (44a) 

x/'  ^  synchronous  reactance  corresponding  to  the  position  of 
the  armature  circuit  in  quadrature  with  the  field  circuit;     (446) 

cUP^if^  is  the  e.m.f.  which  would  be  generated  by  the  field 
excitation,  q^^,  with  the  permeance,  (P',  in  the  direction  in  which 
the  field  excitation,  SFo,  acts,  that  is 

Ef^  =  a(p'lF^,  =  nominal  generated  e.m.f.  (45) 

and  it  is:  terminal  wltage, 

E^E,--I/{r-^  /V)  -  r  (r  -  ;V0.  (46) 

That  is,  even  with  an  heteroform  structure,  as  a  machine 
with  definite  polar  projections,  the  armature  reaction  and 
armature  self-induction  can  be  combined  by  the  introduction 
of  the  terms  "nominal  generated  e.m.f."  and  ''synchronous 
reactance, "  as  defined  above,  except  that  in  this  case  the  syn- 
chronous reactance,  x^,  has  two  different  values,  x/  and  x/', 
corresponding  respectively  to  the  two  main  axes  of  the  magnetic 
structure,  in  line  and  in  quadrature  with  the  field-poles. 

238.  In  the  equation  (46),  E,  E^,  1/  and  /''  are  complex 
quantities,  and 

I/^  is  in  phase  with  E^, 

1/  is  in  quadrature  behind  E^,  and  so  behind  /": 

hence,  /'  can  be  represented  by 

/'  =  jtl/',  (47) 

where  t  =  ratio  of  numerical  values  of  /"  and  /',  that  is 

t  =  —-^  tan  d.  (48) 
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and 

e 

e.m.f. 

-  angle  of  lag 
E^.    Then 

of 

current  / 

behind  nominal 

generated 

I  = 

/' 

+  1"  =  f 

"  (1  +  70, 

(49) 

or 

r-i 

/ 

— ,      and 

■     1 1  .•« 

(50) 

1  +jt 

Substituting  these  values  (50)  in  equation  (46)  gives 

^  =  ^^-TTJt  ^^''^^<'^  +  ^^  (r-jV)}.        (51) 

In  this  equation,  E^  leads  /  by  angle  0. 
Hence,  choosing  the  current  /  as  zero  vector, 

/  =  i,  (52) 

the  e.m.f.,  E^^  which  leads  i  by  angle  6^  can  be  represented  by 

^0  =  «o  (cos  0-j sin 0),  (53) 

or,  since  by  equation  (48), 

sin  0  =    ,  and  cos  0  =    ,  ,  (54) 


Substituting  (52)  and  (55)  in  equation  (51),  gives 


p      e.  Vrr?  - 1  { (r  -  7V0  +  7^  (r  -  7V) }  .  ,^. 

E  = pp-^^ (56) 

Let 

E  =  e,-je„  (57) 
where 

^  =  tan  ^,  (58) 
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and 

^  =  angle  of  lag  of  current  i  behind  terminal  voltage  E,     (59) 
substituting  (57)  in  (56)  and  transposing, 


eyi+i^-(e,-je,)  (1+jt)  -i  {(r-jx,n+]t  (r-jV)}  =0,  (60) 
or,  expanded, 


{e,Vrn'-ej-te,-i(r+to/)}-y{te,-c,+i(«r~Xo")}  =  0. 

(61) 

As  the  left  side  is  a  complex  quantity,  and  equals  zero,  the 
real  part  as  well  as  the  imaginary  part  must  be  zero,  and  equation 
(61)  so  resolves  into  the  two  equations 


<  = 


tej  -  e,  +  i  (tr  -  x/O  «  0. 
From  equation  (63)  follows 

Substituting  (64)  in  (62),  and  expanding,  ^ves 

^   _  (e,  +  ny  +  {e,  +  x/i)  (e,  +  x^'i) 
V(6,  +  ny  +  {e,  +  x,''iy 

That  is,  if 

x/  =  synchronous  reactance  in  the  direction  of  the  field 

excitation, 
x/'  =  synchronous  reactance  in  quadrature  with  the 

field  excitation, 
r=  armature  resistance, 

i=  armature  current, 

E=^  e^  —  je^  =  e  (cos  6'  ~  j  sin  d')  =  terminal  voltage, 
that  is, 

tan  ^  =  —  =  angle  of  lag  of  current  i  behind  terminal 

voltage  e, 


(62) 
(63) 


(64) 


(65) 


(66) 


(67) 
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the  nominal  generated  e.m.f.  of  the  machine  is 


(68) 


(c cos ^y'  +  ny  +  (esin ^  +  x/i)  (csin ^  +  x/'i) 


\/(e  cos  ^y'  +  n)'  +  (e  sin  ^,  +  x/'i)' 

and  the  field  excitation,  ^,  required  to  give  terminal  voltage,  e, 
at  cmrent,  t,  and  angle  of  lag,  ff,  is,  therefore 

and  the  position  angle,  dj  between  the  field-excitation,  /o,  and 
the  armature  current,  i,  that  is,  between  the  direction  of  the 
field-poles  and  the  direction  in  which  the  armature  current 
reaches  its  maximum,  is 

t^e^t^^^±^^'-^^^^.  (70) 

e^  -\-  n         ecos&'+  n 

239.  At  non-inductive  load, 

Cj  =  e   and   e,  =  0  (71) 

from  (68), 


If 


(e  +  ny  +  x/x;^!* 


(72) 


(73) 


that  is,  the  synchronous  reactance  of  the  machine  is  constant  in 
all  positions  of  the  armature,  or  in  other  words,  the  magnetic 
permeance,  (P,  and  the  self-inductive  reactance,  x,  do  not  vary 
with  the  position  of  the  armature  in  the  field,  equation  (68) 
assumes  the  form 


e,  =  V(e,  +  nf  +  {e,  +  x^)\  (74) 

and  this  is  the  absolute  value  of  the  equation  (22) 

E,  ^E  +  Z,I,  (22) 

derived  in  §  234  for  the  case  of  uniform  synchronous  impedance. 
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Substituting  in  (22)^ 

/  =  i,   and  E  =  e^—je^, 
and  expanding;  gives 

^0=    («1    -J«2)    +^*('*    -J^o) 

-  (e^  +ri)  -jie^  +  x^i); 
thus,  the  absolute  value, 

eo'  =  (e,  +  n)»  +  (e,  +  x,i)\  (74) 

240.  At  short-circuit,  and  approximately,  near  short-circuit, 
6j  =  0  and  e,  =  0,  (75) 

equation  (68)  assumes  the  form 

e.  =  ''l^  V  (76) 

or  the  short-circuit  current, 


r*  +  x/x," 

Since  x,'  and  x,"  usually  are  large,  compared  with  r,  r  can  be 
neglected  in  equation  (77),  and  (77)  so  assumes  the  form 

».=^.  (78) 

•''0 

that  is,  the  short-circuit  current  of  an  alternator, 

Xq 

depends  only  upon  the  synchronous  reactance  of  the  armature 
in  the  direction  of  the  field  excitation,  x/,  but  not  upon  the 
synchronous  reactance  of  the  armature  in  quadrature  position 
to  the  field  excitation,  x/'. 
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Near  open-circuit,  that  is,  in  the  range  where  the  machine 
regulates  approximately  for  constant  potential,  and  ix^  and 
especially  ir  are  small  compared  with  c,  we  have,  for  non- 
inductive  load,  from  equation  (72), 

^  (e  +  nf  +  x/x/^t' 

1     I      •*'o   ■*'o    *' 


=  (e  +  ri)  


vA7 


Xo'^l' 


(e+n)» 
or,  approximately, 

hence,  expanded  by  the  binomial  series, 

and,  dropping  terms  of  higher  order, 
eo=e  4-  n  + 


XoV^"'     x/'^i' 


e  2e    ' 

or, 

eo°e  +  n+    "    ^    ^ ^^-  (79) 

For  x/  =  x/'  =  x^,  this  equation  (79)  assumes  the  usual  form, 

e^  =  e  +  n+^'i  (80) 

In  the  range  near  open-circuit,  for  non-inductive  load,  the 
regulation  of  the  machine  accordingly  depends  not  upon  the 
synchronous  reactance,  x/,  nor  upon  x/',  but  upon  the  equivalent 
synchronous  reactance, 


x."'=  VV'(2a;;-x,").  (81) 
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That  is,  in  an  alternator  with  non-uniform  synchronous  re- 
actance, the  short-circuit  current  and  the  regulation  of  the 
machine  near  short-circuit,  depend  upon  the  value  of  the  syn- 
chronous reactance,  corresponding  to  the  position  of  the  arma- 
ture coils  parallel,  or  coaxial  with  the  field-poles,  x/,  while  the 
regulation  of  the  machine  for  non-inductive  load,  in  the  range 
where  the  machine  tends  to  regulate  for  approximately  constant 
potential,  that  is,  near  open-circuit,  depends  upon  the  value  of 
the  synchronous  reactance,  x/"  =  Vx/'  (2  x/  —  x/');  where  x/ 
and  x/'  are  the  two  quadrature  components  of  the  synchronous 
reactance. 

That  is,  the  regulation  of  such  an  alternator  of  variable 
synchronous  reactance  cannot  be  calculated  from  open-circuit 
test  and  short-circuit  test,  or  from  the  magnetic  characteristic 
of  the  machine  at  open-circuit,  or  nominal  generated  e.m.f., 
and  the  synchronous  reactance,  as  given  by  the  machine  at 
short-circuit. 

For  instance,  if 

x/  =  10  and  x/'  =  4, 
the  effective  synchronous  reactance  near  short-circuit, 

V  =  10; 
and  the  effective  synchronous  reactance  near  open-circuit, 

xr  -  8. 

The  regulation  for  non-inductive  load  thus  is  better  than 
corresponds  to  the  short-circuit  impedance. 

Prom  equation  (68),  by  solving  for  the  terminal  voltage,  c,  the 
variation  of  the  terminal  voltage,  e,  with  change  of  load,  i,  at 
constant  field-excitation,  /„,  and  so  constant  nominal  generated 
e.m.f.,  «o»  that  is,  the  regulation  curve  of  the  machine,  is  calcu- 
lated. 

For  instance,  for  non-inductive  load,  or  ^  =  0,  equation  (68), 
solved  for  e,  ^ves 

e  =  V  y  -  x/x/'i'  +  e,  \^-^  +  x/'V  (x/'  -  x,y  -  n.     (82) 
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241.  As  illustrations  are  shown,  in  Fig.  151,  the  regulation 
curves,  with  the  terminal  voltage,  e,  as  ordinates,  and  the  cur- 
rent, i,  as  abscissas,  at  constant  field-excitation,  that  is,  constant 
nominal  generated  e.m.f.,  e^,,  for  the  constants 


e^  =  2500  volts; 

r   =        1  ohm; 

for  non-inductive  load 


x/   =  10  ohms; 
x/'  =    4  ohms; 


E  =  e,  (Curve  I.) 

and  for  inductive  load  of  60  per  cent  power-factor,  E  =  e  (0.6  — 
O.Sy.)  (Curve'll.) 
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For  comparison  are  plotted  in  the  same    figure,  in   dotted 
lines,  the  regulation  curves  for  constant  synchronous  reactance 

Xq  =  10  ohms, 

that  is,  for  the  same  open-circuit  voltage  and  same  short-circuit 
current. 
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As  .seen  from  Fig.  151,  the  difference  between  the  two  regula- 
tion curves,  for  variable  and  for  constant  synchronous  reactance, 
is  quite  considerable  at  non-inductive  load,  but  practically 
negligible  at  highly  inductive  load.  This  is  to  be  expected, 
since  at  inductive  load  the  armature  current  reaches  its  maxi- 
mum nearly  in  opposition  to  the  field-poles,  and  in  this  direction 
the  synchronous  reactance  is  the  same,  x/,  as  at  short-circuit. 

In  the  preceding  discussion  of  the  alternator  with  variable 
synchronous  reactance,  e.m.f.  and  current  are  assumed  as  sine 
waves.  The  periodic  variation  of  reactance  produces,  however, 
a  distortion  of  wave-shape,  consisting  mainly  of  a  third  harmonic 
which  superimposes  on  the  fundamental,  as  discussed  in 
Chapter  XXVIII.  The  preceding,  therefore,  applies  to  the 
equivalent  sine  wave,  which  represents  approximately  the  actual 
distorted  wave. 

As  the  intensity,  and  the  phase  difference  between  the  third 
harmonic  and  the  fundamental  changes  with  the  load,  in  such 
an  alternator  of  pulsating  synchronous  reactance,  the  wave- 
shape of  the  machine  changes  more  or  less  with  the  load  and 
the  character  of  the  load. 


CHAPTER  XXIII. 

SYNCHRONIZING  ALTERNATORS. 

242.  All  alternators,  when  brought  to  synchronism  with 
each  other,  operate  in  parallel  more  or  less  satisfactorily. 
This  is  due  to  the  reversibility  of  the  alternating-current  machine; 
that  is,  its  ability  to  operate  as  synchronous  motor.  In  con- 
sequence thereof,  if  the  driving  power  of  one  of  several  parallel- 
operating  generators  is  withdrawn,  this  generator  will  keep 
revolving  in  synchronism  as  a  synchronous  motor;  and  the 
power  with  which  it  tends  to  remain  in  synchronism  is  the  maxi- 
mum power  which  it  can  furnish  as  synchronous  motor  under 
the  conditions  of  running. 

243.  The  principal  and  foremost  condition  of  parallel  operar- 
tion  of  alternators  is  equality  of  frequency;  that  is,  the  trans- 
mission of  power  from  the  prime  movers  to  the  alternators  must 
be  such  as  to  allow  them  to  run  at  the  same  frequency  without 
slippage  or  excessive  strains  on  the  belts  or  transmission  devices. 

Rigid  mechanical  coimection  of  the  alternators  cannot  be 
considered  as  synchronizing,  since  it  allows  no  flexibility  or 
phase  adjustment  between  the  alternators,  but  makes  them 
essentially  one  machine.  If  connected  in  parallel,  a  difference 
in  the  field-excitation,  and  thus  the  generated  e.m.f.  of  the 
machines,  must  cause  large  cross-current;  since  it  cannot  be 
taken  care  of  by  phase  adjustment  of  the  machines. 

Thus  rigid  mechanical  connection  is  not  desirable  for  parallel 
operation  of  alternators. 

244.  The  second  important  condition  of  parallel  operation  is 
uniformity  of  speed;  that  is,  constancy  of  frequency.  If,  for 
instance,  two  alternators  are  driven  by  independent  single- 
cylinder  engines,  and  the  cranks  of  the  engines  happen  to  be 
crossed,  the  one  enpne  will  pull,  while  the  other  is  near  the 
dead-point,  and  conversely.     Consequently,  alternately  the^one 
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alternator  will  tend  to  speed  up  and  the  other  slow  down,  then 
the  other  speed  up  and  the  first  slow  down.  This  efifect,  if  not 
taken  care  of  by  fly  wheel  capacity,  causes  a  "hunting"  or  pump- 
ing action;  that  is,  a  fluctuation  of  the  voltage  with  the  period 
of  the  engine  revolution,  due  to  the  alternating  transfer  of  the 
load  from  one  engine  to  the  other,  which  may  even  become  so 
excessive  as  to  throw  the  machines  out  of  step,  especially  when 
by  an  approximate  coincidence  of  the  period  of  engine  impulses 
(or  a  multiple  thereof),  with  the  natural  period  of  oscillation 
of  the  revolving  structure,  the  effect  is  made  cumulative.  This 
difficulty  as  a  rule  does  not  exist  with  turbine  or  water-wheel 
driving. 

246.  In  synchronizing  alternators,  we  have  to  distinguish  the 
phenomena  taking  place  when  throwing  the  machines  in  parallel 
or  out  of  parallel,  and  the  phenomena  when  running  in  syn- 
chronism. 

When  connecting  alternators  in  parallel,  they  are  first  brought 
approximately  to  the  same  frequency  and  same  voltage;  and 
then,  at  the  moment  of  approximate  equality  of  phase,  as  shown 
by  a  phase-lamp  or  other  device,  they  are  thrown  in  parallel. 

Equality  of  voltage  is  much  less  important  with  modern 
alternators  than  equality  of  frequency,  and  equality  of  phase 
is  usually  of  importance  only  in  avoiding  an  instantaneous 
flickering  of  the  Ught  of  lamps  connected  to  the  system.  When 
two  alternators  are  thrown  together,  currents  exist  between  the 
machines,  which  accelerate  the  one  and  retard  the  other  machine 
until  equal  frequency  and  proper  phase  relation  are  reached. 

With  modem  ironclad  alternators,  this  interchange  of  mechani- 
cal power  is  usually,  even  without  very  careful  adjustment  before 
synchronizing,  sufficiently  limited  not  to  endanger  the  machines 
mechanically,  since  the  cross-currents,  and  thus  the  interchange 
of  power,  are  limited  by  self-induction  and  armature  reaction. 

In  machines  of  very  low  armature-reaction,  that  is,  machines 
of  "very  good  constant-potential  regulation,"  much  greater 
care  has  to  be  exerted  in  the  adjustment  to  equality  of  frequency, 
voltage,  and  phase,  or  the  interchange  of  current  may  become 
so  large  as  to  destroy  the  machine  by  the  mechanical  shock; 
and  sometimes  the  machines  are  so  sensitive  in  this  respect  that 
it  is  difficult  to  operate  them  in  parallel.  The  same  applies 
in  getting  out  of  step. 


400 


ALTERNATING-CURRENT  PHENOMENA. 


246.  When  running  in  synchronism,  nearly  all  types  of 
machines  will  operate  satisfactorily;  a  medium  amount  of 
armature  reaction  is  preferable,  however,  such  as  is  given 
by  modem  alternators  —  not  too  high  to  reduce  the  synchro- 
nizing power  too  much,  nor  too  low  to  make  the  machine  unsafe 
in  case  of  accident,  such  as  falling  out  of  step,  etc. 

If  the  armature  reaction  is  very  low,  an  accident,  —  such 
as  a  short-circuit,  falling  out  of  step,  opening  of  the  field- 
circuit,  etc.,  —  may  destroy  the  machine.  If  the  armature 
reaction  is  very  high,  the  driving-power  has  to  be  adjusted 
very  carefully  to  constancy;  since  the  synchronizing  power  of 
the  alternators  is  too  weak  to  hold  therii  in  step,  and  carry 
them  over  irregularities  of  the  driving-power. 

247.  Series  operation  of  alternators  is  possible  only  by  ri^d 
mechanical  connection,  or  by  some  means  whereby  the  machines, 
with  regard  to  their  synchronizing  power,  act  essentially  in 
parallel;  as,  for  instance,  by  the  arrangement  shown  in  Fig.  152, 
where  the  two  alternators,  A^j  A^,  are  connected  in  series,  but 


Ru 
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FiQ.  152. 


interlinked  by  the  two  coils  of  a  transformer,  T,  of  which  the 
one  is  connected  across  the  terminals  of  one  alternator,  and 
the  other  across  the  terminals  of  the  other  alternator  in  such  a 
way  that,  when  operating  in  series,  the  coils  of  the  transformer 
will  be  without  current.  In  this  case,  by  interchange  of  power 
through  the  transformers,  the  series  connection  will  be  main- 
tained stable. 
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248.  In  two  parallel  operating  alternators,  as  shown  in  Fig. 
153,  let  the  voltage  at  the  common  busbars  be  assumed  as 
zero  line,  or  real  axis  of  coordinates  of  the  complex  representa- 
tion; and  let 

e     =  difference  of  potential  at  the  common  busbars  of  the 
two  alternators; 

Z  =  r  —  jx  =  impedance  of  the  external  circuit; 

y  =  gf  -f  y6  =  admittance  of  the  external  circuit; 

hence,  the  current  in  the  external  circuit  is 


/  = 


r-]x 


e(g  +  jb). 


Fig.  153. 


Let 


^,  =  ej  —  je/  =  ttj  (cos  <?,  —  /  sin  fl,)  =  generated  e.m.f.of  first 
machine; 


E. 


«3  -1^2 


a,  (cos  ^3  —  ]  sin  d^)  =  generated  e.m.f.  of  sec- 


ond machine; 
/j  ==  t\  +  ji/  =  current  of  the  first  machine; 
/,  =  I,  +  ji/  =  current  of  the  second  machine; 
Zj  =  fj  —  jx^  =  internal  impedance,  and  Y^  =  g^  +  jb^  «  inter- 


nal admittance  of  the  first  machine; 

J  —  jx^  =  internal  impedance,  and  Y^ 
nal  admittance  of  the  second  machine. 


2,  =  fj  —  y^j  =  internal  impedance,  and  Y^  -=  92  +  jb,  — inter- 


402  ALTERNATING-CURRENT  PHENOMENA. 

Then, 

^3  =  e  +  /,Z„orc,  -je/  =  (e  +  i/j,  +  i^'x^)  -j  (t,Xj  -i/r,); 
/    =  /j  +  /„  or  cgf  +  jeft  «  (t^  +  t,)  4-  j  (t/  +  t/). 

This  gives  the  equations, 


Ci 

= 

e  +  t.r, 

+  */a;,; 

«» 

= 

e+t/. 

+  i/x,; 

«.' 

= 

i,x,  -  t, 

frr, 

< 

= 

*>j  -  t'i 

:r,; 

«7 

=. 

t,  +  t,; 

eb 

= 

t/  +  t/ 

9 

e.' 

+  «." 

= 

«x'; 

«,' 

+  «,'' 

= 

«,*; 

or  eight  equations  with  nine  variables,  e^  e/,  e^, «/,  ij,  i/,  i„  i/,  e. 
Combining  these  equations  by  twos. 


substituting  in 
we  have 


t\  +  i,  =  egf, 


and  analogously, 

dividing, 

g  +  gi  +  ga  ^  gjgt  +  gaga  +  ^/^i  +  ^2%  . 
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substituting 

gf  =  t/  cos  a        ^1  ^  ^1  cos  0^         e,  =  a,  cos  d^ 
6  =  J/  sin  a        e/  —  a^  sin  flj         63'  =  a,  sin  fl, 

gives 

g  +  gi  +  g2  _  ^^1^1  cos  («i  -  ^t)  +  ^^a^a  COS  («2  -  <^») 

6  4-  bi  +  b,      aJf^  sin  (a^  -  ^i)  +  aj/^  sin  (a,  -  d^) 

as  the  equation  between  the  phase  displacement  angles,  d^  and 
0^,  in  parallel  operation. 
The  power  supplied  to  the  external  circuit  is 

of  which  that  suppUed  by  the  first  machine  is, 

Pi  -  ^"i; 

by  the  second  machine. 

Pa  =  eir 
The  total  electrical  power  of  both  machines  is, 

of  which  that  of  the  first  machine  is, 

-^  1  °^  ^1^1     ^1  ^1 J 
and  that  of  the  second  machine, 

Fj  =  Cjij  —  e,  tj . 
The  difference  of  output  of  the  two  machines  is, 

denoting 

^1  +  ^a  _  g       <^i-^a  ^  j^ 


^  may  be  called  the  synchronizing  power  of  the  machines, 

or  the  power  which  is  transferred  from  one  machine  to  the  other 
by  a  change  of  the  relative  phase  angle. 
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249.  Special  Case.  —  Tvx)  equal  altemators  of  equal  excUation. 
ttj  =  a,  =  a, 
Z^  =^  Z^  =  Z^. 

Substituting  this  in  the  eight  initial  equations;  these  assume 
the  form, 


«/  =^^o-W. 

<  =  Vo-Vo. 

e(/  =  t\  4-  i„ 

66  =  V  +  t- 

«i'  +  «/^  ==  ^a'  +  ^a''  =  «'• 

Combining  these  equations  by  twos, 

61  -f  e,  =  2  e  +  6  (r^g  -f  x^fc), 

e/  +  e/  ^e(x^  -rjb); 

ibstituting 

Cj  =  a  cos  fl^, 

6/  =  osin<?j, 

e,  =  a  cos  0^, 

e/  =  a  sin  d^, 

we  have        a  (cos  d^  +  cos  ^,)  =  6  (2  +  foj  4-  xjb), 
a  (sin  ^j  +  sin  d^)  =  c  (a:^  —  rjb); 

expanding  and  substituting 


c  = 


2   ' 


5^ 2~' 


gives  a  cos  e  cos  tf  =  el  1  H y, 


o  sin  «  cos  5  =  « - 


8YNCHR0NIZIN0  ALTERNATORS.  406 

XftO  —  rjb 

hence  tan  e  «  - — — r  =  constant. 

2  +  r^  4-  xjb 

That  is  ^1  +  *2  =  constant; 

a  cos  5 
or,  e  = 


at  no-phase  displacement  between  the  alternators,  or, 

a 
we  have  e 


From  the  eight  initial  equations  we  get,  by  combination  — 
subtracted  and  expanded, 

^1  ■"  ^a  ""  -  2  > 

or,  since 

€^"6^=-'  a  (cos  flj  —  COS  ^,)  =  —  2  a  sin  e  sin  *; 
6/  —  Cj'  =  a  (sin  flj  —  sin  ^j)  =     2  a  cos  £  sin  d; 

we  have 

2  a  sin  ^  ,  .      ^ 

ij-i, i —  {x^cos  e-r^smej 

=  2  aj/^  sin  5  sin  (a  —  e), 
where 

tan  a  =  -2  • 
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The  difference  of  output  of  the  two  alternators  is 

hence,  substituting, 

2  a«  sin  d  ,  .      . 

AP  =  5 —  jx^ cos  e  —r^ sm  e J ; 

substituting, 

acos^ 


e 


sm  £  = 


2 


1  + 
cos  s 


we  have, 


AP 


expanding, 

a»sin25Jx,  +  ^l 
AP L___^_i_- 

or 

a*  sin  2  ^ . 


AP 


'f-^} 


2o»cos2  5  jft, +H 


AP 
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Hence,  the  transfer  of  power  between  the  alternators,  PA, 
is  a  maximiun,  i(  d  =  45P;  or  0^  —  d^  ^  90  degrees;  that  is, 
when  the  alternators  are  in  quadrature. 

AP 

The  synchronizuig  power,  -^ ,  is  a  maximum  if  *  =  0;  that  is, 

the  alternators  are  in  phase  with  each  other. 

260.  As  an  instance,  curves  may  be  plotted  for, 
a    =  2500, 
Zo  =  U^jx,  =  1  -  10/;  or  7,  =  g,  +  jb,  -  0.01  +  0.1  j, 

with  the  anglC;  d  «    ^       ^,  as  abscissas,  giving 
/i 

the  value  of  terminal  voltage,  e; 

the  value  of  current  in  the  external  circuit,  i  =  ey ; 

the  value  of  interchange  of  current  between  the  alternators 

the  value  of  interchange  of  power  between  the  alternators,  AP 
=  P  — P 

the  value  of  synchronizing  power,  — ■  • 

For  the  condition  of  external  circuit, 

flf  =  0,                 b  =  0,  2/  -  0, 

0.05,                         0,  0.05, 

0.08,                         0,  0.08, 

0.03,                 +  0.04,  0.05, 

0.03,                  -0.04,  0.05. 


CHAPTER  XXIV. 

SYNCHRONOUS   MOTOR. 

261.  In  the  chapter  on  synchronizmg  alternators  we  have 
seen  that  when  an  alternator  runnmg  in  synchronism  is  con- 
nected with  a  system  of  given  e.m.f.,  the  work  done  by  the 
alternator  can  be  either  positive  or  negative.  In  the  latter  case 
the  alternator  consumes  electrical,  and  consequently  produces 
mechanical,  power;  that  is,  runs  as  a  synchronous  motor,  so 
that  the  investigation  of  the  synchronous  motor  is  already  con- 
tained essentially  in  the  equations  of  parallel-running  alter- 
nators. 

Since  in  the  foregoing  we  have  made  use  mostly  of  the  sym- 
bolic method,  we  may  in  the  following,  as  an  example  of  the 
graphical  method,  treat  the  action  of  the  synchronous  motor 
graphically. 

Let  an  alternator  of  the  e.m.f.,  E^,  be  connected  as  syn- 
chronous motor  with  a  supply  circuit  of  e.m.f.,  E^,  by  a  circuit 
of  the  impedance,  Z. 

If  E^  is  the  e.m.f.  impressed  upon  the  motor  terminals,  Z 
is  the  impedance  of  the  motor  of  generated  e.m.f.,  E^.  If  E^ 
is  the  e.m.f.  at  the  generator  terminals,  Z  is  the  impedance  of 
motor  and  line,  including  transformers  and  other  intermediate 
apparatus.  If  E^  is  the  generated  e.m.f.  of  the  generator,  Z 
is  the  sum  of  the  impedances  of  motor,  line,  and  generator,  and 
thus  we  have  the  problem,  generator  of  generated  e.m.f.  E^,  and 
motor  of  generated  e.m.f.  E^;  or,  more  general,  two  alternators 
of  generated  e.m.fs.,  E^,  E^,  connected  together  into  a  circuit  of 
total  impedance,  Z. 

Since  in  this  case  several  e.m.fs.  are  acting  in  circuit  with  the 
same  current,  it  is  convenient  to  use  the  current,  /,  as  zero  line 
01  of  the  polar  diagram.     (Hg.  154.) 

If  /  =  t  =  current,  and  Z  =  impedance,  r  =  effective  resist- 
ance, X  =  effective  reactance,  and  z  =  Vr*  +  t?  =  absolute 
value  of  impedance,  then  the  e.m.f.  consumed  by  the  resistance 

408 


SYNCHRONOUS  MOTOR. 


400 


is  '^u  =  ri,  and  is  in  phase  with  the  current,  hence  represented  by 
vector  OE^^;  and  the  e.m.f.  consumed  by  the  reactance  is  E^  = 
od,  and  90  degrees  ahead  of  the  current,  hence  the  e.m.f.  consumed 
by  the  impedance  is  J5?=V(£^jj)'  +  (E^Y,  or  =-  i  Vr*  +  a?  =  u, 

X 

and  ahead  of  the  current  by  the  angle,  d,  where  tan  ^  =  - . 

r 

We  have  now  acting  in  circuit  the  e.m.fs.,  E,  E^,  E^)  or  E^ 
and  E  are  components  of  E^j  that  is,  E^  is  the  diagonal  of  a 
parallelogram,  with  E^  and  E  as  sides. 


Fig.  154. 


Since  the  e.m.fs.  E^,  E^,  E,  are  represented  in  the  diagram. 
Fig.  154,  by  the  vectors  OE^j  OE^,  OE,  to  get  the  parallelogram 
of  E^j  J^i,  E,  we  draw  arcs  of  circles  around  0  with  E^,  and 
around  E  with  J5,.  Their  point  of  intersection  gives  the  im- 
pressed e.m.f.,  OE^  =  E^j  and  completing  the  parallelogram 
OEE^y^  we  get,  0£j  =  E^,  the  generated  e.m.f.  of  the  motor. 
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^  lOE^  is  the  difference  of  phase   between  current  and  im- 
pressed e.m.f.,  or  generated  e.m.f.  of  the  generator. 

^  lOE^    is    the    difference    of    phase    between    current   and 
generated  e.m.f.  of  the  motor. 

And  the  power  is  the  current  i  times  the  projection  of  the  e.m.f. 
upon  the  current,  or  the  zero  line,  OL 

Hence,  dropping  perpendiculars,  E^^  and  E^E^,  from  E^ 
and  J?j  upon  0/,  it  is  — 

Pq  ^  i  X  OE^  =  power  supplied  by  generator  e.m.f.  of  gene- 
rator; 

Pj  =»  1  X  0£/  =  electric  power  transformed  into  mechanical 
power  by  the  motor; 

P   =  1  X  OjBjj  «  power  consumed  in  the  circuit  by  effective 
resistance. 

Obviously  P^  r:^  P^  +  P. 

Since  the  circles  drawn  with  E^  and  E^  around  0  and  E, 
respectively,  intersect  twice,  two  diagrams  exist.  In  general, 
in  one  6f  these  diagrams  shown  in  Fig.  154  in  full  lines,  current 
and  e.m.f.  are  in  the  same  direction,  representing  mechanical 
work  done  by  the  machine  as  motor.  In  the  other,  shown  in 
dotted  lines,  current  and  e.m.f.  are  in  opposite  direction,  repre- 
senting mechanical  work  consumed  by  the  machine  as  generator. 

Under  certain  conditions,  however,  E^  is  in  the  same,  E^  in 
opposite  direction,  with  the  current;  that  is,  both  machines  are 
generators. 

262.  It  is  seen  that  in  these  diagrams  the  e.m.fs.  are  con- 
sidered from  the  point  of  view  of  the  motor;  that  is,  work  done  as 
synchronous  motor  is  considered  as  positive,  work  done  as 
generator  is  negative.  In  the  chapter  on  synchronizing  genera- 
tors we  took  the  opposite  view,  from  the  generator  side. 

In  a  single  unit-power  transmission,  that  is,  one  generator 
supplying  one  synchronous  motor  over  a  line,  the  e.m.f.  con- 
sumed by  the  impedance,  E  =  OEy  Figs.  155  to  157,  consists 
three  components;  the  e.m.f.,   OE^^  =  E^^   consumed   by  the 
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impedance  of  the  motor,  the  e.m.f.,  E^^E^^  «  E^  consumed  by 

the  impedance  of  the  line,  and  the  e.m.f.,  E^^E  =  E^,  consmned 
by  the  impedance  of  the  generator.  Hence,  dividing  the  opposite 
side  of  the  parallelogram,  E^E^,  in  the  same  way,  we  have: 


Fig.  155. 

0J5j  =  J^j  =  generated  e.m.f.  of  the  motor,  OE^  =  ^^  =  e.m.f. 
at  motor  terminals  or  at  end  of  line,  OE^  =  i?,  =  e.m.f.  at 
generator  terminals,  or  at  beginning  of  line,  OE^  =  J?^  = 
generated  e.m.f.  of  generator. 

The  phase  relation  of  the  current  with  the  e.m.fs.  E^,  E^, 
depends  upon  the  current  strength  and  the  e.m.fs.,  E^  and  E^. 

268.  Figs.  155  to  157  show  several  such  diagrams  for  different 
values  of  E^j  but  the  same  value  of  /  and  E^.  The  motor 
diagram  being  given  in  drawn  line,  the  generator  diagram  in 
dotted  line. 

As  seen,  for  small  values  of  E^  the  potential  drops  in  the 
alternator  and  in  the  line.  For  the  value  of  £j  =  J?^,  the  potential 
rises  in  the  generator,  drops  in  the  line,  and  rises  again  in  the 
motor.    For  larger  values  of  E^,  the  potential  rises  in  the  alter- 
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nator  as  well  as  in  the  line,  so  that  the  highest  potential  is  the 
generated  e.m.f.  of  the  motor,  the  lowest  potentid  the  generated 
e.m.f.  of  the  generator. 
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Fig.  158. 

It  is  of  interest  now  to  investigate  how  the  values  of  these 
quantities  change  with  a  change  of  the  constants. 

264.  A.  —  Consiami  impressed  e.m.f.  E^,  constant-current 
strength  I  =  i,  variable  motor  excitation  E^.  (Fig.  158.) 
If  the  current  is  constant,  =  i)  OE,  the  e.m.f.  consumed  by 
the  impedance,  and  therefore  point  E,  are  constant.  Since  the 
intensity,  but  not  the  phase  of  E^  is  constant,  E^  Ues  on  a  circle 
c^  with  E^  as  radius.  From  the  parallelogram,  OEE^^  fol- 
lows, since  E^E^  parallel  and  =  0-B,  that  E^^  lies  on  a  circle,  6^ 
congruent  to  the  circle,  e^,  but  with  Ei,  the  image  of  E,  as  center; 
OEi  =  OE. 
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.  We  can  construct  now  the  variation  of  the  diagram  with  the 
variation  of  E^\  in  the  parallelogram,  OEE^E^,  0,  and  E  are 
fixed,  and  E^  and  E^  move  on  the  circles,  e^  and  Cj,  so  that  E^E^ 
is  parallel  to  OE. 

The  smallest  value  of  F^  consistent  with  current  strength 
/  is  Olj  =  ^1,  01  =  E^.  In  this  case  the  power  of  the  motor 
is  01 1^  X  /,  hence  already  considerable.  Increasing  E^  to  02^, 
03i,  etc.,  the  impressed  e.m.fs.  move  to  02,  03,  etc.,  the  power 
is  /  X  02j^,  /  X  03/,  etc.,  increases  first,  reaches  the  maximum 
at  the  point  3i,  3,  the  most  extreme  point  at  the  right,  with  the 
impressed  e.m.f.  in  phase  with  the  current,  and  then  decreases 
again,  while  the  generated  e.m.f.  of  the  motor,  E^,  increases  and 
becomes  =  E^  at  4j,  4.  At  5i,  5,  the  power  becomes  zero,  and 
further  on  negative;  that  is,  the  motor  has  changed  to  a  dynamo, 
and  produces  electrical  energy,  while  the  impressed  e.m.f.,  e^, 
still  furnishes  electrical  energy  —  that  is,  both  machines  as 
generators  feed  into  the  line,  until  at  64,  6,  the  power  of  the 
impressed  e.m.f.,  E^j  becomes  zero,  and  further  on  energy  begins 
to  flow  back;  that  is,  the  motor  is  changed  to  a  generator  and  the 
generator  to  a  motor,  and  we  are  on  the  generator  side  of  the 
diagram.  At  7^,  7,  the  maximum  value  of  E^,  consistent  with 
the  current,  /,  has  been  reached,  and  passing  still  further  the 
e.m.f.,  Ey^  decreases  again,  while  the  power  still  increases  up  to 
the  maximum  at  Sj,  8,  and  then  decreases  again,  but  still  E^ 
remaining- generator,  E^  motor,  until  at  11^,  11,  the  power  of 
E^  becomes  zero;  that  is,  E^  changes  again  to  a  generator,  and 
both  machines  are  generators,  up  to  12j,  12,  where  the  power 
of  E^  is  zero,  E^  changes  from  generator  to  motor,  and  we  come 
again  to  the  motor  side  of  the  diagram,  and  the  power  of  the 
motor  increases  while  i5?i  still  decreases,  until  Ij,  1,  is  reached. 

Hence,  there  are  two  regions,  for  very  large  E^  from  5  to  6 
and  for  very  small  E^  from  11  to  12,  where  both  machines  are 
generators;  otherwise  the  one  is  generator,  the  other  motor. 

For  small  values  of  E^  the  current  is  lagging,  begins,  how- 
ever, at  2  to  lead  the  generated  e.m.f.  of  the  motor,  E^y  at  3 
the  generated  e.m.f.  of  the  generator,  E^. 

It  is  of  interest  to  note  that  at  the  smallest  possible  value  of 
Sj,  Ij,  the  power  is  already  considerable.  Hence,  the  motor 
can  run  under  these  conditions  only  at  a  certain  load.    If  this 
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load  is  thrown  off,  the  motor  cannot  run  with  the  same  current, 
but  the  current  must  increase.  We  have  here  the  curious  con- 
dition that  loading  the  motor  reduces,  unloading  increases,  the 
current  within  the  range  between  1  and  12. 

The  condition  of  maximum  output  is  3,  current  in  phase  with 
impressed  e.m.f.  Since  at  constant  current  the  loss  is  constant, 
this  is  at  the  same  time  the  condition  of  maximum  efficiency: 
no  displacement  of  phase  of  the  impressed  e.m.f.,  or  self-induc- 
tion of  the  circuit  compensated  by  the  effect  of  the  lead  of  the 
motor  current.  This  condition  of  maximum  efficiency  of  a 
circuit  we  have  found  already  in  the   Chapter  XI. 

266.  B.    Eq  and  Ey^  constant^  I  variable. 

Obviously  E^  lies  again  on  the  circle  e^  with  E^  as  radius 
and  0  as  center. 


Fig.  159. 


E  lies  on  a  straight  line,  e,  passing  through  the  origin. 

Since  in  the  parallelogram,  OEEJE^,  EE^^^E^,  we  derive  E^ 
by  la3ring  a  line,  EE^  =  E^,  from  any  point,  E,  in  the  circle,  c^, 
and  complete  the  parallelogram. 
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All  these  lines,  EE^,  envelop  a  certain  curve,  e„  which  can 
be  considered  as  the  characteristic  curve  of  this  problem,  just 
as  circle  e^  in  the  former  problem. 

These  curves  are  drawn  in  Figs.  159,  160,  161,  for  the  three 
cases:  1st,  E^  =  E^]  2d,  E^  <  E^;M,  E^  >  E^, 

In  the  first  case,  E^^E^  (Fig.  159),  we  see  that  at  very  small 
current,  that  is  very  small  OE,  the  current,  /,  leads  the  im- 
pressed e.m.f.,  E^,  by  an  angle,  EjOI  =  0^.  This  lead  decreases 
with  increasing  current,  becomes  zero,  and  afterwards  for  larger 
current,  the  current  lags.    Taking  now  any  pair  of  correspond- 


.     Fia.  160. 
ing  points,  E,  E^,  and  producing  EE^  until  it  intersects  e^,  in 
^i,we  have  ^  EjOE  =  90°,  E^^E^,  thus: "O^,  ^'EE^=  0E^  = 
E^i]  that  is,   EEi  =  2  E^.     That  means   the   characteristic 
cur\^e,  Cj,  is  the  envelope  of  lines  EE^,  of  constant  lengths  2  E^^ 
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sliding  between  the  legs  of  the  right  angle,  EtOE;  hence,  it  is 
the  sextic  hypocycloid  osculating  circle,  e^,  which  has  the  general 
equation,  with  e,  Ci  as  axes  of  coordinates, 

^^  +  V^  =  V^eJ. 

In  the  next  case,  E^  <  E^  (Fig.  160),  we  see  first,  that  the 

current  can  never  become  zero  like  in  the  first  case,  E^^  =  E^, 

but  has  a  minimum  value  corresponding  to  the  minimum  value 

E —E                                                     E   +E 
®       - ,  and  a  maximum  value:  //'  =     * ^ 


z  z 

Furthermore,  the  current  may  never  lead  the  impressed  e.m.f., 
^o>  but  always  lags.  The  minimum  lag  is  at  the  point  H. 
The  locus,  Cj,  as  envelope  of  the  lines,  EE^^  is  a  finite  sextic 
curve,  shown  in  Fig.  160. 


Fia.  161. 


If  E^  <  Eq,  at  small  E^  —  E^,  H  can  be  above  the  zero  line, 
and  a  range  of  leading  current  exist  between  two  ranges  of 
lag^g  currents. 

In  the  case,  E^  >E^  (Fig.  161),  the    current  cannot  equal 
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zero  either,  but  begins  at  a  finite  value,  //,  corresponding  to  the 

E  ^E 

minimum  value  of  OE^j  //  =  — -.    At  this  value,  however, 

z 

the  alternator,  E^y  is  still  generator  and  changes  to  a  motor, 

its   power  passing  through  zero,  at  the  point  corresponding 

to  the  vertical  tangent,  upon  c^,  with  a  very  large  lead  of  the 

impressed  e.m.f.  against  the  current.    At  H  the  lead  changes 

to  lag. 

The  'minimum  and  maximum  values  of  current  in  the  three 

conditions  are  given  by: 


Minimum 

Maximum 

Ist.    7  =  0, 

z 

2d.    /-^•-«>, 

z 

z 

3d.  ;.  ^'■-^•, 

J     E,  +  E,, 

Since  the  current  in  the  line  at  E^  =  0,  that  is,  when  the  motor 

E 

stands  still,  is  /^  =  — ,  we  see  that  in  such  a  synchronous  motor- 
z 

plant,  when  running  at  sjmchronism,  the  current  can  rise  far 

beyond  the  value  it  has  at  standstill  of  the  motor,  to  twice  this 

value  at  1,  somewhat  less  at  2,  but  more  at  3. 

266.  C.  E^  =  coffii^rd^  E^  varied  so  that  the  efficiency  is  a 
mjaximum  for  all  currents,     (Fig.  162). 

Since  we  have  seen  that  the  output  at  a  ^ven  current  strength, 
that  is,  a  given  loss,  is  a  maximum,  and  therefore  the  efficiency 
a  maximum,  when  the  current  is  in  phase  with  the  generated 
e.m.f.,  E^,  of  the  generator,  we  have  as  the  locus  of  E^  the  point, 
E^,  (Fig.  162),  and  when  E  with  increasing  current  varies  on  e, 
JB,  must  vary  on  the  straight  line,  e^,  parallel  to  e. 

Hence,  at  no-load  or  zero  current,  E^  =  E^,  decreases  with 
increasing  load,  reaches  a  minimum  at  0E^  perpendicular  to  c^, 
and  then  increases  again,  reaches  once  more  E^  =  E^  at  E^^, 
and  then  increases  beyond  E^.  The  current  is  always  ahead  of 
the  generated  e.m.f.,  Ei,  of  the  motor,  and  by  its  lead  compen- 


SYNCHRONOUS  MOTOR, 


419 


sates  for  the  self-induction  of  the  system,  making  the  total  circuit 

non-inductive.  

The  power  is  a  maximum  at  -E^',  where  O-E/  =  J^i*^o  ^ 

^" 

0.5  X  OE^,  and  is  then  =  /  x  -^^ .     Hence,  since  0^/  =  Ir  ^ 

E         E  E^ 

— ^,  /  «  — •  and  P  ^  j^  }  hence  =»  the  maximum  power  which, 


Fio.  162, 


over  a  non-inductive  line  of  resistance  r  can  be  transmitted, 
at  60  per  cent  efficiency,  into  a  non-inductive  circuit. 
In  this  case, 


^.•-!x|-.|V.  +  Q'. 


In  general,  it  is,  taken  from  the  diagram,  at  the  condition  of 
maximum  efficiency, 

E,^V{E,^Iry  +P7?. 

Comparing  these  results  with  those  in  Chapter  XI  on  Induc- 
tive and  Condensive  Reactance,  we  see  that  the  condition  of 
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maximum  efficiency  of  the  synchronous  motor  system  is  the 
same  as  in  a  system  containing  only  inductive  and  condensive 
reactance,  the  lead  of  the  current  against  the  generated  e.m.f. 
E^y  here  acting  in  the  same  way  as  the  condenser  capacity  in 
Chapter  XI. 

267,   D.  E^  =  constant]  P^  =  constant. 

If  the  power  of  a  synchronous  motor  remains  constant,  we 

have    (Fig.    163)    /  x  OE^^  =*  constant,   or,   since   OE^  =    /r, 

OW  

/ and    OE"  X  OE'  =  OE'  x  E'E'  =  constant. 

r  *  • 


Fig.  163. 


Hence  we  get  the  diagram  for  any  value  of  the  current  /, 

p 

at  constant  power  P^,  by  making  OE  ^  =  Ir,  E^E^  =  -y  erecting 

in  E^^  a  perpendicular,  which  gives  two  points  of  intersection 
with  circle  e^,  E^,  one  leading,  the  other  lagging.  Hence,  at  a 
given  impressed  e.m.f.,  E^,  the  same  power,  Pj,  can  be  trans- 
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mitted  by  the  same  current, 
e.m.fs.,  E^,  of  the  motor;  one, 
to  a  lag^ng  current;  and  the 
sponding  to  a  leading  current, 
lines,  the  latter  in  full  lines,  in 
Hence  a  sjmchronous  motor 
at  the  same  current  with  two 
one  of  the  cases  the  current  is 


/,  with  two  different  generated 
OE^  =  EE^  small,  corresponding 
other,  OE^  =  EE^  large,  corre- 
The  former  is  shown  in  dotted 
the  diagram,  Fig.  163. 
can  work  with  a  ^ven  output, 
different  counter  e.m.fs.  E^.  In 
leading,  in  the  other  lagging. 
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Fig.  164. 

In  Figs.  164  to  167  are  shown  diagrams,  giving  the  points 

E^  =  impressed  e.m.f.,  assumed  as  constant  =  1000  volts, 

E   =  e.m.f.  consumed  by  impedance, 

B*  =  e.m.f.  consumed  by  resistance  (not  numbered. 

The  counter  e.m.f.  of  the  motor,  E^,  is  0^„  equal  and  parallel 
EE^,  but  not  shown  in  the  diagrams,  to  avoid  complication. 
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The  four  diagrams  correspond  to  the  values  of  power,  or 
motor  output, 

P  =    1,000,  6,000,    9,000,    12,000  watts,  and  give: 

P  =    1,000  46  <  £,  <  2,200,         1  <  /  <  49       Pig.  164. 

P  =    6,000  340  <  ^,  <  1,920,         7  <  /  <  43       Fig.  165. 

P  =    9,000  540  <  ^,  <  1,750,     11.8  <  /  <  38.2    Fig.  166. 

P  =  12,000  920  <  J&,  <  1,320,    20     <  /  <  30       Fig.  167. 
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Fig.  165. 


As  seen,  the  permissible  value  of  counter  e.m.f.,  E^,  and  of 
current  /,  becomes  narrower  with  increasing  output. 

In  the  diagrams;  different  points  of  E^  are  marked  with  1, 
2,  3  ... ,  when  corresponding  to  leading  current,  with  2*,  3S 
.  .  . ,  when  corresponding  to  lagging  current. 

The  values  of  counter  e.m.f.  E^  and  of  current  /  are  noted  on 
the  diagrams,  opposite  to  the  corresponding  points  E^. 
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In  this  condition  it  is  interesting  to  plot  the  current  as  func- 
tion of  the  generated  e.m.f.  E^  of  the  motor,  for  constant 
power  Pj.  Such  curves  are  given  in  Fig.  171  and  explained  in 
the  following  on  page  430. 


«-2<C-- 


H^ 


Fig.  168. 


Fig.  169. 


268.  While  the  graphic  method  is  very  convenient  to  get  a 
clear  insight  into  the  interdependence  of  the  different  quantities, 
for  numerical  calculation  it  is  preferable  to  express  the  diagrams 
analytically. 

For  this  purpose, 


Let  z  =  y/i^  -f  x*  =  impedance  of  the  circuit  of  (equivalent) 
resistance,  r,  and  (equivalent)  reactance,  x  =  2  tt/L,  containing 
the  impressed  e.m.f.,  e^,,*  and  the  counter  e.m.f.,  e^,  of  the  syn- 
chronous motor;  that  is,  the  e.m.f.  generated  in  the  motor  arma- 
ture by  its  rotation  through  the  (resultant)  magnetic  field. 

Let  i  =  current  in  the  circuit  (effective  values). 

The  mechanical  power  delivered  by  the  synchronous  motor 
(including  friction  and  core  loss)  is  the  electric  power  con- 
sumed by  the  counter  e.m.f.,  e^]  hence. 

p  =  tejCos(i,6i);  (1) 

thus,  . 

COS  (t,  6i)  =  T-  , 
1€, 


siofee,)-v/l-(0. 


(2) 


*  If  ^0  °"  e.m.f.  at  motor  terminals,  z  »  internal  impedance  of  the  motor; 
if  Co  =  terminal  voltage  of  the  generator,  z  =»  total  impedance  of  line  and 
motor;  if  e^  «  e.m.f.  of  generator,  that  is,  e.m.f.  generated  in  generator 
armature  by  its  rotation  through  the  magnetic  field, ;;  includes  the  generator 
impedance  also. 
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The  displacement  of  phase  between  current  i  and  e.m.f. 
e  =  21  consumed  by  the  impedance,  z,  is 


cos  (i^e)  =  - 
z 

Sin  (t,  ^)  =  - 
z 


(3) 


Since  the  three  e.m.fs.  acting  in  the  closed  circuit, 

Bq  =  e.m.f.  of  generator, 

e^  =  counter  e.m.f.  of  synchronous  motor, 

e   =  ei  =  e.m.f.  consumed  by  impedance, 

form  a  triangle,  that  is,  e^  and  e  are  components  of  e^,  it  is 
(Figg.  168  and  169), 

e^^  =  6,'  +  6*  +  2  ecj  cos  ie^,  e),  (4) 

hence,  c«(.„.).!i^''  =  ji^^^,  (5) 

since,  however,  by  diagram, 

COS  (e^  e)  =  cos  (i,  e  —  t,  61) 

=  cos  (iy  e)  cos  (i,  ej)  -f  sin  (i,  e)  sin  (1,6^)      (6) 

substitution  of  (2),  (3)  and  (5)  in  (6)  gives,  after  some  trans- 
position, 

C-  e,^  -  z'P  -  2  rp  =  2  x.Vi\'--p\  (7) 

the  fundamental  eqiudion  of  the  synchronous  motor,  relating  im- 
pressed e.m.f.,  e^;  counter  e.m.f.,  e^;  current  i;  power,  p,  and 
resistance,  r;  reactance,  x;  impedance,  2. 

This  equation  shows  that,  at  given  impressed  e.m.f.  e^,  and 
given  impedance  z  =  Vr^  +  7?,  three  variables  are  left,  c^,  t,  p, 
of  which  two  are  independent.  Hence,  at  given  e^  and  z,  the 
current,  i,  is  not  determined  by  the  load,  p,  only,  but  also  by  the 
excitation,  and  thus  the  same  current,  i,  can  represent  widely 
different  loads,  p,  according  to  the  excitation;  and  with  the 
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same  load,  the  current,  i,  can  be  varied  in  a  wide  range,  by 
varying  the  field  excitation,  e^. 

The  meaning  of  equation  (7)  is  made  more  perspicuous  by 
some  transformations,  which  separate  e^  and  i,  as  function  of  p 
and  of  an  angular  parameter,  ^. 

Substituting  in  (7)  the  new  coordinates; 


a  ' 


V2 


or. 


we  get 


V2 

'  -  / 
V2 


e«t'  =  "^^' 


substituting  again,        e^  =  a 
2  zp  =  6 
r  =  ez, 
hence,  a:  =  2:  Vl  —  ^ 

2rp=  e6, 
we  get 


(8) 


(9) 


(10) 


(11) 


a  -  a  \/2  ~  e6  =  V  (1  -  £^)  (2  a^  -  2  ^  -  6^) ; 
and,  squared, 

(12) 


substituting 


(o  -  e6)  \/2 


(13) 


gives,  after  some  transposition, 


(14) 


'(1  -«')(o-2e6)o 
2^ 

(15) 

»»  +  «;»  =  «* 

(16) 
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hence,  if 

it  is 

the  equation  of  a  circle  with  radius  B. 

Substituting  now  backwards,  we  get,  with  some  transposi- 
tions, 

{r^  (e,»  +  z^i^)  -z*  (e,»  -2rp)}'  +  {rx  {e^+  ^)Y- 

a?z^e,'ie,'^irp)  (17) 

the  fundamental  equation  of  the  synchronous  motor  in  a  modified 
form. 

The  separation  of  e^  and  i  can  be  effected  by  the  introduction 
of  a  parameter,  ^,  by  the  equations 


r^{e^^  +  A"*)  - 2?  (c^^  - 2 rp)  =  X2«^  Veo'-4rpcos^l 
ra:  {e^  —  A')  =  xzc^  Ve^  —  4  rp  sin  ^  J 

These  equations  (18),  transposed,  ^ve 
^i==V^{^(eo'-2rp)  +  ^^0cos<^  +  sin<^)V6,^-4rp| 

The  parameter,  ^,  has  no  direct  physical  meaning,  appar- 
ently. 

These  equations  (19)  and  (20),  by  ^ving  the  values  of  e^ 
and  i  as  functions  of  p  and  the  parameter,  ^,  enable  us  to  con- 
struct the  power  characteristics  of  the  synchronous  motor  ^  as  the 
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curves  relating  e^  and  i,  for  a  given  power,  p,  by  attributing  to 
<f>  all  different  values. 

Since  the  variables,  v  and  w,  in  the  equation  of  the  circle 
(16)  are  quadratic  functions  of  e^  and  i,  the  potoer  character- 
istics  of  the  synchronous  motor  are  quartic  curves. 

They  represent  the  action  of  the  synchronous  motor  under 
all  conditions  of  load  and  excitation,  as  an  element  of  power 
transmission  even  including  the  line,  etc. 

Before  discussing  further  these  power  characteristics,  some 
special  conditions  may  be  considered. 

269.  A.    Maximum  (hUjmt. 

Since  the  expression  of  e^  and  i  [equations  (19)  and  (20)] 
contain  the  square  root,  Ve^  —  4  rp,  it  is  obvious  that  the  maxi- 
mum value  of  p  corresponds  to  the  moment  where  this  square 
root  disappears  by  passing  from  real  to  imaginary;  that  is, 

e^^  -Arp  -  0, 
or,  p^'£.  (21) 

This  is  the  same  value  which  represents  the  maximum  power 
transmissible  by  e.m.f.,  e^,  over  a  non-inductive  line  of  resistance, 
r;  or,  more  generally,  the  maximum  power  which  can  be  trans- 
mitted over  a  line  of  impedance. 


into  any  circuit,  shunted  by  a  condenser  of  suitable  capacity. 
Substituting  (21)' in  (19)  and  (20),  we  gpt, 


^i-2/o» 


^-27' 
and  the  displacement  of  phase  in  the  s3mchronous  motor, 

cos  (e.y  i)  =  -r-  =  -  : 
te^     z 


(22) 
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hence, 

tan(e„t)=-?,  (23) 

that  is,  the  angle  of  internal  displacement  in  the  synchronous 
motor  is  equal,  but  opposite  to,  the  angle  of  displacement  of 
line  impedance, 

(e^,  i) (6,  t), 

=  -(^,r),  (24) 

and  consequently, 

(eo,t)=0;  (25) 

that  is,  the  current,  t,  is  in  phase  with  the  impressed  e.m.f.,  e^. 
If  2  <  2r,e^  <  e^;  that  is,  motor  e.m.f.  <  generator  e.m.f. 
If  2  ==  2  r,  e^  =  e^;  that  is,  motor  e.m.f.  =  generator  e.m.f. 
If  2  >  2  r,  e^  >  e^;  that  is,  motor  e.m.f.  >  generator  e.m.f. 

In  either  case,  the  current  in  the  synchronous  motor  is  leading. 

260.  B.    Running  Light,  p  =  0. 

When  running  light,  or  for  p  =  0,  we  get,  by  substituting 
in  (19)  and  (20), 


e   =— V-  Jl  +-  cos^+  -sin^,  [ 
r   ^  2  I         z  z  ) 

t  =.  -^y  -  \l  +?  cos  6  -  -  sin  0.  [ 
r'2(         z  z  ) 


(26) 


Obviously  this  condition  cannot  well  be  fulfilled,  since  p 
must  at  least  equal  the  power  consumed  by  friction,  etc.;  and 
thus  the  true  no-load  curve  merely  approaches  the  curve  p  =  0, 
being,  however,  rounded  ofif,  where  curve  (26)  gives  sharp  corners. 

Substituting  p  =  0  into  equation  (7)  gives,  after  squaring 
and  transposing, 

c/  +  c,*  +  2^*  -  2  c, V  -  2  2?i^e,^  +  2  ifi^e,^  -  4  7??e^  -  0.     (27) 


430  ALTERNATING-CURRENT  PHENOMENA, 

This  quartic  equation  can  be  resolved  into  the  product  of  two 
quadratic  equations, 

which  are  the  equations  of  two  ellipses,  the  one  the  image  of 
the  other,  both  inclined  with  their  axes. 

The  minimum  value  of  counter  e.m.f.,  6^,  is  e^ =0  at  i  =  —  (29) 

z 

The  minimum  value  of  current,  t,  is  t  =  0  at  Cj  =  6^.  (30) 

The  maximum  value  of  e.m.f.,  c^,  is  given  by  equation    (28), 
/  =  Cj'  +  ^'^  -e^  ±2xie^^  0; 
by  the  condition, 

(fej  df/di 


di  df/de^ 

hence, 


0,  as  z^i  T  a^i  =  0, 


^  =  «o->     ^i=±«o;-  (31) 

rz  r 

The  maximum  value  of  current,  t,  is  given  by  equation  (28) 

by 

di 

as  i^%^^^:e,y  (32) 

If,  as  abscissas,  e^,  and  as  ordinates,  zi,  are  chosen,  the  axes 
of  these  ellipses  pass  through  the  points  of  maximimfi  power 
given  by  equation  (22). 

It  is  obvious  thus,  that  in  the  V-shaped  exudes  of  synchronous 
motors  running  light,  the  two  sides  of  the  curves  are  not  straight 
Unes,  as  usually  assumed,  but  arcs  of  eUipses,  the  one  of  con- 
cave, the  other  of  convex,  curvature. 

These  two  ellipses  are  shown  in  Fig.  170,  and  divide  the  whole 
space  into  six  parts  —  the  two  parts,  A  and  A\  whose  areas 
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contain  the  quartic  curves  (19)  (20)  of  the  synchronous  motor, 
the  two  parts,  B  and  B\  whose  areas  contain  the  quartic  curves 
of  the  generator,  the  interior  space,  C,  and  exterior  space,  D, 
whose  points  do  not  represent  any  actual  condition  of  the  alter- 
nator circuit,  but  make  e^  and  i  imaginary.  Some  of  the 
quartic  curves  however  may  overlap  into  space  C. 
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Fig.  170. 

A  and  A'  and  the  same  B  and  B\  are  identical  conditions  of 
the  alternator  circuit,  differing  merely  by  a  simultaneous 
reversal  of  current  and  e.m.f.,  that  is,  differing  by  the  time  of  a 
half-period. 

Each  of  the  spaces  A  and  B  contains  one  point  of  equation 
(22),  representing  the  condition  of  maximum  output  as  genera- 
tor, viz.,  synchronous  motor. 
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261.   C.     Minimum  Current  at  Given  Power. 

The  condition  of  minimum  current,  t,  at  given  power,  p, 
is  determined  by  the  absence  of  a  phase  displacement  at  the 
impressed  e.m.f.,  e^,, 

(^0,  i)  =  0. 

This  gives  from  diagram  Fig.  169, 

^x   =«o'  +^""2^  -2ieor,.  (33) 

or,  transposed, 

e,  =  V{e,-iry  +  i'?.  (34) 

This  quadratic  curve  passes  through  the  point  of  zero  current 
and  zero  power, 

i  =  0,        6i  =  Co, 

through  the  point  of  maximum  power  (22), 

'~2r'      ^^""2r' 
and  through  the  point  of  maximum  current  and  zero  power, 

i-'f,       e.-'-f,  (35) 

and  divides  each  of  the  quartic  curves  or  power  characteristics 
into  two  sections,  one  with  leading,  the  other  with  lagging, 
current,  which  sections  are  separated  by  the  two  points  of  equation 
34,  the  one  corresponding  to  minimum,  the  other  to  maximum, 
current. 

It  is  interesting  to  note  that  at  the  latter  point  the  current 
can  be  many  times  larger  than  the  current  which  would  pass 
through  the  motor  while  at  rest,  which  latter  current  is, 


i 

z 

t 

(36) 

while  at  no-load. 

the  current 

can 

reach  the 

maximum 

value, 

i 

r 

» 

(35) 

the  same  value  as  would  exist  in  a  non-inductive  circuit  of  the 
same  resistance. 
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The  minimum  value  at  counter  e.m.f.,  6^,  at  which  coincidence 
of  phase  (e^,  i)  =  0,  can  still  be  reached,  is  determined  from 
equation  (34)  by, 


di   '■' 


as 


r  X 

*  =  «o^  «i  =  «o- •  (37) 

The  curve  of  no-displacement,  or  of  minimum  current,  is 
shown  in  Figs.  170  and  171  in  dotted  lines.* 

262.   D.    Maximum  Displacement  of  Phase. 

(^o>  ^  "^  maximum. 
At  a  given  power,  p,  the  input  is, 

Po  =  P  +  ^'^  =  «o^'  cos  (e^,  t);  (38) 


hence. 


cos(6o,t)=-^-^^-  (39) 


At  a  given  power,  p,  this  value,  as  function  of  the  current,  i, 
is  a  maximum  when 

d  /p  +  iM      ^ 
di\     e^i    /        ' 
this  gives, 

p  -  t>;  (40) 

or. 


-N^- 


(41) 


*  It  is  JntereBting  to  note  that  the  equation  (34)  is  similar  to  the  value, 
e,  =  V(«o  ~  ^y  ""  '^^f  which  represents  the  output  transmitted  over  an 
inductive  line  of  impedance,  z  «  Vr*  +  x",  into  a  non-inductive  circuit. 

Equation  (34)  is  identical  with  the  equation  giving  the  maximum  voltage, 
e,,  at  current,  t,  which  can  be  produced  by  shunting  the  receiving  circuit  with 
a  condenser;  that  is,  the  condition  of  "  complete  resonance  "  of  the  line,  z  «» 

vr*  +  x*,  with  current,  i.     Hence,  referring  to  equation  (35),  «i  —  Cq  -  is  the 

maximum  resonance  voltage  of  the  line  reached  when  closed  by  a  condenser 
of  reactance,  —  x. 


434 


ALTERNATING-CURRENT  PHENOMENA, 


That  is,  the  displacement  of  phase,  lead  or  lag,  is  a  maximum, 
when  the  power  of  the  motor  equals  th6  power  consumed  by  the 
resistance;  that  is,  at  the  electrical  efficiency  of  50  per  cent. 

Substituting  (40)  in  equation  (7)  gives,  after  squaring  and 
transposing,  the  quartic  equation  of  maximum  displacement, 
W  -ei')HiV(2»+8  r*)  +  2 i\i'(5 r»  -2»)  -2 iVC^'+S  r») =0.  (42) 


The  curve  of  maximum  displacement  is  shown  in  dash- 
dotted  lines  in  Figs.  170  and  171.  It  passes  through  the  point 
of  zero  current —  as  singular  or  nodal  point  —  and  through  the 
point  of  maximum  power,  where  the  maximum  displacement  is 
zero,  and  it  intersects  the  curve  of  zero  displacement. 
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263.  E.  Constant  Counter  e.m.f. 

At  constant  counter  e.m.f.,  e^  =  constant,  if, 


^i<«.V; 


the  current  at  no-load  is  not  a  minimum,  and  is  lagging.  With 
increasing  load,  the  lag  decreases,  reaches  a  minimum,  and 
then  increases  again,  until  the  motor  falls  out  of  step,  without 
ever  coming  into  coincidence  of  phase. 


Vl-!? 


If  ^oVl— T<^i<^«' 


the  current  is  lagging  at  no-load;  with  increasing  load  the  lag 
decreases,  the  current  comes  into  coincidence  of  phase  with  e^, 
then  becomes  leading,  reaches  a  maximum  lead;  then  the  lead 
decreases  again,  the  current  comes  again  into  coinci- 
dence of  phase,  and  becomes  lagging,  until  the  motor  falls  out 
of  step. 

If  e^<  e^j  the  current  is  leading  at  no-load,  and  the  lead  first 
increases,  reaches  a  maximum,  then  decreases;  and  whether  the 
current  ever  comes  into  coincidence  of  phase,  and  then  becomes 
lagging,  or  whether  the  motor  falls  out  of  step  while  the  current 
is  still  leading,  depends,  whether  the  counter  e.m.f.  at  the  point 
of  maximum  output  is  >  6,,  or  <  e^. 

264.  F.  Numerical  Example. 

Rgs.  170  and  171  show  the  characteristics  of  a  100-kilowatt 
motor,  supplied  from  a  2500-volt  generator  over  a  distance  of 
5  miles,  the  line  consisting  of  two  wires.  No.  2  B.  &  S.,  18 
inches  apart. 

In  this  case  we  have, 


e^  =  2500  volts  constant  at  generator  terminals; 
r  =      10  ohms,  including  line  and  motor; 
X  «      20  ohms,  including  line  and  motor : 
hence  z=^  22.36  ohms. 


(43) 
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Substituting  these  values,  we  get. 


2500»-e,»-500t'-20p  =  40  Vi^' -  p*  (7) 

\e^  +  500 1'  -  31.25  x  10«  +  100  p}'  +  {2  e,»  - 1000  i»}»  = 

7.8125  X  10"  -  5  +  lO*  p.  (17) 

e,  =  5590  X  (19) 

^i{ (1  -3.2  xWp)  +  (.894(508  ^+  .447 an^)  VI  -6.4  xlQ-^p}- 
t  =  2.50  X  (20) 

Vj { (1  -3.2  X  10-*p)  +  (.894  cos  <f>  -.447 sin 4>)  Vieii  x  10-^p} . 

Maximum  output, 

p  =  156.25  kilowatts  (21) 

at  e,  =  2,795  volts    ) 

t  =  125  amperes ) 
Running  light, 

Ci»  +  500*' -6.25  X  10*  T  4Qie^  =  0) 

c,  =  20  i  ±  \/6.25  X  10*  - 100 1*        i  ^    ' 

At  the  minimum  value  of  counter  e.m.f . ,  e,  =      0  is  »=  112     (29) 
At  the  minimum  value  of  current,  i=    0  is  e,  =2500   (30) 

At  the  maximum  value  of  countere.m.f .,  e,  =  5590  is  i = 223.5  (31) 
At  the  maximum  value  of  current,  i  =  250is  e^  -■5000.  (32) 

Curve  of  zero  displacement  of  phase, 

e,  =  10  v'(250-i)'  +4*'  (34) 

=  10  V6.25  xl0*-500i  +  5t'. 

Minimum  counter  e.m.f.  point  of  this  curve, 

i  =  50,  Cj  =  2240.  ■  (35) 

Curve  of  maximum  displacement  of  phase, 

p-lOt"  (40) 

(6.25  X  10»  -  e,»)»  +  .65  x  10«  t*  - 10"  t'  -  0.         (42) 
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Kg.  170  gives  the  two  ellipses  of  zero  power,  in  full  lines, 
with  the  curves  of  zero  displacement  in  dotted,  the  curves  of 
maximum  displacement  in  dash-dotted  lines,  and  the  points  of 
maximum  power  as  crosses. 

Mg.  171  gives  the  motor-power  characteristics,  for  p  =  10  kilo- 
watts; p=  50  kilowatts;  p  =  100  kilowatts;  p  =  150  kilowatts, 
and  p  =  156.25  kilowatts,  together  with  the  exudes  of  zero 
displacement,  and  of  maximum  displacement. 

266.  6,  Discussion  of  ResuLts. 

The  characteristic  curves  of  the  synchronous  motor,  as  shown 
in  Fig.  171,  have  been  observed  frequently,  with  their  essential 
features,  the  V-shaped  curve  of  no-load,  with  the  point  rounded 
off  and  the  two  legs  sUghtly  curved,  the  one  concave,  the  other 
convex;  the  increased  rounding  ofif  and  contraction  of  the  curves 
with  increasing  load;  and  the  gradual  shifting  of  the  point  of 
minimum  current  with  increasing  load,  first  towards  lower,  then 
towards  higher,  values  of  counter  e.m.f.,  e^. 

The  upper  parts  of  the  curves,  however,  I  have  never  been 
able  to  observe  completely  and  consider  it  as  probable  that 
they  correspond  to  a  condition  of  synchronous  motor-running, 
which  is  unstable.  The  experimental  observations  usually 
extend  about  over  that  part  of  the  curves  of  Fig.  171  which  is 
reproduced  in  Fig.  172,  and  in  trying  to  extend  the  curves 
further  to  either  side,  the  motor  is  thrown  out  of  synchronism. 

It  must  be  understood,  however,  that  these  power  charac- 
teristics of  the  synchronous  motor  in  Fig.  171  can  be  considered 
as  approximations  only,  since  a  number  of  assumptions  are  made 
which  are  not,  or  only  partly,  fulfilled  in  practice.  The  fore- 
most of  these  are: 

1.  It  is  assumed  that  e^  can  be  varied  unrestrictedly,  while 
in  reality  the  possible  increase  of  e^  is  limited  by  magnetic 
saturation.  Thus  in  Fig.  171,  at  an  impressed  e.m.f.,  e^  = 
2,500  volts,  Cj  rises  up  to  5,590  volts,  which  may  or  may  not  be 
beyond  that  which  can  be  produced  by  the  motor,  but  certainly 
is  beyond  that  which  can  be  constantly  given  by  the  motor. 

2.  The  reactance,  x,  is  assumed  as  constant.  While  the 
reactance  of  the  line  is  practically  constant,  that  of  the  motor 
is  not,  but  varies  more  or  less  with  the  saturation,  decreasing 
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for  higher  values.  This  decrease  of  x  increases  the  current,  i, 
corresponding  to  higher  values  of  e^,  and  thereby  bends  the  curves 
upwards  at  a  lower  valuer  of  e^  than  represented  in  Fig.  171. 

It  must  be  understood  that  the  motor  reactance  is  not  a 
simple  quantity,  but  represents  the  combined  effect  of  self- 
induction,  that  is,  the  e.m.f.  generated  in  the  armature  con- 
ductor by  the  current  therein  and  armature  reaction,  or  the 
variation  of  the  counter  e.m.f.  of  the  motor  by  the  change  of 
the  resultant  field,  due  to  the  superposition  of  the  m.m.f.  of 
the  armature  current  upon  the  field  excitation;  that  is,  it  is  the 
''synchronous  reactance." 
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Fig.  172. 

3.  Furthermore,  this  synchronous  reactance  usually  is  not  a 
constant  quantity  even  at  constant  induced  e.m.f.,  but  varies 
with  the  position  of  the  armature  with  regard  to  the  field,  that 
is,  varies  with  the  current  and  its  phase  angle,  as  discussed  in  the 
chapter  on  the  armature  reactions  of  alternators.  While  in 
most  cases  the  synchronous  reactance  can  be  assumed  as  con- 
stant, with  sufficient  approximation,  sometimes  a  more  com- 
plete investigation  is  necessary,  consisting  in  a  resolution  of  the 
synchronous  impedance  in  two  components,  in  phase  and  in 
quadrature  respectively  with  the  field-poles. 
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Especially  is  this  the  case  at  low  power-factors.  So  by 
gradually  decreasing  the  excitation  and  thereby  the  e.m.f.,  e, 
the  curves  may,  especially  at  Ught  load,  occasionally  be  extended 
below  zero,  into  negative  values  of  e,  or  onto  the  part  of  the 
curve,  5,  in  Mg.  170,  while  the  power  still  remains  constant 
and  positive,  as  synchronous  motor.  In  other  words,  the  motor 
keeps  in  step  even  if  the  field  excitation  is  reversed :  the  lagging 
component  of  the  armature  reaction  magnetizes  the  field,  in 
opposition  to  the  demagnetizing  action  of  the  reversed  field 
excitation. 

4.  These  curves  in  Fig.  171  represent  the  conditions  of  con- 
stant electric  power  of  the  motor,  thus  including  the  mechani- 
cal and  the  magnetic  friction  (core  loss).  While  the  mechanical 
friction  can  be  considered  as  approximately  constant,  the  mag- 
netic friction  is  not,  but  increases  with  the  magnetic  induction; 
that  is,  with  e^,  and  the  same  holds  for  the  power  consumed  for 
field  excitation. 

Hence  the  useful  mechanical  output  of  the  motor  will  on  the 
same  curve,  p  =  const.,  be  larger  at  points  of  lower  counter 
e.m.f.,  Cj,  than  at  points  of  higher  c^;  and  if  the  curves  are 
plotted  for  constant  useful  mechanical  output,  the  whole  system 
of  curves  will  be  shifted  somewhat  towards  lower  values  of  e^; 
hence  the  points  of  maximum  output  of  the  motor  correspond 
to  a  lower  e.m.f.  also. 

It  is  obvious  that  the  true  mechanical  power-characteristics 
of  the  synchronous  motor  can  be  determined  only  in  the  case  of 
the  particular  conditions  of  the  installation  under  consideration. 

266.   H.   Phase  Characteristics  of  the  Synchronous  Motor. 

While  an  induction  motor  at  constant  impressed  voltage  is 
fully  determined  as  regards  to  current,  power-factor,  efficiency, 
etc.,  by  one  independent  variable,  the  load  or  output,  in  the 
synchronous  motor  two  independent  variables  exist,  load  and 
field  excitation.  That  is,  at  constant  impressed  voltage  the 
current,  power-factor,  etc.,  of  a  synchronous  motor  can  at  the 
same  power  output  be  varied  over  a  wide  range  by  vaiying 
the  field  excitation,  that  is,  the  counter  e.m.f.  or  "  nominal  gener- 
ated e.m.f."  Hence  the  synchronous  motor  can  be  utihzed  to 
fulfill  two  independent  functions,  to  carry  a  certain  load  and  to 
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produce  a  certain  wattless  current,  lagging  by  under-excitation, 
leading  by  over-excitation.  Synchronous  motors  are,  therefore, 
to  a  considerable  extent  used  to  control  the  phase  relation  and 
thereby  the  voltage,  in  addition  to  producing  mechanical  power. 
The  same  applies  to  synchronous  converters. 


^r^^:::;;^- 


FiQ.  173. 


With  given  impressed  e.m.f.,  field  excitation  or  nominal  gener- 
ated e.m.f.  corresponding  thereto,  and  load,  determine  all  the 
quantities  of  the  synchronous  motor,  as  current,  power-factor, 
etc.  Thus  if  in  diagram  Fig.  173,  OE  =  e  =  e.m.f.  consumed  by 
the  counter  e.m.f.  or  nominal  generated  e.m.f.  of  the  synchronous 
motor,  and  if  P^  =  output  of  motor  (exclusive  of  friction  and  core 
loss  and,  if  the  exciter  is  driven  by  the  motor,  power  consumed 

p 
by  the  exciter),  t\  =  —  =  power  component  of  current,  repre- 

sented  by  O/j,  and  the  current  vector  therefore  must  terminate 
on  a  line,  t,  perpendicular  to  0/^.  If,  then,  r  =  resistance  and 
X  =  reactance  of  the  circuit  between  counter  e.m.f.  e  and  im- 
pressed e.m.f.  Cq,  OEr  =  i/  =  e.m.f.  consumed  by  resistance, 
OEx  =  i^x  =  e.m.f.  consumed  by  reactance  of  the  power  com- 
ponent of  the  current  i^,  hence  0E\  =  e.m.f.  consumed   by 
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impedance  of  the  power  component  of  the  current  \,  and  the 
impedance  voltage  of  the  total  current  Ues  on  the  perpendicular 
ef  on  OE/.  Producing  OE^  =  OE,  and  drawing  an  arc  with 
the  impressed  e.m.f.,  e^,  as  radius  and  E^  as  center,  the  point 
of  intersection  with  e'  gives  the  impedance  voltage,  OE',  and 
corresj)onding  thereto  the  current  01  =  i;  and  completing  the 
parallelogram,  OEE^E'j  gives  the  impressed  e.m.f.,  OE^. 

Hence,  by  impressed  e.m.f.  6^,  counter  e.m.f.  c,  and  load  P^, 
the  polar  diagram  is  determined,  and  thereby  the  vectors,  01  = 
current,  OE^  =  impressed  e.m.f.,  OE  =  counter  e.m.f.,  and 
their  phase  relation. 

Or,  in  symbolic  representation,  let 

Eq  ==  e/  +  jV'  =  impressed  e.m.f.; 

eo  =  VC  +  e^;  (1) 

E   =  e'  +  je"  =  e.m.f.  consumed  by  counter  e.m.f.; 

e  ^  ^?^T^';  (2) 

/    =  t  =  current,  assumed  as  zero  vector; 
Z  =  r  —jx  ==  impedance  of  circuit  between  e^  and  e. 

Z  is  the  synchronous  impedance  of  the  motor,  if  e^  is  its  ter- 
minal voltage.  It  is  the  impedance  of  transmission  Une  with 
transformers  and  motor,  if  e^  is  terminal  voltage  of  generator,  and 
Z  is  synchronous  impedance  of  motor  and  generator,  plus  impe- 
dance of  line  and  transformers,  if  e^  is  the  nominal  generated 
e.m.f.  of  the  generator  (corresponding  to  its  field  excitation). 

It  is,  then, 

E^^  E  +  iZ,  (3) 


or, 

and,  resolved. 


«o'  +  y«o''  =  ^  +  y«"  +  ^>  -  ii^7  (4) 


{: 


e/   =c'   +ir;  (5) 

=  e"-tx.  (6) 


'0 


The  power  output  of  the  motor  (inclusive  of  friction  and  core 
loss,  and  if  the  exciter  is  driven  by  the  motor,  power  consumed 
by  exciter)  is  current  times  power  component  of  generated 
e.m.f.,  or 

Po^-  ^i.  (7) 
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Hence,  the  calculation  of  the  motor,  from  power  output  P^, 
occurs  by  the  equations: 

Chosen:  i  =  current. 


(7)e'   ^^?, 
(5)  e/  =  e'  +  tr, 


(1)  <'=  ±  v^o^  -<^ 

(6)  e"  ==  6/  +  tx 
(2)  6    =  V^  +  e"^ 


(8) 


That  is,  at  given  power  P^,  to  every  value  of  current  i  corre- 
spond two  values  of  the  counter  e.m.f.  e  (and  hence  the  field 
excitation). 

Solving  equations  (8)  for  i  and  P^,  that  is,  eliminating  e*, 
^o'l  ^o''^  ^';  g^ves  as  the  nominal  generated  e.m.f.. 


e  =  \ e.^-r'i^  +  x^i*  -  2rP,  ±  2  r^-y  e,^  -^^«  +  nY, 
and  the  power-factor  of  the  motor  is, 


V      P 

cos  ^  =  —  =  — r* , 


(9) 


(10) 


The  power-factor  of  the  supply  is 

P, 

cos  (?„  =  —  = 


t"'"      P.  +  n' 


(11) 


From  equation  (9),  by  solving  for  i,  i  can  now  be  expressed  as 
function  of  P^  and  6,  that  is,  of  power  output  and  field  excitation. 


267.  As  illustration  are  plotted,  in  Fig.  174,  curves  giving  the 
current  i  as  function  of  the  counter  or  nominal  generated  e.mf., 
6,  at  constant  power  P^,  Such  curves  are  called  '*phase  character- 
istics of  the  synchronous  motor." 
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They  are  given  for  the  values 

e^  =  2,200  volts, 
Z  =1  —  4  /  ohms, 
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and 


P^  =  20,  200,  400,  600,  800,  1000  kw.  output. 


FiQ.  174. 

The  five  equations  of  the  synchronous  motor, 

(1)  e,'   =  e,^  +  er. 

(2)  e^    =  e^  +  e"', 

(7)  Po  =  ^h 

(5)  6/   =  e'  +  ir, 

(6)  e/'^e"  -ix, 

determine  the  five  quantities,  e/,  ej\  c',  e",  c,  as  functions  of  P^ 
and  i. 

The  condition  of  zero  phase  displacement,  or  unity  power- 
factor  at  the  impressed  e.m.f.,  e^^  is 

C=0; 


< 

=  «0. 

(6)e" 

=  ix, 

(5)e' 

=  «o  - 

-ir; 
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hence 
and 

hence, 

e»  =  (e^-ir)»+iV,  (12) 

a  quadratic  equation,  the  hyperbola  of  unity  power-factor, 
shown  as  dotted  line  in  Fig.  174. 

In  this  case,  the  power  is  found  by  substituting  ef  =  e^  —  irm 
Po  =  ^  h  as 

P,  =  e,i^%^r,  (13) 

or, 

1  -i^f  <") 


-hh^ 


The  maximum  output  of  the  synchronous  motor  follows  here- 
from, by  the  condition. 


sA 


4rp, 

^0 


=  0 


as 


in  above  example 

Pm  =  1,210  kw.  ati  =  1,100  amp. 

The  curve  of  unity  power-factor  (12)  divides  the  synchronous 
motor-phase  characteristics  into  two  sections,  one,  for  lower  e, 
with  lagging,  the  other  with  leading  current. 

The  study  of  these  "phase  characteristics,"  Pig.  174,  g^ves  the 
best  insight  into  the  behavior  of  the  synchronous  motor  under 
conditions  of  steady  operation. 

268.    L    Load  Curves  of  Synchronous  Motor. 

Of  special  interest  are  the  "load  curves"  of  the  synchronous 
motor,  or  curves  ^ving,  at  constant  excitation,  e  =  constant, 
the  current,  power-factor,  efficiency  and  apparent  efficiency  as 
function  of  the  load  or  output  P  =  P^  —  (friction  +  core  loss  H- 
excitation).    Such  load  curves  are  represented  in  Figs.  175  to 
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179,  for  e  =  1600,  2000,  2180,  2400,  2800  volts.  They  can 
be  derived  from  Fig.  174  as  the  intersection  of  the  curves 
Pg  =  constant  with  the  vertical  lines  e  =  constant. 
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Fig.  177. 


Hence,  while  an  induction  motor  has  one  load  curve  only,  a 
synchronous  motor  has  an  infinite  series  of  load  curves,  depend- 
ing upon  the  value  of  e. 

For  low  values  of  e  (e  =  1,600,  under  excitation,  Fig.  175), 
the  load  curves  are  similar  to  those  of  an  induction  motor. 
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The  current  is  lagging,  the  power-factor  rises  from  a  low  initial 
value  to  a  maximum,  and  then  falls  again.  With  increasing 
excitation  (e  =  2,000,  Fig.  176)  the  power-factor  curve  rises  to 
values  beyond  those  available  in  induction  motors,  approaches 
and  ultimately  touches  unity,  and  with  still  higher  excitation 
(e  =  2,180,  Fig.  177)  two  points  of  unity  power-factor  exist,  at 
P  =  20  and  P  =  450  kw.  output,  which  are  separated  by  a 
range  with  leading  current,  while  at  very  low  and  very  high  load 


too         600 

KllOWATTt 

Fig.  178. 


the  current  is  lagging.  The  first  point  of  unity  power-factor 
moves  towards  P=  0,  and  then  disappears,  that  is,  the  current 
becomes  leading  already  at  no-load,  and  the  second  point  of 
unity  power-factor  moves  with  increasing  excitation  toward 
higher  loads,  from  P  =  450  kw.  at  e  =  2,180  in  Fig.  177,  to  P  = 
700  kw.  at  e  =  2,400,  Fig.  178,  and  P  =  900  kw.  at  c  =  2,800, 
Fig.  179,  while  the  power-factor  and  thereby  the  apparent 
efficiency  decrease  at  light  loads.  The  maximum  output  in- 
creases with  the  increase  of  excitation  and  almost  .proportionally 
thereto. 
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It  is  interesting  that  at  e  =  2,180,  the  power-factor  is  practi- 
cally unity  over  the  whole  range  of  load  up  to  near  the  maximum 
output.  It  is  shown  once  more  in  Fig.  177  with  increased  scale 
of  the  ordinates.  A  synchronous  motor  at  constant  excita- 
tion can,  therefore,  give  practically  unity  power-factor  for  all 
loads. 
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The  resistance,  r  =  1  ohm,  is  assumed  so  as  to  represent  a  syn- 
chronous motor  inclusive  of  transmission  line,  with  about  9  per 
cent  loss  of  energy  in  the  line  at  400  kw.  output. 

The  friction  and  core  loss  are  assumed  as  20  kw.,  the  excitation 
as  4  kw.  at  e  ==  2,000. 

Considering  the  intersections  of  a  horizontal  line  with  the 
constant  power  curves  of  Fig.  174,  gives  the  characteristic  curves 
of  the  synchronous  motor  when  operating  on  constant  current. 
Such  curves  are  shown  for  i  =  300  in  Fig.  180.  They  illustrate 
that  at  the  same  impressed  voltage,  with  the  same  current  input 
the  power  output  of  the  synchronous  motor  can  vary  over  a  wide 
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cange^  and  also  that  for  each  value  of  power  output  two  points 
exists  one  with  lag^ng,  the  other  with  leading  current. 
As   regards  phase   characteristics   and   load  characteristics, 
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the  same  applies  to  the  synchronous  converter  as  to  the  syn- 
chronous motor,  except  that  in  the  former  the  continuous  cur- 
rent output  affords  a  means  of  automatically  varying  the 
excitation  with  the  load. 
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269.  The  investigation  of  a  variation  of  the  annature  reaction 
and  the  self-induction,  that  is,  of  the  synchronous  reactance, 
with  the  position  of  the  armature  in  the  magnetic  field,  and  so  the 
intensity  and  phase  of  the  current  in  its  eflfect  on  the  characteris- 
tic curves  of  the  synchronous  motor,  can  be  carried  out  in  the 
same  manner  as  done  for  the  alternating-current  generator  in 
Chapter  XXII. 

In  the  graphical  and  the  symbolic  investigations  in  Chapter 
XXII,  the  cmrent,  /  =  t\  +  ji^,  has  been  considered  as  the 
output  current,  and  chosen  of  such  phase  as  to  differ  less  than 
%QP  from  the  terminal  voltage,  E^e^  —  je^,  so  representing 
power  output,  

Choosing  then  the  current  vector  01  in  opposite  direction  from 
that  chosen  in  Figs.  148  and  149,  and  then  constructing  the 
diagram  in  the  same  manner  as  done  in  Chapter  XXII,  brings  the 
output  current,  0/,  more  than  90°  displaced  from  the  terminal 
voltage,  OE.  Then  the  current  consumes  power,  that  is,  the 
machine  is  a  synchronous  motor.  The  graphical  representation 
in  Chapter  XXII  so  applies  equally  well  to  alternating-current 
generator  as  to  synchronous  motor,  and  the  former  corresponds 
to  the  case  4-EOI  <  9QP,  the  latter  to  the  case:  ^EOI  >  90°. 

In  the  same  manner,  in  the  symbolic  representation  of 
Chapter  XXII,  choosing  the  current  as  /  =  — 1|  —  ji^,  or,  in 
the  final  equation,  where  the  current  has  been  assumed  as  zero 
vector,  /  =  —  i,  that  is,  reversing  all  the  signs  of  the  current, 
gives  the  equations  of  the  synchronous  motor. 

Choosing  the  same  denotations  as  in  Chapter  XXII,  and  sub- 
stituting —  i  for  +  i  in  equation  (64)  so  ^ves  the  general 
equation  of  the  synchronous  motor, 

and  for  non-inductive  load. 


^'      V{e-riy  +  x/'v" 

Or,  by  choosing  01  in  the  graphic,  and  /«/'  +  /"  in  the 
symboUc  method,  as  the  input  current,  the  diagram  can  be 
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constructed  by  combining  the  vectors  in  their  proper  directions, 
that  is,  where  they  are  added  in  Chapter  XXII,  they  are  now 
subtracted,  and  inversely.    For  instance, 

^1  =  ^3  +  ^„      E  -=>  E^+  E^,  etc. 

The  reversal  of  the  sign  of  the  current  in  the  above  equations, 
compared  with  the  equations  of  Chapter  XXII,  shows  that  in  the 
synchronous  motor,  the  efifect  of  lag  and  of  lead  of  the  input 
current  are  the  opposite  of  the  efifect  of  lag  and  lead  of  the  output 
current  in  the  generator,  as  discussed  before. 

It  also  follows  herefrom,  that  the  representation  of  the  inter- 
nal reactions  of  the  synchronous  motor  by  an  efifective  reactance, 
the  ''synchronous  reactance,''  is  theoretically  justified;  but  that, 
like  in  the  alternating-current  generator,  this  reactance  may  have 
to  be  resolved  in  two  components,  x/  and  x  ",  parallel  and  at 
right  angles  respectively  to  the  field-poles. 


CHAPTER  XXV. 

SURQINQ  OP  SYNCHRONOUS  MOTORS. 

270.  In  the  preceding  theory  of  the  synchronous  motor  the 
assumption  has  been  made  that  the  mechanical  output  of  the 
motor  equals  the  power  developed  by  it.  This  is  the  case  only  if 
the  motor  runs  at  constant  speed.  If,  however,  it  accelerates,  the 
power  input  is  greater,  if  it  decelerates,  less  than  the  power  out- 
put, by  the  power  stored  in  arid  returned  by  the  momentum. 
Obviously,  the  motor  can  neither  constantly  accelerate  nor 
decelerate,  without  breaking  out  of  synchronism. 

If,  for  instance,  at  a  certain  moment  the  power  produced  by 
the  motor  exceeds  the  mechanical  load  (as  in  the  moment  of 
throwing  off  a  part  of  the  load),  the  excess  power  is  consumed 
by  the  momentum  as  acceleration,  causing  an  increase  of  speed. 
The  result  thereof  is  that  the  phase  of  the  counter  e.m.f.,  e, 
is  not  constant,  but  the  vector,  c,  (in  Fig.  173)  moves  back- 
ward to  earlier  time,  or  counter-clockwise,  at  a  rate  depending 
upon  the  momentum.  Thereby  the  current  changes  and  the 
power  developed  changes  and  decreases.  As  soon  as  the  power 
produced  equals  the  load,  the  acceleration  ceases,  but  the  vector 
c  still  being  in  motion,  due  to  the  increased  speed,  further 
reduces  the  power,  causing  a  retardation  and  thereby  a  decrease 
of  speed,  at  a  rate  depending  upon  the  mechanical  momentum. 
In  this  manner  a  periodic  variation  of  the  phase  relation  between 
e  and  e^,  and  corresponding  variation  of  speed  and  current  occurs, 
of  an  amplitude  and  period  depending  upon  the  circuit  con- 
ditions and  the  mechanical  momentum. 

If  the  amplitude  of  this  pulsation  has  a  positive  decrement, 
that  is,  is  decreasing,  the  motor  assumes  after  a  while  a  constant 
position  of  e  regarding  e^,  that  is,  its  speed  becomes  uniform. 
If,  however,  the  decrement  of  the  pulsation  is  negative,  an 
infinitely  small  pulsation  will  continuously  increase  in  ampUtude, 
until  the  motor  is  thrown  out  of  step,  or  the  decrement  becomes 
zero,  by  the  power  consumed  by  forces  opposing  the  pulsation, 

452 
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as  anti-surging  devices,  or  by  the  periodic  pulsation  of  the  sjni- 
chronous  reactance,  §  269,  If  the  decrement  is  zero,  a  pulsation 
started  once  will  continue  indefinitely  at  constant  amplitude. 
This  phenomenon,  a  surging  by  what  may  be  called  electro- 
mechanical resonance,  must  be  taken  into  consideration  in  a 
complete  theory  of  the  synchronous  motor. 

Let 

Eq=^  e^^  impressed  e.m.f.  assumed  as  zero  vector. 

E  ^  e  (cos  p  +  i  sin  /?)  =  e.m.f.  consumed  by  counter  e.m.f. 
of  motor,  where, 

P  =  phase  angle  between  E^  and  E. 

Let 

Z  ==  r  —jx, 


and  z  ==  Vr*  +  x^ 

==  impedance  of  circuit  between 
E^  and  E,  and 

X 

tan  a  =    -. 
r 

The  current  in  the  system  is 

e^  —  E  ^e^  —  e  cos  P  —  je sin  /9 
^  z  r  —  ]x 

=  -{[6j>ca3a--6Cos  (a  +  fi)]  +  j  [e^^sina— esin  (a  4-  P)]]>      (1) 
z 

The  power  developed  by  the  synchronous  motor  is 

P^=-[EIY  =-{[cosi9[e^cosa-ecos(a  + /?)]  +  sin^ 
z 

[e^sina— esin(a  +/?)]}  =  -  {[e^cos  (a— ^9)  — ecosa]}.  (2) 

z 

If,  now,  a  pulsation  of  the  synchronous  motor  occurs,  resulting 
in  a  change  of  the  phase  relation,  ^,  between  the  counter  e.m.f.,  c, 
and  the  impressed  e.m.f.,  e^  (the  latter  bfeing  of  constant  fre- 
quency, thus  constant  phase),  by  an  angle,  S,  where  ^  is  a  periodic 
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function  of  time,  of  a  frequency  very  low  compared  with  the 
impressed  frequency,  then  the  phase  angle  of  the  counter  e.m.f.,  e, 
ia  B  +  d;  and  the  counter  e.m.f.  is 

£=«  {cos08+a)  +y sin  09+ a)}, 
hence  the  current, 

I  =  ~  {[iQ0Osa—ecos{a  -}-  p  +  d)]  +  j  [e^  sin  a  —  e  sin 
z 

(3) 
the  power, 

P  —  -  {e^,  cos  (a  —  ^9  —  *)  —  e  COS  a } 

z 


P.+  ?f-sin?sin(,-^-?).  (4) 


Let  now 


Vq  =  mean  velocity  (linear,  at  radius  of  gyration)  of  syn- 
chronous machine; 

s   =  slip,  or  decrease  of  velocity,  as  fraction  of  v^,  where  s  is  a 
(periodic)  function  of  time;  hence 

V   =  v^  (1  —  s)  =  actual  velocity,  at  time  t. 

During  the  time  element,  eft,  the  position  of  the  synchronous 
motor  armature  regarding  the  impressed  e.m.f.,  e^,  and  thereby 
the  phase  angle  fi  +  d  of  e,  changes  by 


d9=2  7:fsdt 

=  sdd,                                                (5) 

where 

e  =  27c ft, 

and 

f  —  frequency  of  impressed  e.m.f.,  «,. 

Let 

m    =  mass  of  revolving  machine  elements,  and 

M p  =  }  mv^  =*  mean    mechanical    momentum,    reduced    to 
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joules  or  watt-seconds;  then  the  momentum  at  time  t  and 
velocity  v  =»  r^  (1  —  s)  is 

Af- JmV(l-8)^ 

and  the  change  of  momentum  during  the  time  element,  dt,  is 


dM               ,  n       ^<^ 
dt     '     "*"•   (^     '^di' 

heace,  for  small  values  of  s, 

dM               ^ds  dd 

dt  -     "^''de  dt 

— -^^^ 

since 

^-/ 

and  from  (5) 

dd 

«=    dO' 

ds      d^d 

dd  ~  dff'' 

it  is 

dM         .  .^  ePd 

(6) 


(7) 

Since,  as  discussed,  the  change  of  momentum  equals  the  dififer- 
ence  between  produced  and  consumed  power,  the  excess  of 
power  being  converted  into  momentum,  it  is 

F-P..f,  (S) 


and,  substituting  (4)  and  (7) 

ee^    ,    9    ,    /        ^       9\  ,  ^     ^^^   cPd 
z 


^sin|8in(a-^-|)  +  2^/M,^  =  0.  (9) 
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Assuming  ^  as  a  small  angle,  that  is,  considering  only  small 
oscillations,  it  is 

.  d     d 

sm-  ■■  -* 

2     2 


sm 


[a-iS-gj-sinCa-/?); 


hence,  substituted  in  (18), 


-fdsm  ia-P)  +4nfM,-^  =  0,  (10) 


and,  substituting, 


it  is 


ce,8in(a-^) 


a*  +  ~=0.  (12) 

This  differential  equation  is  integrated  by 

d  -  Ae^,  (13) 

which,  substituted  in  (22)  gives 

oAe"  +  ACs^  =  0, 
o  +  C  =.  0, 

C  »  ±  \/3I  (14) 

271.   (1)  If  a  <  0,  it  is 
where 


«,      n/— :;       v/     ee>n(^-a) 
m  =  V  — o  —  y — J-J7 —  • 

Since  in  this  case,  s*"^  is  continually  increasing,  the  syn- 
chronous motor  is  unstable.  That  is,  without  oscillation  it  drops 
out  of  step,  if  ^  >a. 
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(2)  If  a  >  0,  it  is,  denoting 


or,  substituting  for  e'^^^  and  e"*"^***  the  trigonometric  functions 

a  -  (Aj  +  A,)  cos  nd  +  j  (Aj  -  A,)  sin  n0, 

or,  a  =  S  cos  (nd  +7 ).  (15) 

That  is,  the  synchronous  motor  is  in  stable  equilibrium,  when 
oscillating  with  a  constant  amplitude  B,  depending  upon  the 
initial  conditions  of  oscillation,  and  a  period,  which  for  small 
oscillations  gives  the  frequency  of  oscillation, 


In  the  example  given  in  §  267  it  is 

e^  =  2,200  volts.    Z  =  1  -4  j  ohms,  or,  ^  =  4.12;  a  =  76^ 

Let  the  machine,  a  16-polar,  60-cycle,  400-kw.,  revolving- 
field,  synchronous  motor,  have  the  radius  of  gyration  of  20  in., 
a  weight  of  the  revolving  part  of  6,000  lb. 

The  momentum  then  is  M^  =  850,000  joules. 

Deriving  the  angles,  ^,  corresponding  to  given  values  of  output 
P  and  excitation  e,  from  the  polar  diagram,  or  from  the  symbolic 
representation,  and  substituting  in  (16),  gives  the  frequency  of 
oscillation, 

P=0: 

e  =  1600  volts;  /?  =  -  2®;  /^,  =2.17  cycles,  or  130  periods  per  min. 
2180      "  +3'        2.50       "         150       "        "      " 

2800      "  +  5'        2.85       "         169       "        ''      " 

P=  400  kw. 

e  =  1600  volts ;  /? = 33^•  /^  =  1.90  cycles,  or  1 14  periods  per  min. 
2180     ''  2V  2.31       "         139      "        "      " 

2800     ''  22*»  2.61       ''         154       "       ''      " 
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As  seen,  the  frequency  of  oscillation  does  not  vary  much  with 
the  load  and  with  the  excitation.  It  slightly  decreases  with 
increase  of  load,  and  it  increases  with  increase  of  excitation. 

In  this  instance,  only  the  momentum  of  the  motor  has  been 
considered,  as  would  be  the  case  for  instance  in  a  synchronous 
converter. 

In  a  direct-connected  motor-generator  set,  assuming  the  mo- 
mentum of  the  direct-current-generator  armature  equal  to  60  per 
cent  of  the  momentum  of  the  synchronous  motor,  the  total 
momentum  ia  M^  ^  1,360,000  joules,  hence,  at  no  load, 

P-0, 
e  «  1,600  volts;  ^  =  1.72  cycles,  or  103  periods  per  min. 
1.98     "  119       "        "     " 

1.23     "  134       "        "     " 

272.  In  the  preceding  discussion  of  the  surging  of  sjoichronous 
machines,  the  assumption  has  been  made  that  the  mechanical 
power  consumed  by  the  load  is  constant,  and  that  no  damping 
or  anti-surging  devices  were  used. 

The  mechanical  power  consumed  by  the  load  varies,  however, 
more  or  less  with  the  speed,  approximately  porportional  to  the 
speed  if  the  motor  directly  drives  mechanical  apparatus,  as 
pumps,  etc.,  and  at  a  higher  power  of  speed  if  driving  direct- 
current  generators,  or  as  synchronous  converter,  especially 
when  in  parallel  with  other  direct-current  generators.  Assum- 
ing, then,  in  the  general  case  the  mechanical  power  consumed  by 
the  load  to  vary,  within  the  narrow  range  of  speed  variation  con- 
sidered during  the  oscillation,  as  the  pth  power  of  the  speed,  in 
the  preceding  equation  instead  of  P^  is  to  be  substituted,  P^ 
(l-«)''  =  P,(l-ps). 

If  anti-surging  devices  are  used,  and  even  without  these  in 
machines  in  which  eddy  currents  can  be  produced  by  the  oscilla- 
tion of  slip,  in  soUd  field-poles,  etc.,  a  torque  is  produced  more  or 
less  proportional  to  the  deviation  of  speed  from  synchronism. 
This  power  assumes  the  form,  P^  =  c^s,  where  c  is  a  function  of 
the  conductivity  of  the  eddy-current  circuit  and  the  intensity  of 
the  magnetic  field  of  the  machine,  c*  is  the  power  which  would 
be  required  to  drive  the  magnetic  field  of  the  motor  through  the 
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circuits  of  the  anti-surging  device  at  full  frequency,  if  the  same 
relative  proportions  could  be  retained  at  full  frequency  as  at  the 
frequency  of  slip  s.  That  is,  P^  is  the  power  produced  by  the  ' 
motor  as  induction  machine  at  sUp  8.  Instead  of  P,  the  power 
generated  by  the  motor,  in  the  preceding  equations  the  value, 
P  +  Pj  has  to  be  substituted,  then 
The  equation  (8)  assumes  the  form, 

dM 

P  +  P,-P,(l~ps)  =  — . 

or 

(P-P,)+(P,4-pPoS)=^.  (17) 

or,  substituting  (7)  and  (4), 

2ej8in|8m[a-^-^]  +(c»+  pPJ  g +4;r/M.^-  0;    (18) 

and,  for  small  values  of  d, 

°°"T/V^'  (19) 

Of  these  two  terms  b  represents  the  consumption,  a  the  oscilla- 
tion of  energy  by  the  pulsation  of  phase  angle  /?.  b  and  a  thus 
have  a  similar  relation  as  resistance  and  reactance  in  alternating 
current  circuits,  or  in  the  discharge  of  condensers,  a  is  the 
same  term  as  in  §  270. 

Differential  equation  (19)  is  integrated  by 

d  =  Ae^',  (21) 

which,  substituted  in  (19),  gives 

a  Ae"^'  +  2  bCAe'^'-h  (PAi^'  =  0, 
a  +26C  +  C  =  0, 
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which  equation  has  the  two  roots 


(7,  =  -6  + V^--a; 

(7, --b-V?^^  (22) 

(1)  If  a<  0,  or  negative,  that  is,  ^  >  a,  C^  is  positive  and 
C,  negative,  and  the  term  with  C,  is  continuously  increasing, 
that  is,  the  synchronous  motor  is  unstable,  and,  without  oscilla- 
tion, drifts  out  of  step. 

(2)  If  0<  a<  6*,  or  a  positive,  and  6'  larger  than  a  (that 
is,  the  energy  consuming  term  very  large),  C^  and  C,  are  both 
negative,  and,  by  substituting,  +  y/V  —  a  =  g,  it  is, 

<?i  =  -(6-ff),        C,  =  -(6  +  ff); 
hence 

*  =  il,£-<^-^>*  +  A,e-<^+^>*.  (23) 

That  is,  the  motor  steadies  down  to  its  mean  position  logarith- 
mically, or  without  any  oscillation. 

Rin  (n  —  R\ 

(24) 


hence  (c*  +  pP^^     ee^  sin  (a  —  fi) 


16  nfM,  2 

is  the  condition  under  which  no  oscillation  can  occur. 

As  seen,  the  left  side  of  (24)  contains  only  mechanical,  the 
right  side  only  electrical  terms. 

(3)  a>  6^ 

In  this  case,  VlP  —  a  is  imaginary,  and,  substituting. 


9    =  Va-b\ 
it  is 

C^^-b  ^jg, 
hence 

and,  substituting  the  trigonometric  for  the  exponential  functions, 
gives  ultimately 

8  =  Be^^  cos  (gd  +  7).  (25) 
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That  18,  the  motor  steadies  down  with  an  oscillation  of  period, 

h-gf 


W'- 


fee,  sin  (a -p)       (<^  +  pP^' 


(26) 


and  decrement  or  attenuation  constant 

273.  It  follows,  however,  that  under  the  conditions  considered, 
a  cumulative  surging,  or  an  oscillation  with  continuously  increas- 
ing amplitude,  cannot  occur,  but  that  a  synchronous  motor, 
when  displaced  in  phase  from  its  mean  position,  returns  thereto 
either  aperiodically,  if  V>  a,  or  with  an  oscillation  of  vanishing 
amplitude,  if  V<  a.  At  the  worst,  it  may  oscillate  with  con- 
stant ampUtude,  if  6  =  0. 

Cumulative  surging  can,  therefore,  occur  only  if  in  the  diflfer- 
ential  equation  (19) 

the  coefficient  h  is  negative. 

Since  &,  representing  the  induction  motor  torque  of  the  damp- 
ing device,  etc.,  is  positive,  and  pP^  is  also  positive  (p  being 
the  exponent  of  power  variation  with  speed),  this  presupposes 

-A' 
the  existence  of  a  third  and  negative  term,  ,  in  6, 

This  negative  term  represents  a  power, 

P,  =  -/i*s;  (30) 

that  isy  a  retarding  torque  during  slow  speed,  or  increasing  p,  and 
accelerating  torque  during  high  speed,  or  decreasing  p. 

The  source  of  .this  torque  may  be  found  external  to  the  motor, 
or  internal^  in  its  magnetic  circuit. 
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External  sources  of  negative  P^  may  be,  for  instance,  the 
magnetic  field  of  a  self-exciting,  direct-current  generator,  driven 
by  the  synchronous  motor.  With  decrease  of  speed,  this  field 
decreases,  due  to  the  decrease  of  generated  voltage,  and  increases 
with  increase  of  speed.  This  change  of  field  strength,  however, 
lags  behind  the  exciting  voltage  and  thus  speed,  that  is,  during 
decrease  of  speed  the  output  is  greater  than  during  increase  of 
speed.  If  tlJs  direct-current  generator  is  the  exciter  of  the 
synchronous  motor,  the  eflFect  may  be  intensified. 

The  change  of  power  input  into  the  synchronous  motor,  with 
change  of  speed,  may  cause  the  governor  to  act  on  the  prime 
mover  driving  the  generator,  which  supplies  power  to  the  motor, 
and  the  lag  of  the  governor  behind  the  change  of  output  gives  a 
pulsation  of  the  generator  frequency,  of  e^,,  which  acts  like  a  nega- 
tive power,  Pj.  The  pulsation  of  impressed  voltage,  caused  by 
the  pulsation  of  ^,  may  give  rise  to  a  negative,  Pj,  also. 

An  internal  cause  of  a  negative  term,  Pj,  is  found  in  the  lag  of 
the  synchronous  motor  field  behind  the  resultant  m.m.f.  In  the 
preceding  discussion,  e  is  the  "nominal  generated  e.m.f."  of  the 
synchronous  machine,  corresponding  to  the  field  excitation. 
The  actual  magnetic  flux  of  the  machine,  however,  does  not  cor- 
respond to  e,  and  thus  to  the  field  excitation,  but  corresponds  to 
the  resultant  m.m.f.  of  field  excitation  and  armature  reaction, 
which  latter  varies  in  intensity  and  in  phase  during  the  oscilla- 
tion of  p.  Hence,  while  e  is  constant,  the  magnetic  flux  is  not 
constant,  but  pulsates  with  the  oscillations  of  the  machine. 
This  pulsation  of  the  magnetic  flux  lags  behind  the  pulsation  of 
m.m.f.,  and  thereby  gives  rise  to  a  term  in  6  in  equation  (28).  If 
^0^  Pj  ^}  ^o>  ^  *r®  s^c'^  ^^^^  *  retardation  of  the  motor  increases 
the  magnetizing,  or  decreases  the  demagnetizing  force  of  the 
armature  reaction,  a  negative  term,  P^,  appears,  otherwise  a 
positive  term. 

P,  in  this  case  is  the  energy  consumed  by  the  magnetic  cycle 
of  the  machine  at  full  frequency,  assuming  the  cycle  at  full  fre- 
quency as  the  same  as  at  frequency  of  shp,  s. 

Or  inversely,  e  may  be  said  to  pulsate,  due  to  the  pulsation  of 
armature  reaction,  with  the  same  frequency  as  ^,  but  with  a 
phase,  which  may  either  be  lagging  or  leading.  Lagging  of  the 
pulsation  of  e  causes  a  negative,  leading  a  positive  P^. 

Pj,  therefore,  represents  the  power  due  to  the  pulsation  of  e 
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caused  by  the  pulsation  of  the  armature  reaction^  as  discussed  in 
§269. 

Any  appliance  increasing  the  area  of  the  magnetic  cycle  of 
pulsation,  as  short-circuits  around  the  field  poles,  therefore, 
increases  the  steadiness  of  a  steady  and  increases  the  ulisteadi- 
ness  of  an  unsteady  synchronous  motor. 

In  self-exciting  synchronous  converters,  the  pulsation  of  e  is 
intensified  by  the  pulsation  of  direct-current  voltage  caused 
thereby,  and  hence  of  excitation. 

Introducing  now  the  term,  P,  =  —  h^s,  into  the  diflFerential 
equations  of  §  272,  gives  the  additional  cases 

6  <  0,  or  negative,  that  is, 

'^Vf^-*'<0.  (31) 

Hence,  denoting 

gives 


(4)  If  b,'>a,  g^+VbJ--a, 

d  =  A,e  +(*»  +  '>•  +  A,€  +(^»-'>*.  (33) 

That  is,  without  oscillation,  the  motor  drifts  out  of  step,  in 
unstable  equilibrium. 


(5)  If  a>6^  g^Va-b,\ 

*  =  B€+^**cos(35  +  d).  (34) 

That  is,  the  motor  oscillates,  with  constantly  increasing  am- 
plitude, until  it  drops  out  of  step.  This  is  the  typical  case  of 
cumulative  surging  by  electromechanical  resonance. 

The  problem  of  surging  of  synchronous  machines,  and  its 
elimination,  thus  resolves  into  the  investigation  of  the  coefficient 

i  .  tt^zJt.  (35) 
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while  the  frequency  of  surging,  where  such  exists,  is  given  by 

/•=V ^;^^ ul^Mj—'  ^^^ 

Case  (4),  steady  drifting  out  of  step,  has  only  rarely  been 
observed. 
The  avoidance  of  surging  thus  requires 

(1)  An  elimination  of  the  term  h^,  or  reduction  as  far  as  pos- 
sible. 

(2)  A  sufficiently  large  term,  c*,  or 

(3)  A  sufficiently  large  term,  pP^. 

(1)  refers  to  the  design  of  the  synchronous  machine  and  the 
system  on  which  it  operates.  (2)  leads  to  the  use  of  electro- 
magnetic antisurging  devices,  as  an  induction  motor  winding  in 
the  field  poles,  short  circuits  between  the  poles,  or  around  the 
poles,  and  (3)  leads  to  flexible  connection  to  a  load  or  a  mo- 
mentum, as  flexible  connection  with  a  flywheel,  or  belt  drive  of 
the  load. 

The  conditions  of  steadiness  are 

c»  +  pPo  -'^'  >0, 

^„  ^°'^f;-'''''>"-"°'°-«. 

16  nfM^  z 

no  oscillation  at  all  occurs,  otherwise  an  oscillation  with  decreas- 
ing amplitude. 


CHAPTER  XXVI. 

ALTBRNATINQ-CURRENT  MOTORS  IN  GENERAL. 

274.  The  starting  point  of  the  theory  of  the  polyphase  and 
single-phase  induction  motor  usually  is  the  general  alternating- 
current  transformer  and  from  the  equations  of  the  general 
alternating-current  transformer  the  induction  motor  equations 
have  been  developed  in  the  preceding  chapter.  Coming,  how- 
ever, to  the  commutator  motors,  this  method  becomes  less 
suitable,  and  the  following  more  general  method  preferable. 

In  its  general  form  the  alternating-current  motor  consists  of 
one  or  more  stationary  electric  circuits  magnetically  related  to  one 
or  more  rotating  electric  circuits.  These  circuits  can  be  excited 
by  alternating  currents,  or  some  by  alternating,  others  by  direct 
current,  or  closed  upon  themselves,  etc.,  and  connection  can  be 
made  to  the  rotating  member  either  by  collector  rings  —  that  is, 
to  fixed  points  of  the  windings  —  or  by  commutator  —  that  is,  to 
fixed  points  in  space. 

The  alternating-current  motors  can  be  subdivided  into  two 
classes  —  those  in  which  the  electric  and  magnetic  relations 
between  stationary  and  moving  members  do  not  vary  with  their 
relative  positions,  and  those  in  which  they  vary  with  the  relative 
positions  of  stator  and  rotor.  In  the  latter  a  cycle  of  rotation 
exists,  and  therefrom  the  tendency  of  the  motor  results  to  lock  at 
a  speed  giving  a  definite  ratio  between  the  frequency  of  rotation 
and  the  frequency  of  impressed  e.m.f.  Such  motors,  therefore, 
are  synchronous  motors. 

The  main  types  of  synchronous  motors  are  as  follows: 

(1)  One  member  supplied  with  alternating  and  the  other  with 
direct  current  —  polyphase  or  single-phase  synchronous  motors. 

(2)  One  member  excited  by  alternating  current,  the  other  con- 
taining a  single  circuit  closed  upon  itself  —  synchronous-induc- 
tion motors,  as  discussed  in  Chapter  XIX. 

(3)  One  member  excited  by  alternating  current,  the  other  of 
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different  magnetic  reluctance  in  difTerent  directions  (as  polar  con- 
struction) —  reaction  motors  (see  Chapter  XXVII). 

(4)  One  member  excited  by  alternating  current,  the  other  by 
alternating  current  of  different  frequency  or  dijBferent  direction  of 
rotation  —  general  alternating-current  transformer  or  frequency 
converter  and  synchronous  induction  generator  (see  Chapters 
XVIII  and  XX). 

(1)  is  the  synchronous  motor  of  the  electrical  industry. 
(2)  and  (3)  are  used  occasionally  to  produce  synchronous  rota- 
tion without  direct-current  excitation,  and  of  very  great  steadi- 
ness of  the  rate  of  rotation,  where  weight  efficiency  and 
power-factor  are  of  secondary  importance.  (4)  is  used  to  some 
extent  as  frequency  converter  or  alternating  current  generator. 

(2)  and  (3)  are  occasionally  observed  in  induction  machines, 
and  in  the  starting  of  synchronous  motors,  as  a  tendency  to  lock 
at  some  intermediate,  occasionally  low,  speed.  That  is,,  in 
starting,  the  motor  does  not  accelerate  up  to  full  speed,  but  the 
acceleration  stops  at  some  intermediate  speed,  frequently  half- 
speed,  and  to  carry  the  motor  beyond  this  speed,  the  impressed 
voltage  may  have  to  be  raised  or  even  external  power  applied. 
The  appearance  of  such  *'dead  points  "  in  the  speed  curve  is 
due  to  a  mechanical  defect  —  as  eccentricity  of  the  rotor  — 
or  faulty  electrical  design:  an  improper  distribution  of  primary 
and  secondary  windings  causes  a  periodic  variation  of  the 
mutual  inductive  reactance  and  so  of  the  effective  primarj' 
inductive  reactance,  (2)  or  the  use  of  sharply  defined  and 
improperly  arranged  teeth  in  both  elements  causes  a  periodic 
magnetic  lock  (opening  and  closing  of  the  magnetic  circuit,  (3) 
and  so  a  tendency  to  synchronize  at  the  speed  corresponding  to 
this  cycle. 

Synchronous  machines  have  been  discussed  in  the  preceding 
chapters.  Here  shall  be  considered  only  that  type  of  motor  in 
which  the  electric  and  magnetic  relations  between  the  stator  and 
rotor  do  not  vary  with  their  relative  positions,  and  the  torque 
is,  therefore,  not  limited  to  a  definite  synchronous  speed.  This 
requires  that  the  rotor  when  connected  to  the  outside  circuit 
be  connected  through  a  commutator,  and  when  closed  upon 
itself,  several  closed  circuits  exist,  displaced  in  position  from 
each  other  so  as  to  offer  a  resultant  closed  circuit  in  any 
direction. 
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The  main  types  of  these  motors  are : 

(1)  One  member  suppfied  with  pol)rphase  or  single-phase 
alternating  voltage,  the  other  containing  several  circuits  closed 
upon  themselves  —  polyphase  and  single-phase  induction 
machmes,  as  discussed  in  Chapter  XIX. 

(2)  One  member  supplied  with  polyphase  or  single-phase 
alternating  voltage,  the  other  connected  by  a  commutator  to 
an  alternating  voltage  —  compensated  induction  motors,  com- 
mutator motors  with  shunt-motor  characteristic. 

(3)  Both  members  connected,  through  a  commutator,  directly 
or  inductively,  in  series  with  each  other,  to  an  alternating 
voltage  —  alternating-current  motors  with  series-motor  char- 
acteristic. 

Herefrom  then  follow  three  main  classes  of  alternating-current 
motors: 

Synchronous  Motors. 

Induction  Motors. 

Commutator  Motors. 

There  are,  however,  numerous  intermediate  forms,  which 
belong  in  several  classes,  as  the  synchronous  induction  motor, 
the  compensated  induction  motor,  etc. 

276.  An  alternating  current,  /,  in  an  electric  circuit  produces 
a  magnetic  flux,  ^,  interlinked  with  this  circuit.  Considering 
equivalent  sine  waves  of  /  and  ^,  ^  lags  behind  /  by  the  angle 
of  hysteretic  lag,  a.  This  magnetic  flux,<t>,  generates  an  e.m.f., 
E  =  2  nfn^,  where  /  ==  frequency,  n  =  number  of  turns  of 
electric  circuit.  This  generated  e.m.f.,  E,  lags  90  time  degrees 
behind  the  magnetic  flux  <t>,  hence  consumes  an  e.m.f.  90  time 
degrees  ahead  of  ^,  or  90 — a  degrees  ahead  of  /.  This  may  be 
resolved  in  a  wattless  component:  E  ^  2  ;r/n<t>  cos  a  =  2  njLl 
=  xly  the  e.m.f.  consumed  by  self-induction,  and  power  com- 
ponent: -B''  =  2  njn^  sin  a  =  2  nfHI  ^  i^'l  ^  e.m.f.  consumed 
by  hysteresis  (eddy  currents,  etc.),  and  is,  therefore,  in  vector 
representation  denoted  by 

W  =  -/a:/and^''  =  r"/, 

where  x  =  2  n]L  =  reactance, 

and  L  =  inductance, 

r"  =  effective  hysteretic  resistance. 
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The  ohmic  resistance  of  the  circuit,  r',  consumes  an  e.m.f.  r'/, 
in  phase  with  the  current,  and  the  total  or  effective  resistance  of 
the  circuit  is,  therefore,  r  =  r'  -\-  r'^j  and  the  total  e.m.f.  con- 
sumed by  the  circuit,  or  the  impressed  e.m.f.,  is 

where 

Z  =  r  —  jx  =  impedance,  in  vector  denotation, 


z  =  Vr+^  =  impedance,  in  absolute  terms. 

If  an  electric  circuit  is  in  inductive  relation  to  another  electric 
circuit,  it  is  advisable  to  separate  the  inductance,  L,  of  the 
circuit  in  two  parts  —  the  self-inductance,  L„  which  refers  to 
that  part  of  the  magnetic  flux  produced  by  the  current  in 
one  circuit  which  is  interlinked  only  with  this  circuit  but  not 
with  the  other  circuit,  and  the  mutual  inductance,  Lm,  which 
refers  to  that  part  of  the  magnetic  flux  interlinked  also  with 
the  second  circuit.  The  desirability  of  this  separation  results 
from  the  different  character  of  the  two  components:  The  self- 
inductive  reactance  generates  a  wattless  e.m.f.  and  thereby 
causes  a  lag  of  the  current,  while  the  mutual  inductive  reactance 
transfers  power  into  the  second  circuit,  hence  generally  does 
the  useful  work  of  the  apparatus.  This  leads  to  the  distinction 
between  the  self-inductive  impedance,  Z^^^  r^  —  jx^,  and  the 
mutual  inductive  impedance,  Z  =  r  —  jx. 

The  same  separation  of  the  total  inductive  reactance  into 
self-inductive  reactance  and  mutual  inductive  reactance,  repre- 
sented respectively  by  the  self-inductive  or  "  leakage"  impedance, 
and  the  mutual  inductive  or  "exciting"  impedance  has  been 
made  in  the  theory  of  the  transformer  and  the  induction  machine. 
In  those,  the  mutual  inductive  reactance  has  been  represented, 
not  by  the  mutual  inductive  impedance,  Z,  but  by  its  reciprocal 

value,  the  exciting  admittance:  F  =  —  •    It  is  then: 

r^  is  the  coefficient  of  power  consumption  by  ohmic  resistance, 
hysteresis  and  eddy  currents  of  the  self-inductive  flux  —  effective 
resistance. 

Xj,  is  the  coefficient  of  e.m.f.  consumed  by  the  self-inductive  or 
leakage  flux  —  self-inductive  reactance. 
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r  is  the  coeflBcient  of  power  consumption  by  hysteresis  and  eddy 
currents  due  to  the  mutual  magnetic  flux  (hence  contains  no 
ohmic  resistance  component). 

X  is  the  coefficient  of  e.m.f.  consumed  by  the  mutual  magnetic 
flux. 

The  e.m.f.  consumed  by  the  circuit  is  then 

E  =  Z,/  +  ZI.  (1) 

If  one  of  the  circuits  rotates  relatively  to  the  other,  then  in 
addition  to  the  e.m.f.  of  self-inductive  impedance:  ZJ  and  the 
e.m.f.  of  mutual-inductive  impedance  or  e.m.f.  of  alternation:  ZI 
an  e.m.f.  is  consumed  by  rotation.  This  e.m.f.  is  in  phase  with 
the  flux  through  which  the  coil  rotates  —  that  is,  the  flux  parallel 
to  the  plane  of  the  coil  —  and  proportional  to  the  speed  —  that 
is,  the  frequency  of  rotation  —  while  the  e.m.f.  of  alternation  is 
90  time  degrees  ahead  of  the  flux  alternating  through  the  coil  — 
that  is,  the  flux  parallel  to  the  axis  of  the  coil  —  and  proportional 
to  the  frequency.  If,  therefore,  Z'  is  the  impedance  correspond- 
ing to  the  former  flux,  the  e.m.f.  of  rotation  is  jSZ'I,  where  S 
is  the  ratio  of  frequency  of  rotation  to  frequency  of  alternation, 
or  the  speed  expressed  in  fractions  of  synchronous  speed.  The 
total  e.m.f.  consumed  in  the  circuit  is  thus: 

E^Z.I  +ZI+  jSZ'I.  (2) 

Applying  now  these  considerations  to  the  alternating-current 
motor,  we  assume  all  circuits  reduced  to  the  same  number  of 
turns  —  that  is,  selecting  one  circuit,  of  n  effective  turns,  as  start- 
ing point,  if  Ui  =  number  of  effective  turns  of  any  other  circuit, 
all  the  e.m.fs.  of  the  latter  circuit  are  divided,  the  currents  multi- 

plied  with  the  ratio,  — ,  the  impedances  divided,  the  admittances 
n 

multiplied  with  —  .    This  reduction  of  the  constants  of  all 
n 

circuits  to  the  same  number  of  effective  turns  is  convenient  by 
eliminating  constant  factors  from  the  equations,  and  so  per- 
mitting a  direct  comparison.  When  speaking,  therefore,  in  the 
following  of  the  impedance,  etc.,  of  the  different  circuits,  we 
always  refer  to  their  reduced  values,  as  it  is  customary  in  induc- 
tion-motor designing  practice,  and  has  been  done  in  preceding 
theoretical  investigations. 
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276.  Let,  then,  in  Fig.  181: 

E^,  7^,  Z^,  =  impressed  voltage,  current  and  self-inductive 
impedance  respectively  of  a  stationary  circuit, 

^v  (ii  ^1  ==  impressed  voltage,  current  and  self-inductive 
impedance  respectively  of  a  rotating  circuit, 

T  ==  space-angle  between  the  axes  of  the  two  circuits, 

Z  =  mutual  inductive,  or  exciting  impedance  in  the  direction 
of  the  axis  of  the  stationary  coil, 

Z'  =  mutual  inductive,  or  exciting  impedance  in  the  direction 
of  the  axis  of  the  rotating  coil, 

Z"  =»  mutual  inductive  or  exciting  impedance  in  the  direction 
at  right  angles  to  the  axis  of  the  rotating  coil, 

S  =  speed,  as  fraction  of  synchronism. 

It  is  then: 

E.m.f.    consumed    by   self-inductive 
impedance,  ZJ^^. 

E.m.f.  consumed  by  mutual-inductive 
impedance,  Z  (/^  +  /^  cos  t)  since  the 
m.m.f.  acting  in  the  direction  of  the 
axis  of  the  stationary  coil  is  the  result- 
FiQ.  181.  ant  of  both  currents.    Hence, 

E,=^Z,I,  +  Z(I,  +  /.cost).  (3) 

In  the  rotating  circuit,  it  is, 

E.m.f.  consumed  by  self-inductive  impedance,  ZJy 

E.m.f.  consumed  by  mutual-inductive  impedance  or  "  e.m.f.  of 
alternation  " :  Z'  (/ .  +  /  ^  cos  t).  (4) 

E.m.f.  of  rotation,  jSZ^/^sin  t.  (5) 

Hence  the  impressed  e.m.f., 

E,  =  Z,I,  +  Z'  (I,  +  (o  cos  t)  +  jaZ''  /,sin  t.  (6) 

In  a  structure  with  uniformly  distributed  winding,  as  used  in 
induction  motors,  etc.,  Z'  =  Z''  ==  Z,  that  is,  the  exciting 
impedance  is  the  same  in  all  directions. 
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Z  is  the  reciprocal  of  the  *'  exciting  admittance,"  Y  of  the 
induction-motor  theory. 

In  the  most  general  case,  of  a  motor  containing  n  circuits,  of 
which  some  are  revolving,  some  stationary,  if: 

Ef^,  /jb,  Zjb  =  impressed  e.m.f.,  current  and  self-inductive 
impedance  respectively  of  any  circuit,  k. 

Z*,  and  Z^*  »  exciting  impedance  parallel  and  at  right  angles 
respectively  to  the  axis  of  a  circuit,  i, 

Tj/=  space-angle  between  the  axes  of  coils  k  and  i,  and 

S  =  speed,  as  fraction  of  synchronism,  or  "frequency  of  rota- 
tion." 

It  is  then,  in  a  coil,  {, 

E^  -  Z,./<+  Z*g  /jb  cos  V  +  jSZ^ilj, sin  ti,\  (7) 

1  *  1  ■ 

where 

ZJi  =  e.m.f.  of  self-inductive  impedance;  (8) 

n 

Z*^  /jb  COS  Tjb*  =»  e.m.f.  of  alternation;  (9) 

E/  =  jSZ"  Jfc  It  sin  V  =  e.m.f.  of  rotation;      (10) 
1 

which  latter  »  0  in  a  stationary  coil,  in  which  iS  =»  0. 

The  power  output  of  the  motor  is  the  sum  of  the  powers  of  all 
the  e.m.fs.  of  rotation,  hence,  in  vector  denotation,  * 

1 
-5El/^»g/*sinV,/,P,  (11) 

1  1 

and  herefrom  the  torque,  in  synchronous  watts, 

^-?=Hb-^*S/*8inT**,/J'.  (12) 

Oil 

>  See  Chapter  XV. 
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The  power  input,  in  vector  denotation,  is 

1 

1  1 


(13) 


and  therefore, 

P^=  true  power  input; 
P/  =  wattless  volt-ampere  input; 

Pa^  =  y  Pf  +  Po'^  =  apparent,   or  volt- 
ampere  input. 

p-j  =  efficiency; 

p-  =  apparent  efficiency; 

p-^  =  torque  efficiency; 

D 

p—  =  apparent  torque  efficiency; 

P* 

p^  =  power-factor. 

From  the  n  circuits,  t=  1,  2  .  .  .  n,  thus  result  n  linear  equBr 
tions,  with  2  n  complex  variables,  /<  and  £?j-. 

Hence  n  further  conditions  must  be  given  to  determine  the 
variables.  These  obviously  are  the  conditions  of  operation  of 
the  n  circuits. 

Impressed  e.m.fs.  Ei  may  be  given. 

Or  circuits  closed  upon  themselves  Ei  =  0. 

Or  circuits  connected  in  parallel  CiEi  =  Cj^Ej^f  where  c^  and  c^ 
are  the  reduction  factors  of  the  circuits  to  equal  number  of 
effective  turns,  as  discussed  before. 

Or  circuits  connected  in  series:  —  =  — ,  etc. 

Ci         Ck 
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When  a  rotating  circuit  is  connected  through  a  commutator, 
the  frequency  of  the  current  in  this  circuit  obviously  is  the  same 
as  the  impressed  frequency.  Where,  however,  a  rotating  cir- 
cuit is  permanently  closed  upon  itself,  its  frequency  may  differ 
from  the  impressed  frequency,  as,  for  instance,  in  the  polyphase 
induction  motor  it  is  the  frequency  of  slip,  8  =  1—5,  and  the 
self-inductive  reactance  of  the  circuit,  therefore,  is  sx]  though  in 
its  reaction  upon  the  stationary  system  the  rotating  system 
necessarily  is  always  of  full  frequency. 

As  an  illustration  of  this  method,  its  application  to  the  theory 
of  some  motor  types  shall  be  considered,  especially  such  motors 
as  have  either  found  an  extended  industrial  application,  or 
have  at  least  been  seriously  considered. 

(1)  Polyphase  Induction  Motor, 

277.  In  the  polyphase  induction  motor  a  number  of  primary 
circuits,  displaced  in  position  from  each  other,  are  excited  by 
polyphase  e.m.fs.  displaced  in  time-phase  from  each  other  by  a 
phase  angle  equal  to  the  position  angle  of  the  coils.  A  number 
of  secondary  circuits  are  closed  upon  themselves.  The  primary 
usually  is  the  stator,  the  secondary  the  rotor. 

In  this  case  the  secondary  system  always  offers  a  resultant 
closed-circuit  in  the  direction  of  the  axis  of  each  primary  coil, 
irrespective  of  its  position. 

Let  us  assume  two  primary  circuits  in  quadrature  as  simplest 
form,  and  the  secondary  system  reduced  to  the  same  number  of 
phases  and  the  same  nmuber  of  turns  per  phase  as  the  primary 
system.  With  three  or  more  primary  phases  the  method 
of  procedure  and  the  resultant  equations  are  essentially  the 
same. 

Let,  in  the  motor  shown  diagrammatically  in  Fig.  182, 

E^  and  jE^,  I^  and  jl  ^^  Z^  =  impressed  e.m.f.  currents  and 
self-inductive  impedance  raspectively  of  the  primary  system. 

0,  /  ^  and  jl  „  Zj  =  impressed  e.m.f.,  currents  and  self-inductive 
impedance  respectively  of  the  secondary  system,  reduced  to  the 
primary.  Z  =  mutual-inductive  impedance  between  primary 
and  secondary,  constant  in  all  directions. 

S  =  speed;  s  =  1  —S  =  slip,  as  fraction  of  synchronism. 
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The  equation  of  the  primary  circuit  is  th§n,  by  (7), 

f,  =  Z,/,  +  Z(/,-/^). 

The  equation  of  the  secondary  circuit, 

0  -  Z,I,  +  Z  (/,  -  /^  +  jSZ  (jl,-jl^, 

from  (15)  follows, 

^  ZAl-S)  Zs      . 

•'       ••Z(l-S)+Z,      ••Zs  +  Z,' 

and,  substituted  in  (14) : 

Primary  current, 

•  •       •  •  ZZ,s  +  ZZ,  +  Z^,  ' 


r 


i'o*- 


-►iU 


Fig.  182.    Polyphase  Induction  Motoc 
Secondary  current, 


Zs 


Exciting  current. 


ZZ^  +  ZZ^  +  Zfi^ 


z. 


^»     (o    Ix    ^^zzy+zz,  +  z^^ 

E.m.f.  of  rotation, 

E'^jSZ{jI,-jI,)^SZ  iU-I,)- 

zz, 

=  SE 

•'ZZ,s  +  ZZ,  +  Z^, 

ZZ^ 


(1-s)^, 


ZZ,s  +  ZZ^  +  ZJZ^ 


(14) 
(15) 
(16) 


(17) 


(18) 


(19) 


(20) 
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It  is,  at  synchronism; »  «  0; 

7    —      ^0      . 

At  standstill  «  =  1; 

/  ^,  (g  +  g,)       . 


EqZ 


^'  "  ZZ,  +  ZZ,+Z^,' 

I ^<^t  . 

i  00 


ZZ, +  ZZ,  +  z,z,' 


Introducing  as 
mutual  induction, 

parameter  the  counter  e.m.f., 

or  e.m.f.  of 

E'-E.-ZJ,, 

(21) 

or. 

E,~  E  +  Z,I„ 

(22) 

it  is,  substituted, 
Counter  e.m.f., 

E 

•  •  ZZ,s  +  ZZ,  +  ZJZ, ' 

(23) 

hence. 

Primary  impressed 

e.m.f., 

Eo 

„  ZZ,8  +  Z,  +  ZZ^^ 

"^          zz. 

(24) 

E.m.f.  of  rotation, 

^  =  ^5  =  £(!-«).  (25) 
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Secondary  current, 

/.  =  |.  (26) 

Primaiy  current, 

Exciting  current, 

l^^\^EY.  (28) 

These  are  the  equations  from  which  the  transformer  theory  of 
the  polyphase  induction  motor  starts. 

278,  Since  the  frequency  of  the  secondary  currents  is  the 
frequency  of  slip,  hence  varies  with  the  speed,  S  =  1  —  s,  the 
secondary  self-inductive  reactance  also  vairies  wth  the  speed,  and 
so  the  impedance, 

Zi  =  r,-jsa:,.  (29) 

The  power  output  ofthe  motor,  per  circuit,  is, 

^  =  [?',!.] 

e^Vs  (1  —  s)  ,         .     .  ,^^^ 

where  the  brackets  [  ]  denote  the  absolute  value  of  the  term 
included  by  it,  and  the  small  letters,  e^,,  2,  etc.,  the  absolute 
values  of  the  vectors,  E^,  Z,  etc. 

Since  the  imaginary  term  of  power  seems  to  have  no  physical 
meaning,  it  is. 
Mechanical  power  output, 

^         eoV8(l-s)r, 

This  is  the  power  output  at  the  armature  conductors,  hence 
includes  friction  and  windage. 
The  torque  of  the  motor  is, 

^         P 


1- 


+  ?r?yT-T-yy-r-7^-y^  •      (32) 


[zz^s  +  zz,  +  zjz;f    '[zz^s  -f  zz,+  z^j 
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The  imaginary  component  of  torque  seems  to  represent  the 
radial  force  or  thrust  acting  between  stator  and  rotor.  Omit- 
ting this  we  have,  ^  j^^  ^ 

The  power  input  of  the  motor  per  circuit  is: 

-P'o  +  jPJ 

^irhere:         P/  =  true  power, 

PJ  =  reactive  or  '*  wattless  power," 
Pa^  =  VP/'  +  P/»=  voltrampere  input. 

Herefrom  follows  power-factor,  eflSciency,  etc. 
Introducing  the  parameter:  E,  or  absolute  e,  we  have: 
Power  output,         P  =  [E',  /  j 

'  -hfj 

e'aSr,      .  (?s'Sx. 


+  ji*Sx^.  (35) 


Power  input, 

[ZZ^s  +  ZZ^  +  Z^^         Zs  +  Z, 


rZZj^  +  ZZ^J^Z^        Zs  +  z,-) 
"^'^l  zz,  '        ZZ,  J 

rz,(Z8  +  z,)       z8_+z_,-| 
"*'L     z2,      "^^'     zz.  J 

-  ».'  (',  +  »»J  +  •'.'  (7  +  J»!|)  +  »«•  (f  +  i")-  (36) 
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And  since, 

f,     S  +  s        Sr. 

and  i^-P, 

8 

it  is, 

^0  =-  W^+  h'rt+  tV^+^)  +  J  (*>•+  h\  +  C^)-    (37) 

Where: 

*o\  ""  primary  resistance  loss, 

ijV^  =  secondary  resistance  loss, 

i^^r  =  core  loss  (and  eddy-current  loss), 

P      =  output, 

i^x^  =  primary  reactive  volt-amperes, 

i^x^  =  secondary  reactive  volt-amperes, 

i^^^x  =  magnetizing  volt-amperes. 

279.    Introducing  into  the  equations,  (16),  (17),  (18),   (19). 
(23)  the  terms, 

Z         " 


z       *• 


(38) 


Where  X,  and  X,  are  small  quantities,  and:  X  =  X,  +  X,  is  the 
"  characteristic  constant "  of  the  induction  motor  theory,  it  is. 
Primary  current, 

•  •      Z  sk^  +  ;,  +  X^X,      Z  sX^+  X  '  ^  ^ 
Secondary  current, 

.1    =.Ms =  is f_ .  (40) 

•  •       Z  sX^  +  X,  +  V,      Z  sX^  +  A,  ^  "^ 
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EIxcitiQg  current, 

••'     Z  «;. +  A,  +  Vi      Z  sX,  +  X/  ^    ^ 

G.m.f.  of  rotation, 


^°^<'^ivnf+v;°^'^^ri^'    ^^^ 


CJounter  e.m.f., 


E  =^„ . .  y  ..  ^E.  ^' 


'sA,  +  ;,  +  Vi       ••s^o  +  '^i 


(43) 


"^Jti-Tk 

lOO 

POCyPHASE  INDUCTION  MOTOR 
820  V0U8 

^z' 

-^ 

/ 

\ 

I3IU 

/ 

^,^-> 

I 

:ioo 

■  -„  __ 

I 

z' 

/ 

::^ 

/ 

jlR/l 

fin 

^^ 

y 

''--. 

y 

/nn 

vo 

CO 
fiO 
40 

^ 

/ 

> 

y^ 

■400— 

p 

/ 

-CT^ 

=^\ 

^^„^ 

-"^ 

/ 

.^p 

y 

N 

80O  - 

=£^ 

-^ 

^ 

—260— 

SO 
SO 
10 

^•^^^ 

^-^ 

"^'Z 

^ 

-i60- 

j-s:^ 

o^ 

, 

^  ■.    fin 

^^ 

,00^ 

100 
90 
80 
70 
80 
60 
40 
80 
90 
10 


0.1   0.2   0.3   0.4   0.5   0.6   0.7   0.8   0.9   1.0 
FiQ.  183. 

280.  As  an  example  are  shown,  in  Fig.  183,  with  the  speed  as 
abscissas,  the  curves  of  a  polyphase  induction  motor  of  the  con- 
stants: 

6^  =  320  volts, 

Z   =  l-lOjohms, 

Z^  =  Z^  =  0.1  -  0.3  y  ohms; 


hence. 


i^  =  X^  -0.0307  +0.0069/. 
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It  is, 

^      320  {10.30  s  +  {s  +  0.1)/} 
••~  (1.03+  1.63s)-h  y(.ll 


amp. 


D 


2048  (1-s) 


(1.03  +  1.63  sf  +  (0.11  -  5.99  s) 
P  =  (l-s)D 
0.11  -5.99s 


5.99  s) 

-  synchronous  kw. 


tan^''  = 


tan^  = 


1.03+  1.63.5 
s  +  0.1 


10.3  s  ' 
cos  (^  —  0")  =  power-factor. 

Fig.  183  ^ves,  with  the  speed  S  as  abscissas :  the  current,  /;  the 
power  output,  P;  the  torque,  D;  the  power  factor,  p;  the 
efficiency,  17. 

The  curves  show  the  well-known  characteristics  of  the  poly- 
phase induction  motor:  approximate  constancy  of  speed  at  all 
loads,  and  good  efficiency  and  power-factor  within  this  narrow- 
speed  range,  but  poor  constants  at  all  other  speeds. 

(2)  Single-phase  Induction  Motor. 

Wl.  In  the  single-phase  induction  motor  one  primary  cir- 
cuit acts  upon  a  system  of  closed  secondary  circuits  which  are 
displaced  from  each  other  in  position  on  the  secondary  member. 


/' 


Fig.  184.    Single-phase  Induction  Motor. 

Let  the  secondary  be  assumed  as  two-phase,  that  is,  containing 
or  reduced  to  two  circuits  closed  upon  themselves  at  right  angles 
to  each  other.    While  it  then  offers  a  resultant  closed  secondary 
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circuit  to  the  primary  circuit  in  any  position,  the  electrical  dis- 
position of  the  secondary  is  not  symmetrical,  but  the  directions 
parallel  with  the  primary  circuit  and  at  right  angles  thereto  are 
to  be  distinguished.  The  former  may  be  called  the  secondary 
energy  circuit,  the  latter  the  secondary  magnetizing  circuit, 
since  in  the  former  direction  power  is  transferred  from  the 
primary  to  the  secondary  circuit,  while  in  the  latter  direction  the 
secondary  circuit  can  act  magnetizing  only. 
Let,  in  the  diagram  Fig.  184, 

E^y    Iq,  Zq  =  impressed   e.m.f.,    current   and   self-inductive 
impedance,  respectively,  of  the  primary  circuit, 

/  J,  Zj  =  current  and  self-inductive  impedance,  respectively, 
of  the  secondary  energy  circuit, 

/j,  Z^=  current  and  self-inductive  impedance,  respectively, 
of  the  secondary  magnetizing  circuit, 

Z  =  mutual-inductive  impedance, 

S  =  speed, 
and  let  80  =  1  —  ^  (where  s^  is  not  the  slip). 

It  is  then,  by  equation  (7) 
Primary  circuit, 

JB.  =  Z.7,  +  Z  (/.-/,).  (44) 

Secondary  energy  circuit, 

0  -  Z,I,  +  Z  (!,-!,)+  jSZI,.  (45) 

Secondary  magnetizing  circuit, 

0=^.7, +  Z/,  +  j5Z  (/,-/.);  (46) 

hence,  from  (45)  and  (46) 

^  Z  (Zs,  +  Z.) 

•>       -'^s, +  2ZZ, +  Z,»' 
77 

and,  substituted  in  (44) : 
Primary  current. 


(47) 
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Secondary  energy  current, 

;..B.^i?5^.  (=0) 

Secondary  magnetizing  current, 

/,  -  -iSE,  ^  .  (51) 

E.m.f.  of  rotation  of  secondary  energy  circuit, 

77 
E,  =  jSZI,  »  S'E,  ^>  .  (52) 


E.m.f.  of  rotation  of  secondary  magnetizing  circuit, 
where, 


E/^jSZ(I.-I,)^iSE.?^l^±^;  (53) 


K  =  Z^  (Z*8,  +  2ZZ,+  Z*)  +  ZZ^  (Z  +  Z,).         (64) 

It  is,  at  synchronism,  5  =  1,  s,  =  0: 
.  2Z  +  Z. 

''"•'  z,{2Z  +  z,)+z(z  +  zy 

I.-E.  ' 


'       '^  Z,{2Z+Z,)  +  Z{Z+Z,)' 

^''  ^  "*^^^Z,(2Z  +  Z,)  +  Z(Z+Z,)  * 

Hence,  at  synchronism,  the  secondary  current  of  the  single- 
phase  induction  motor  does  not  become  zero,  as  in  the  poly- 
phase motor,  but  both  components  of  secondary  current  become 
equal. 

At  standstill,    8=^0,8^  =  1,  it  is: 

••     ••zz,  +  zz^  +  z^/ 

/    ^E  - • 

•'       -'ZZ.  +  ZZ.  +  Z^^' 

U  =  0- 
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That  is,  primary  and  secondary  current  corresponding  thereto 
have  the  same  values  as  in  the  polyphase  induction  motor,  as 
was  to  be  expected. 

282.  Introducing  as  parameter  the  counter  e.m.f.,  or  e.m.f. 
of  mutual  induction, 

and  substituting  for  I^  from  (49),  it  is, 
Primary  impressed  e.m.f., 


(56) 

(57) 
(58) 


(59) 
(60) 

(61) 

These  equations  dififer  from  the  equations  of  the  polyphase 
induction  motor  by  containing  the  term  s^,  =  (1  —  fiP),  instead  of 

s  =  (1  —  S),  and  by  the  appearance  of  the  terms,  ;= =-    and 

Z  +  Z| 

,  of  frequency  (1  4-  S),  in  the  secondary  circuit. 


Primary  current. 

Z's, -f  2ZZ, +  Z,» 
•^       •       ZZ,{Z-\-Z,) 

Secondary 

energy  circuit, 

So£?        S'E 

~  z,  ^  z  +  z. 

E/  =  S'E 

•  1                   • 

z 

z  +  z. 

Secondary  magnetizing  circuit, 

u  =-y  - 

SE 

z  +  z, 

^,'=  JSE. 

And 

1.0-1.= 

E 

z 

z  +  z. 


(62) 
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The  power  output  of  the  motor  is, 

=  -^  {{ZZ„  Zs,  +  ZJ  -[Z,  (Z  +  Z,),  Z,] } 

[K] 
and  the  torque,  in  synchronous  watts, 

^=5= [K? •  ^^^ 

From  these  equations  it  follows  that  at  synchronism  torque  and 
power  of  the  single-phase  induction  motor  are  already  negative. 
Torque  and  power  become  zero  for, 

hence 


v/-© 


s  =  vi-yj  (64) 

that  is,  very  slightly  below  synchronism. 

Let  2  =  10,  z^  =  0.316,  it  is,  S  =  0.9995. 

In  the  single-phase  induction  motor,  the  torque  contains  the 
speed  S  as  factor,  and  thus  becomes  zero  at  standstill. 

Neglecting  quantities  of  secondary  order,  it  is,  approximately: 

-'      '^Z(Z,s,  +  Z,)+2Z^,'  ^^^ 

^•^^^^ZiZ,s^+l)i2Z^,'  ^^^ 


E,  =  S'E,  ^,^„     .   ^\,  ^^-^  ,  (68) 


ZZ^ 

Z{Z,s,  +  Z,)+2Z^, 

zz 

[Z(Z.s,  +  Z,)+2Z^.]"  ^'"^ 

[Z(Z,s,  +  Z,)+2Z^j'  ''^^ 
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This  theory  of  the  single-phase  induction  motor  differs  from 
that  based  on  the  transformer  feature  of  the  motor,  Chapter XVI, 
in  that  it  represents  more  exactly  the  phenomena  taking  place 
at  intermediate  speeds,  which  are  only  approximated  by  the 
transformer  theory  of  the  single-phase  induction  motor. 

For  studying  the  action  of  the  motor  at  intermediate  and  at 
low  speed,  as  for  instance,  when  investigating  the  performance 
of  a  starting  device,  in  bringing  the  motor  up  to  speed,  that  is, 
during  acceleration,  this  method  so  is  more  suited.  An  applica- 
tion to  the  "condenser  motor,"  that  is,  a  single-phase  induction 
motor  using  a  condenser  in  a  stationary  tertiary  circuit  (under 
an  angle,  usually  60  degrees,  with  the  primary  circuit)  is  given 
in  the  paper  on  Alternating  Current  Motors,  A.  I.  E.  E.  Transac- 
tions, 1904. 


.4  .5  .6 

FiQ.  186. 


283.  As  example  are  shown,  in  Fig.  185,  with  the  speed  as 
abscissas,  the  curves  of  a  single-phase  induction  motor,  having 
the  constants, 

e^  =  400  volts, 

Z  =  1  -  10  /  ohms, 
and  Z^^  Z^  =  0.1  -  0.3  j  ohms; 
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hence, 

N 
/„  =400  —  amp.; 

i\r  =  (So+  0.2)  -  j  (10  So -f  0.6  -  0.6  S); 

K  =  (0.1-0.3/)Ar+(l-10^-)(0.1-y(0.3-0.3S)); 

D  =  —  synchronous  kw. 

Pig.  185  gives,  with  the  speed,  S,  as  abscissas :  the  current,  7^, 
the  power  output,  P,  the  torque,  D,  the  power-factor,  p,  the 
eflSciency,  17. 

(3)  Polyphase  Shunt  Motor. 

284.  Since  the  characteristics  of  the  polyphase  motor  do  not 
depend  upon  the  number  of  phases,  here,  as  in  the  preceding,  a 
two-phase  system  may  be  assumed :  a  two-phase  stator  winding 
acting  upon  a  two-phase  rotor  winding,  that  is,  a  closed-coil  rotor 
winding  connected  to  the  commutator  in  the  same  manner  as  in 
direct-current  machines,  but  with  two  sets  of  brushes  in  quad- 
rature position  excited  by  a  two-phase  system  of  the  same  fre- 
quency. Mechanically  the  three-phase  system  here  has  the 
advantage  of  requiring  only  three  sets  of  brushes  instead  of 
four  as  with  the  two-phase  system,  but  otherwise  the  general 
form  of  the  equations  and  conclusions  are  not  different. 

Let  Eq  and  /JS^  =  e.m.fs.  impressed  upon  the  stator,  E^  and 
jE^  =  e.m.fs.  impressed  upon  the  rotor,  0^  =  phase  angle  be- 
tween e.m.f.  Eq  and  E^,  and  0^  =  position  angle  between  the 
stator  and  rotor  circuits.  The  e.m.fs.  E^  and  jE^  produce  the 
same  rotating  m.m.f.  as  two  e.m.fs.  of  equal  intensity,  but  dis- 
placed in  phase  and  in  position  by  angle  ^^  from  E^  and  jE^, 
and  instead  of  considering  a  displacement  of  phase  0^  and  a 
displacement  of  position  0^  between  stator  and  rotor  circuits, 
we  can,  therefore,  assume  zero-phase  displacement  and  dis- 
placement in  position  by  angle  ^0  +  ^1  =  ^-  Phase  displace- 
ment between  stator  and  rotor  e.m.fs.  is,  therefore,  equivalent 
to  a  shift  of  brushes,  hence  gives  no  additional  feature  beyond 
those  produced  by  a  shift  of  the  commutator  brushes. 
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Without  losing  in  generality  of  the  problem,  we  can,  therefore, 
assume  the  stator  e.m.fs.  in  phase  with  the  rotor  e.m.fs.,  and  the 
polyphase  shunt  motor  can  thus  be  represented  diagrammatically 
by  Rg.  186. 

286.  Let,  in  the  polyphase  shunt  motor,  shown  two-phase  in 
diagram  Fig.  186, 


Pig.  186. 


E^SLud  ]Eq,  /o  and  j/^,  Z^^  impressed  e.m.fs.,  currents  and 
self-inductive  impedance  respectively  of  the  stator  circuits, 

cEf^  and  jcE^,  I  ^  and  //  j,  Zj  =  impressed  e.m.fs.,  currents  and 
self-inductive  impedance  respectively  of  the  rotor  circuits, 
reduced  to  the  stator  circuits  by  the  ratio  of  effective  turns,  c, 

Z  =  mutual-inductive  impedance, 

8  ==  speed;  hence  s  ==  1  —  fi>  =  slip, 

6  =  position  angle  between  stator  and  rotor  circuits,  or 
"  brush  angle." 

It  is  then, 
Stator, 

Rotor, 

cE^  =  Z,I,  +Z(/^-/oCOs0-j7oSm^)  -\-]SZ(jI,  +  /, 
sin»-j7^cos»).  (73) 

Substituting, 


E,  =  Z,/o  +  Z(/,-/jCos0  +]I,sm0). 


(72) 


it  is, 
and. 


E. 


o"  =  cos  S  +  J  sin  d, 
8  =  cos  0  —  j  sin  0, 
0-^  =  1,     ■ 

Z,/,  +  Z(/,-d/,), 


(74) 

(75) 
(76) 


cE,  ^  Z,I,  +  Z(/,-<r/„)  +  jSZiil.-^jal,) 

=  Z,/,+sZ(/,-(r/J.  (77) 


(78) 
(79) 
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Herefrom  follows, 

^  (8  +  8c)Z  +  Z, 

•      ■''sZZ,  +  ZZ^  +  Z^,' 
^  (jTS  +  c)Z  +  cZ, 

•'        "  sZZ^  +  ZZ^  +  Z^,' 

for  c  —  0,  this  pves, 

^  3^  +  Z, 

• «      •  •  5ZZ,  +  zz,  +  z^, ' 

that  is,  the  polyphase  induction-motor  equations  of  page  474  ei 

seq.,  <r  =  cos  S  +  y  sin  ^  =  1  »^  representing  the  displacement  of 
position  between  stator  and  rotor  currents. 

This  shows  the  polyphase  induction  motor  as  a  special  case  of 
the  polyphase  shunt  motor,  for  c  =  o. 

The  e.m.fs.  of  rotation  are, 

E/=jSZ(jI,  +  I^Bind  -jI^coQd) 
^8Z{ai,^I,); 
hence. 

The  power  output  of  the  motor  is 

which,  suppressing  terms  of  secondary  order,  ^ves, 

p  _  Se'^\s(r^+c(x^8m^—r^coa^))+c(r^cos^+x^^n0—cr^] 
[sZZ,  +  ZZ,  +  Z^J  ' 

(82) 
for  Sc  =  0,  this  gives, 

[sZZ,  +  ZZ,+Z^,f' 
the  same  value  as  for  the  polyphase  induction  motor. 
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In  general,  the  power  output,  as  given  by  equation  (82),  be- 
comes zero, 

P  =  o, 
for  the  slip,  „  ,        .    „ 

Tj  +  c  (x^  sm  ^  —  r^  cos  6) 

286.  It  follows  herefrom,  that  the  speed  of  the  polyphase 
shunt  motor  is  limited  to  a  definite  value,  just  as  that  of  a  direct- 
current  shunt  motor,  or  alternating-current  induction  motor. 
In  other  words,  the  polyphase  shunt  motor  is  a  constant-speed 
motor,  approaching  with  decreasing  load,  and  reaching  at  no- 
load  a  definite  speed, 

5^0  =  1~V  (84) 

The  no-load  speed,  /S^,  of  the  polyphase  shunt  motor  is,  how- 
ever, in  general  not  synchronous  speed,  as  that  of  the  induc- 
tion motor,  but  depends  upon  the  brush  angle,  d,  and  the  ratio, 
c,  of  rotor  ■^  stator  impressed  voltage. 

At  this  no-load  speed,  S^,  the  armature  current,  7^,  of  the 
polyphase  shunt  motor  is  in  general  not  equal  to  zero,  as  it  is 
in  the  polyphase  induction  motor. 

Two  cases  are  therefore  of  special  interest: 

(1)  Armature  current  7^=  o  at  no-load,  that  is,  at  slip  s^. 

(2)  No-load  speed  equals  synchronism,  s^,  =  o. 
(1)  The  armature  or  rotor  current  (79), 

^         asZ  +  c{Z  +  Z,) 
''     ''sZZ,-\-ZZ,+Z^,' 
becomes  zero,  if,  « 

or,  since  Z^  is  small  compared  with  Z,  approximately, 

c  =  —  0-5  =   —  s  (cos  d  +  j  sin  6) ; 
hence,  resolved, 

c  =  —  s  cos  d, 

\  (85) 


hence. 
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That  is,  the  rotor  current  can  become  zero  only  if  the  brushes  are 
set  in  line  with  the  stator  circuit  or  without  shift,  and  in  this  case 
the  rotor  current,  and  therewith  the  output  of  the  motor,  becomes 
zero  at  the  slip  s  =  —c. 

Hence  such  a  motor  gives  a  characteristic  curve  very  similar  to 
that  of  the  polyphase  induction  motor,  except  that  the  stator 
tends  not  toward  synchronism  but  toward  a  definite  speed  equal 
to  (1  -f  c)  times  synchronism. 

The  speed  of  such  a  polyphase  motor  with  commutator  can, 
therefore,  be  varied  from  synchronism  by  the  insertion  of  an 
e.m.f.  in  the  rotor  circuit,  and  the  percentage  of  variation  is  the 
same  as  the  ratio  of  the  impressed  rotor  e.m.f .  to  the  impressed 
stator  e.m.f.  A  rotor  e.m.f.,  in  opposition  to  the  stator  e.m.f. 
reduces,  in  phase  with  the  stator  e.m.f.,  increases  the  free  running 
speed  of  the  motor.  In  the  former  case  the  rotor  impressed 
e.m.f.  is  in  opposition  to  the  rotor  current,  that  is,  the  rotor 
returns  power  to  the  system  in  the  proportion  in  which  the  speed 
is  reduced,  and  the  speed  variation,  therefore,  occurs  without 
loss  of  efficiency,  and  is  similar  in  its  character  to  the  speed-con- 
trol of  a  direct-current  shunt  motor  by  varying  the  ratio  between 
the  e.m.f.  impressed  upon  the  armature  and  that  impressed 
upon  the  field. 

Substituting  in  the  equations, 

0  =  0, 


it  is 


(86) 


[sZZ,  +  ZZ,+Z^J' 


(89) 


These  equations  of  I^  and  I^  are  the  same  as  the  polyphase 
induction-motor  equations,  except  that  the  slip  fromsjmchronism, 
s,  of  the  induction  motor,  is,  in  the  numerator,  replaced  by  the 
slip  from  the  no-load  speed,  s^. 

Insertion  of  voltages  into  the  armature  of  an  induction  motor 
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in  time-phase  with  the  primary  impressed  voltages,  and  by  a 
commutator,  so  gives  a  speed-control  of  the  induction  motor 
without  sacrifice  of  efficiency,  with  a  serious  sacrifice,  however, 
of  the  power-factor,  as  can  be  shown  from  equation  (87). 

287.  (2)  The  no-load  speed  of  the  polyphase  shunt  motor  is 
in  sjmchronism,  that  is,  the  no-load  slip,  s^  =  o,  or  the  motor 
output  becomes  zero  at  synchronism,  just  as  the  ordinary 
induction  motor,  if,  in  equation  (83), 


fj  cos  ^  -f  Xj  sin  0  —  cr^  =  o; 


hence. 

c 

or,  substituting, 

fj  cos  ^  +  Xj 

sin^ 

X 

~  =  tan  ttp 

where  a. 

^  is  the  phase  angle  of  the  rotor  im 

or. 

c  =  -cos  (a. 

-d), 

coa{a,-d)  = 

r- 

or, 

z.  cos  (a.  - 
c  — 

■0) 

(90) 
(91) 


(92) 


(93) 


Since  r^  is  usually  very  much  smaller  than  z^,  if  c  is  not  very 
large,  it  is, 

cos  («!  —  6)  =  o; 
hence, 

»  =  90°-ai.  (9*) 

That  is,  if  the  brush  angle,  d,  is  complementary  to  the  phase 
angle  of  the  self-inductive  rotor  impedance,  a^  the  motor  tends 
toward  approximate  synchronism  at  no-load. 

Hence: 

At  given  brush  angle  0,  a  value  of  secondary  impressed  e.m.f.. 


U"-  E.r^r.       .      r^r.       .      r.   r.    ^  (96) 
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cEq,  exists,  which  makes  the  motor  tend  to  synchronize  at  no- 
load  (93),  and. 

At  given  rotor-impressed  e.m.f.,  cE^,  a  brush  angle,  0,  exists, 
which  makes  the  motor  synchronize  at  no-load  (92). 

288,  (3)  In  the  general  equations  of  the  polyphase  shunt 
motor,  the  stator  current,  equation  (78) : 

^  sZ  +  Z,-b  dcZ 

-'       -'sZZ.-hZZ.+  Z^,' 
can  be  resolved  into  a  component, 

which  does  not  contain  c,  and  is  the  same  value  as  the  primary 
current  of  the  polyphase  induction  motor,  and  a  component, 

dcZ 
'sZZ^  +  ZZ,  +Z^,' 

Resolving  /  /',  it  assumes  the  form, 
//'=J5o*c(A, +jA,) 

=  c{A^coad  +  Ajsm^)-/ (Ajsin^-Ajcos^)}.    (97) 

This  second  component  of  primary  current,  //',  which  is  pro- 
duced by  the  insertion  of  the  voltage,  cE,  into  the  secondary 
circuit,  so  contains  a  power  component, 

%/  =  c  (Aj  cos  ^  +  A,  sin  d),  (98) 

and  a  wattless  or  reactive  component, 

V=  -jc  (A,  sin  »  -  A,  cos  6);  (99) 

"^^^^^^  io"  =  iV  +  jV.  (100) 

The  reactive  component,  i/',  is  zero,  if, 

A^  sin  e-A^cosd  =  o;  (101) 

hence,  . 

tan^,  =  +4-'-  (102) 

In  this  case,  that  is,  with  brush  angle  0^,  the  secondary  im- 
pressed voltage.  cE,  does  not  change  the  reactive  current,  but 
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adds  or  subtracts,  depending  on  the  sign  of  c,  energy,  and  so 
raises  or  lowers  the  speed  of  the  motor:  case  (1). 
The  power  component,  ij,  is  zero,  if 

A^cosd  +  A,  sin  »  =  o,  (103) 

hence,  . 

tan»,  =  --r'  (104) 

In  this  case,  that  is,  with  brush  angle  O^,  the  secondary  im- 
pressed voltage,  cE,  does  not  change  power  or  speed,  but  pro- 
duces wattless  lagging  or  leading  current.  That  is,  with  the 
brush  position,  d^,  the  polyphase  shunt  motor  can  be  made  to 
produce  lagging  or  leading  currents,  by  varying  the  voltage 
impressed  upon  the  secondary,  cE,  just  as  a  synchronous  motor 
can  be  made  to  produce  lagging  or  leading  currents  by  varying 
its  field  excitation,  and  plotting  the  stator  current,  I^,  of  such  a 
polyphase  shunt  motor,  gives  the  same  V-shaped  phase  charac- 
teristics as  shown  for  the  synchronous  motor  in  Chapter  XXIV. 

These  two  phase  angles  or  brush  positions,  0^  and  0^,  are  in 
quadrature  with  each  other. 

There  result  then  two  distinct  phenomena  from  the  insertion 
of  a  voltage  by  commutator,  into  an  induction  motor  armature: 
a  change  of  speed,  in  the  brush  position,  0^,  and  a  change  of  phase 
angle,  in  the  brush  position,  0^,  at  right  angles  to  0^. 

For  any  intermediate  brush  position,  0,  a  change  of  speed  so 
results  corresponding  to  a  voltage, 

cEcoa(0^-0); 

and  a  change  of  phase  angle  corresponding  to  a  voltage, 

cE  cos  (»3  -  0), 
=  c^  sin  (0^  -  0), 

and  by  choosing  then  such  a  position,  0,  that  the  wattless  current 
produced  by  the  component  in  phase  with  0^,  is  equal  and 
opposite  to  the  wattless  lagging  current  of  the  motor  proper,  //, 
the  polyphase  shunt  motor  can  be  made  to  operate  at  unity 
power-factor  at  all  speeds  (except  very  low  speeds)  and  loads. 
This,  however,  requires  shifting  the  brushes  with  every  change 
of  load  or  speed. 
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When  using  the  polyphase  shunt  motor  as  generator  of  watt- 
less current,  that  is,  at  no-load  and  with  brush  position,  0^,  it  is, 

s  =  0; 
hence,  from  (78),  *  v   ,  ^7 

T    ^  F  ^ 


(105) 


lo-rf^  (106) 


or,  approximately, 

r  /_     Eo 

that  is,  primary  exciting  current, 

or,  approximately,  neglecting  Z,  against  Z, 

•"         Z^ 

E^c  (cos  g  —  j  sin  d) 

=  — ^  { (r^  cos  0  +  x^8m0)+  j  (x^  cos  ^  -  r^  sin  ^) }, 

and,  since  the  power  component  vanishes, 
fj  cos  ^  +  Xj  sin  0  =  0, 


(108) 


or 

tan  <?,  =  - 

• 

Substituting  (109) 

in  (108)  gives, 

(."= 

=  ^(x,cos<?. 

-»-. 

sin  0^) 

and, 

i.= 

(109) 


(110) 


^.5-'CV?)}-         <"" 
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289.  In  the  exact  predetermination  of  the  characteristics 
of  such  a  motor,  the  effect  of  the  short-circuit  current  imder  the 
brushes  has  to  be  taken  into  consideration,  however.  When  a 
commutator  is  used,  by  the  passage  of  the  brushes  from  segment 
to  segment  coils  are  short-circuited.  Therefore,  in  addition  to  the 
circuits  considered  above,  a  closed  circuit  on  the  rotor  has  to  be 
introduced  in  the  equations  for  every  set  of  brushes.  Reduced 
to  the  stator  circuit  by  the  ratio  of  turns,  the  self-inductive 
impedance  of  the  short-circuit  under  the  brushes  is  very  high, 
the  current,  therefore,  small,  but  still  sufficient  to  noticeably 
afifect  the  motor  characteristics,  at  least  at  certain  speeds. 
Since,  however,  this  phenomenon  will  be  considered  in  the 
chapters  on  the  single-phase  motors,  it  may  be  omitted  here. 

(4)   Polyphase  Series  Motor. 

290.  If  in  a  polyphase  commutator  motor  the  rotor  circuits 
are  connected  in  series  to  the  stator  circuits,  entirely  different 
characteristics  result,  and  the  motor  no  more  tends  to  synchronize 


Fia.  187. 


as  the  induction  motor  with  short-circuited  secondary,  nor 
approaches  a  definite  speed  at  no-load,  as  a  shunt  motor,  but 
with  decreasing  load  the  speed  increases  indefinitely.  In  short, 
the  motor  has  similar  characteristics  as  the  direct-current  series 
motor. 

In  this  case  we  may  assume  the  stator  reduced  to  the  rotor  by 

the  ratio  of  effective  turns. 

Let  then,  in  the  motor  shown  diagrammatically  in  Fig.  187: 

E^  and  jE^,  I^  and  jl^j  Z^  =  impressed  e.m.fs.,  currents  and 

self-inductive  impedance  of  stator  circuits,  assumed  as  two- 
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phase,  and  reduced  to  the  rotor  circuits  by  the  ratio  of  effective 
turns,  c, 

j&i  and  y^j,  /  J,  and  / /  j,  Z^  =  impressed  e.m.fs.  currents  and  self- 
inductive  impedance  of  rotor  circuits, 

Z  =  mutual-inductance  impedance, 

S  =  speed;  and,  s  =  1   ~  S  ==  slip, 

0  =  brush  angle, 

c   =  ratio  of  effective  stator  turns  to  rotor  turas. 

If,  then, 

E  and  jE  =  impressed  e.m.fs.,  /  and  //  =  currents  of  motor,  it  is, 

/,=  /,  (112) 

/,  =  c/,    .  (113) 

cE,  -hE,=E;  (114) 

and,  stator,  by  equation  (7), 

E,  =  Z,I,  +  Z  (/,-/.  cos  <?  +  jl,  sin  6);  (115) 

rotor, 

J5j  =     J^  +  z  (/,  -  /,  cos  e-jl^  sin  d)  +  jSZ  (jl,  +  /o 

smd-ji^cosd);  (116) 

and,  e.m.f.  of  rotation, 
^/  =  jSZ  (j7,  +  /,  sin  ^  -  y/^  cos  ^).  (117) 

Substituting  (112),  (113)  in  (115),  (116),  (117),  and  (115),  (116)  in 
(114)  gives, 

E 
^  ^   (c'Z.  +  Z,)  +Z(l  +  c^'-2ccos^)  +/SZ(c<r-l)  '  ^^^^^ 
where, 

(T  =  cos  ^  +  y  sin  d,  (119) 

and 

^,^ SZEJca^) 

•''       (c^Z,  +  ZJ  =  Z  (1  +  c^  -  2  c  cos  ^)  +  SZ  (ca  -  1)'  ^  ^^ 

and  the  power  output, 

iSTe'  {c  (r  cos  ^  +  x  sin  ^)  —  r } 


[(c'Z,  +  Z J  +  Z  (1  +  c'  -  2  c  cos  »)  +  SZ  (c«r  -  l)f 


(121) 
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The  characteristics  of  this  motor  entirely  vary  with  a  change  of 

S^r(c  —  1) 
the  brush  angle,  d.    It  is,  for  0  =  0 :  P  =  — prFS — ,  hence  very 

S^ixc r) 

small,  while  for  ^  =  90°:  P  =  — p^^= ,  hence  considerable. 

Some  brush  angles  give  positive  P:  motor,  others  negative,  P, 
generator. 

In  such  a  motor,  by  choosing  0  and  c  appropriately,  unity 
power-factor  or  leading  current  as  well  as  lagging  current  can 
be  produced. 

That  is,  by  varying  c  and  0,  the  power  output  and  therefore 
the  speed,  as  well  as  the  phase  angle  of  the  supply  current  or 


1.0        lA        lA 
Pig.  isa 


the  power-factor  can  be  varied,  and  the  machine  used  to  pro- 
duce lagging  as  well  as  leading  current,  similarly  as  the  poly- 
phase shunt  motor  or  the  synchronous  motor.  Or,  the  motor 
can  be  operated  at  constant  unity  power  factor  at  all  loads 
and  speeds  (except  very  low  speeds),  but  in  this  case  requires 
chan^g  the  brush  angle,  6,  and  the  ratio,  c,  with  the  change  of 
load  and  speed.  Such  a  change  of  the  ratio,  c,  of  rotor  -h  stator 
turns  can  be  produced  by  feeding  the  rotor  (or  stator)  through 
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a  transformer  of  variable  ratio  of  transformation,  connected  with 
its  primary  circuit  in  series  to  the  stator  (or  rotor). 

291.  As  example  is  shown  in  Fig.  188,  with  the  speed  as 
abscissas,  and  values  from  standstill  to  over  double  synchron- 
ous speed,  the  characteristic  curves  of  a  polyphase  series  motor 
of  the  constants, 

e    =  640  volts, 

Z  =  1  -  10  y  ohms, 

Z^  =  Zj  =  0.1  -  0.3  y  ohms, 

c    =1, 

0    «  S70.  (gjjj  ff  _  0.6;  cos  ^  =  0.8); 

hence, 

640 

•  "  (0.6  +  5.8  S)  -  y  (4.6  -  2.6  S)  ^"^^'^ 

P= 16735 

(0.6  +  5.8/S)*  +  (4.6  -  2.65)' 

As  seen,  the  motor  characteristics  are  similar  to  those  of  the 
direct-current  series  motor:  very  high  torque  in  starting  and  at 
low  speed,  and  a  speed  which  increases  indefinitely  with  the 
decrease  of  load.  That  is,  the  curves  are  entirely  different  from 
those  of  the  induction  motors  shown  in  the  preceding.  The 
power-factor  is  very  high,  much  higher  than  in  induction  motors, 
and  becomes  unity  at  the  speed  S  =  1.77,  or  about  one  and 
three-quarter  synchronous  speed. 


CHAPTER  XXVIL 

SINGLE-PHASE  COMMUTATOR  MOTORS. 

292.  The  three  mam  types  of  altemating-cmTent  motors 
in  extended  use  are: 

(1)  The  synchronous  motor.  This  is  the  alternating-current 
generator  with  direct-current  field  excitation,  operating  as 
motor.  It  is  characterized  by  its  absolute  rigidity  of  speed,  that 
is,  the  motor  runs  in  step  with  the  generator.  There  is  nothing 
corresponding  to  the  synchronous  motor  in  the  field  of  direct- 
current  motors. 

(2)  The  pol3rphase  induction  motor,  characterized  by  approxi- 
mately constant  speed,  and  corresponding  to  the  direct-current 
shunt  motor. 

(3)  The  single-phase  commutator  motor,  usually  built  so' 
that  its  speed  varies  over  a  wide  range  with  a  variation  of  load, 
that  is,  increases  with  decrease  of  load,  and  so  corresponding  to 
the  direct-current  series  motor. 

The  single-phase  commutator  motor  then  consists  of  an  arma- 
ture connected  to  a  multisegmental  commutator  and  brushes, 
in  the  same  manner  as  in  direct-current  machines,  and  a  field, 
which  in  this  case  must  be  well  laminated,  to  carry  an  alternating 
magnetic  flux.  The  field  structure  or  stator  contains  a  field 
exciting  winding,  corresponding  to  that  of  a  direct-current 
machine,  and  usually  a  second  winding  at  right  angles  thereto, 
which  transfers  power  between  stator  and  rotor  by  alternating 
magnetic  induction,  and  compensates  for  armature  reaction 
and  self-induction.  Both  stator  windings  sometimes  are  com- 
bined as  components  of  one  single  winding.  Occasionally  also, 
a  second  set  of  brushes,  at  right  angles  to  the  main  brushes,  is 
used  on  the  armature  for  excitation. 

To  investigate  the  action  and  performance  of  single-phase 
commutator  motors,  the  method  described  in  the  preceding 
chapter  is  best  suited. 

In  polyphase  induction  motors  a  distributed  rotor  and  stator 
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winding  is  used,  that  is,  a  structure  having  uniform  effective 
reluctance  and  thus  exciting  impedance  in  all  directions;  a 
polar  construction  of  the  stator  winding  results  in  lower  power- 
factor,  and  thus  is  permissible  only  in  very  small  motors  — 
as  fan  motors,  etc.  In  direct-current  motors  a  polar  construc- 
tion of  the  stator  is  almost  exclusively  used,  that  is,  a  construction 
in  which  the  reluctance  in  the  direction  of  the  magnetic  field, 
which  produces  the  e.m.f.  of  rotation,  is  very  much  smaller  than 
in  the  direction  at  right  angles  thereto.  In  single-phase  alter- 
nating commutator  motors  (as  series  motors,  repulsion  motors, 
etc.)  both  stator  constructions  may  be  used,  and  in  the  most 
general  case  we  must,  therefore,  assume  the  mutual  induction 
and  therewith  the  exciting  impedance  in  the  direction  of  the 
axis  of  the  rotor  circuit,  Z',  as  different  from  the  exciting 
impedance,  Z,  at  right  angles  to  this  axis.  When  different,  the 
latter  Z  is  frequently  larger  than  the  former,  Z',  since  Z  is  in  the 
direction  of  the  magnetic  flux  which  produces  the  e.m.f.  of  rota- 
tion, that  is,  corresponds  to  the  field  excitation,  while  in  the 
direction  of  Z'  energy  transfer  between  stator  and  rotor,  or  com- 
pensation of  rotor  reaction  takes  place,  but  magnetic  flux  in  the 
direction,  Z',  does  not  produce  e.m.f.  and  thereby  power  by  the 
rotation  of  the  motor. 

The  stator  winding  can,  therefore,  be  considered  as  consisting 
of  two  components,  or  may  be  constructed  of  two  separate  cir- 
cuits, in  the  directions  in  line  and  at  right  angles  to  the  rot>or 
winding,  which  circuits  may  be  connected  in  series  or  energized 
in  any  other  manner,  as,  for  instance,  by  exciting  one  by  the 
impressed  e.m.f.,  short-circuiting  the  other  upon  itself,  etc. 

The  stator  winding  at  right  angles  to  the  rotor  winding,  which 
corresponds  to  the  field  winding  of  the  direct-current  machine, 
is  called  field  coil  OT-winding,  exciting  winding^  main  mnding,  etc., 
the  stator  winding  parallel  with,  or  in  line  with  the  armature 
winding,  is  called  the  cross-coil  OT-vdnding,  transformer  mnding 
primxiry  winding,  'poweT-transferring  winding,  or  compensating, 
winding.  With  a  completely  distributed  winding  and  an  angle  0 
between  the  axes  of  the  stator  and  the  rotor  circuits  (the  angle 
of  brush  position),  the  exciting  or  magnetizing  component  of  the 
stator  winding  is  I^  sin  0,  the  compensating  or  power  transferring 
component  I^  cos  0,ii  I^  =  stator  current,  as  shown  in  diagram 
Fig.  189.    When  using  separate  circuits  for  the  two  stator  com- 
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ponents,  they  can  even  magnetically  be  arranged  differently, 
and  usually  are  so,  and  a  unitooth  or  polar  arrangement  chosen 
for  the  field-exciting  circuit,  a  dis- 
tributed winding  for  the  compensat- 
ing circuit.  In  this  case  obviously, 
when  reducing  all  circuits  to  each 
other  by  the  ratio  of  effective  turns, 
the  resultant  vector  of  the  distrib- 
uted winding  has  to  be  used. 

As  limit  case,  with  zero  compen- 
sating winding,  appears  the  plain, 
uncompensated  series  motor,  consist- 
ing of  a  polar-field  exciting  circuit  and  an  armature  with 
brushes  at  the  neutral  or  at  right  angles  to  the  field,  as  shown 
in  Fig.  190;  as  a  further  limit  case  may  be  considered  a  motor 
with  zero  field  exciting  winding  on  the  stator  and  excitation  of 


Fia.  189. 


Fig.  190. 


FiQ.  191. 


the  rotor  by  a  second  system  of  brushes  at  right  angles  to  the 
main  or  power  brushes,  as  shown  diagrammatically  in  Fig.  191, 
and  developed  by  Winter  and  Eichberg  and  Latour. 

293.  In  alternating-current  commutator  motors,  the  short- 
circuit  current  in  the  coils  under  the  brushes  during  commuta- 
tion has  to  be  taken  into  consideration.  While  with  numerous 
commutator  segments,  carbon  brushes  and  possibly  an  additional 
resistance  in  the  commutator  leads,  as  occasionally  used  in  such 
motors,  these  short-circuit  currents  may  be  moderate,  they  still 
are  sufficient  noticeably  to  affect  the  constants  of  the  motor, 
especially  at  high  speeds,  where  the  main  current  is  small,  and 
at  standstill,  where  the  main  magnetic  flux  is  very  large. 
Furthermore,  the  character  of  the  commutation  of  the  motor, 
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and  therefore  its  operativeness,  essentially  depends  upon  the 
value  and  the  phase  of  the  short-cu'cuit  currents  under  the  com- 
mutator brushes.  An  excessive  short-circuit  current  gives 
destructive  sparking  by  high-current  density  under  the  brushes 
and  arcing  at  the  edge  of  the  brushes  due  to  the  great  and 
sudden  change  of  ciu'rent  in  the  armature  coil  when  leaving  the 
brush.  But  even  with  a  moderate  short-circuit  current,  the 
sparking  at  the  commutator  may  be  destructive  and  the  motor 
therefore  inoperative,  if  the  phase  of  the  short-circuit  current 
greatly  differs  from  that  of  the  current  in  the  armature  coil 
after  it  leaves  the  brush,  and  so  a  considerable  and  sudden  change 
of  current  must  take  place  at  the  moment  when  the  armature 
coil  leaves  the  brush.  That  is,  perfect  conm[iutation  occurs,  if 
the  short-circuit  current  in  the  armature  coil  under  the  com- 
mutator brush  at  the  moment  when  the  coil  leaves  the  brush 
has  the  same  value  and  the  same  phase  as  the  main-armature 
current  in  the  coil  after  leaving  the  brush.  The  commutation 
of  such  a  motor  therefore  is  essentially  characterized  by  the 
difference  between  the  main-armature  current  after,  and  the 
shortKxircuit  current  before  leaving  the  brush.  The  investi- 
gation of  the  short-circuit  current  under  the  conmiutator 
brushes  therefore  is  of  fundamental  importance  in  the  study  of 
the  alternating-current  commutator  motor,  and  the  control  of 
this  short-circuit  current  the  main  problem  of  alternating- 
current  commutator  motor  design. 

294.  In  its  most  general  form,  the  single-phase  commutator 
motor,  as  represented  by  Fig.  192,  comprises  two  armature 
or  rotor  circuits  in  quadrature  with  each  other,  the  main,  or 
energy,  and  the  exciting  circuit  of  the  armature,  which  by  a 
multisegmental  commutator  are  connected  to  two  sets  of  brushes 
in  quadrature  position  with  each  other,  and  ^ves  rise  to  two 
short  circuits,  also  in  quadrature  position  with  each  other  and 
caused  respectively  by  the  main  and  by  the  exciting  brushes, 
and  two  stator  circuits,  the  field,  or  exciting,  and  the  cross, 
or  compensating  circuit,  also  in  quadrature  with  each  other, 
and  in  line  respectively  with  the  exciting  and  the  main  arma- 
ture circuit. 

These  circuits  may  be  separate,  or  may  be  parts  or  components 
of  the  same  circuit.    They  may  be  massed  together  in  a  single 
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slot  of  the  magnetic  structure,  as  frecfuently  the  case  with  the 
field  circuit,  and  shown  so  in  Fig.  190,  or  may  be  distributed 
over  the  whole  periphery,  as  frequently  done  with  the  arma- 
ture windings,  and  then  as  their  effective  number  of  turns  must 
be  considered  their  vector  resultant,  that  is. 


where  n'  =  actual  number  of  turns  in  series  between  the  arma- 
ture brushes,  and  distributed  over  the  whole  periphery,  that  is, 
an  arc  of  180  degrees  electrical.  Or  the  windings  of  the  circuit 
may  be  distributed  only  over  an  arc  of  the  periphery  of  angle  to, 


Fig.  192. 


as  frequently  the  case  with  the  compensating  winding  dia- 
tributed  in  the  pole-face  of  pole-arc,  a>;  or  with  fractional  pitch 
armature  windings  of  pitch  lo.  In  this  case,  the  effective 
number  of  turns  is, 

sina> 


n 


n^ 


w 


where  nf  with  a  fractional  pitch  armature  winding  ia  the  number 
of  series  turns  in  the  pitch  angle,  w,  that  is, 

n"  being  the  number  of  turns  in  series  between  the  brushes, 
since  in  the  space  (n  —  w)  outside  of  the  pitch  angle  the  arma- 
ture  conductors   neutralize   each   other,   that  is,    conductors 
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carrying  current  in  opposite  direction  are  superposed  upon  each 
other.  See  fractional  pitch  windings,  chapter  "Commutating 
Machine,"  Theoretical  Elements  of  Electrical  Engineering. 

These  four  main  circuits  of  the  single-phase  commutator 
motor  may  be  energized  in  many  different  wajrs:  connected  in 
series,  or  in  parallel  with  each  other,  or  connected  to  different 
e.m.fs.,  or  some  short-bircuited  and  so  energized  by  induction 
from  others,  etc.,  or  some  of  the  circuits  may  be  absent,  as  fre- 
quently the  armature  exciting  circuit  is,  to  avoid  the  use  of 
two  sets  of  brushes. 

296.  Let: 

^nj  lof  ^0  =  impressed  e.m.f.,  current  and  self-inductive 
impedance  of  the  magnetizing  or  exciter  circuit  of  stator  (field 
coils),  reduced  to  the  rotor  energy  circuit  by  the  ratio  of  effective 
turns,  Co, 

JSj,  /,,  Zj  ==  impressed  e.m.f.,  current  and  self-inductive  im- 
pedance of  the  rotor  energy  circuit  (or  circuit  at  right  angles 
to  /o), 

JSj,  /j,  Zj  =  impressed  e.m.f.,  current  and  self-inductive 
impedance  of  the  stator  compensating  circuit  (or  circuit  parallel 
to  I^;  the  "cross-coil"  of  the  Eickemeyer  motor),  reduced  to  the 
rotor  circuit  by  the  ratio  of  effective  turns,  Cz- 

E^,  /„  Zj  =  impressed  e.m.f.,  current  and  self-inductive  im- 
pedance of  the  exciting  circuit  of  the  rotor,  or  circuit  parallel 
to/o, 

/^,  Z^  =  current  and  self-inductive  impedance  of  the  short- 
circuit  under  the  brushes,  I^,  reduced  to  the  rotor  circuit, 

/g,  Zj  =  current  and  self-inductive  impedance  of  the  short- 
circuit  under  the  brushes,  /g,  reduced  to  the  rotor  circuit, 

Z  =  mutual  impedance  of  field  excitation,  that  is,  in  the  direc- 
tion of  7^, /,, /„ 

Z'=  mutual  impedance  of  armature  reaction,  that  is,  in  the 
direction  of  /j,  /,,  I^. 

Z'  usually  either  equals  Z,  or  is  smaller  than  Z. 

/^  and  /g  are  very  small,  Z^  and  Z^  very  large  quantities. 

Let  S  =  speed,  as  fraction  of  synchronism. 

Using  then  the  general  equations  (7)  Chapter  XXVI,  wluch 
apply  to  any  alternating-current  circuit  revolving  with  speed  S 
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through  a  magnetic  field  energized  by  alternating-current  cir- 
cuits, gives  for  the  six, circuits  of  the  general  single-phase  com- 
mutator motor  the  six  equations : 

^,  =  Z,/.  +  Z  (/,  +  /,-/,),  (1) 

B,  ^Z,I,+Z'iI,  +  1,-1,)  +  jSZ  {I,  +  /,-/,),  (2) 

E,  =  Z,I,  +  Z'(I,  -I,-U),  (3) 

E,  =  Z,I,  +  Z  (/,  +  /,-  /J  +  jSZ  (/,-/.-  U),  (4) 

0    =  Z,I,  +Z  {1,-1,-  /,)  +  jSZ  (/.  +  /.-  /,),  (5) 

0    =  Z.I,  +  Z'  (/,  +  7,  -  /,)  +  jSZ  (7.  +  7,  -  7,).  (6) 

These  6  equations  contain  10  variables, 

(o>   ^l»    |2»   ^8»    I,4J   ^6'  ^O;  ^V  ^2f  ^Sf 

and  so  leave  4  independent  variables,  that  is,  4  conditions,  which 
may  be  chosen. 

Properly  choosing  these  4  conditions,  and  substituting  them 
into  the  6  equations  (1)  to  (6),  so  determines  all  10  variables. 
That  is,  the  equations  of  practically  all  single-phase  commutator 
motors  are  contained  as  special  cases  in  above  equations,  and 
derived  therefrom,  by  substituting  the  4  conditions,  which 
characterize  the  motor. 

Let  then,  in  the  following,  the  reduction  factors  to  the  arma- 
ture circuit,  or  the  ratio  of  effective  turns  of  a  circuit  i  to  the 
eflfective  turns  of  the  armature  circuit,  be  represented  by  c*. 
That  is, 

number  of  effective  turns  of  circuit  i 
number  of  effective  turns  of  armature  circuit ' 

and  if  Ei,  li,  Zi  are  voltage,  current  and  impedance  of  circuit  i, 
reduced  to  the  armature  circuit,  then  the  actual  voltage,  current 
and  impedance  of  circuit  i  are, 

as  discussed  in  preceding  chapters. 
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296.  The  different  forms  of  single-phase  commutator  motors^ 
which  have  been  considered  for  railway  work,  are,  as  shown 
diagrammatically  in  Fig.  193: 
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Fig.  193. 

(1)  Series  Motor: 

e=^cJE,  +  E,;  I,  =  cj,;  /,  =  0;  /,  «  0. 

(2)  Conductively-compensated    series    motor     (Eickemeyer 
motor) : 
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(3)  Inductively-compensated  series  motor  (Eickemeyer 
motor) : 

6  =  c^,  +  E,)  E,  =  0;  /,  =  c,I,;  I,  =  0. 

(4)  Inverted  repulsion  motor,  or  series  motor  with  secondary 
excitation : 

e  =  E,;  c,E,  +  cJS,  =  0;  c,I,  =  c,I,;  I,  =  0. 

(5)  Repulsion  motor  (Thomson  motor) : 

e^c^,  +  cJE,;  E,  =  0;  c,I,  =  c,I,;  I,  =  0. 

(6)  Repulsion  motor  with  secondary  excitation: 

e  =  c^,;  c^,  +  E,=^0;  I,^  cj,;  /,  =  0. 

(7)  Series  repulsion  motor  with  secondary  excitation: 

e,  =  c^,  +  E,:  e,  =  E,;  I,  =  cj,;  I,  =  0. 

(8)  Series  repulsion  motor  with  primary  excitation : 

e,  =  E,;  e,  =  c^,  +  c^,;  c,I^  =  cj,;  I,  =  0. 

(9)  Compensated  repulsion  motor  (Winter  and  Eichberg 
motor) : 

e  =  c^E,  +  c,E,;  E^  =  0;  7,=0;  c,/,  =  cj,. 

(10)  Rotor-excited    series    motor  \rith   conductive    compen- 
sation: 

e  =  E,  +  c,E,  +  c^,;  /,  =  c,/,;  7,  =  c,/,;  7,  =  0. 

(11)  Rotor-excited  series  motor  with  inductive  compen- 
sation: 

e^E,  +  C3JS,;  E,  =  0;  7,  =  0;  7,  =  c,I,. 

Numerous  other  combinations  can  be  made  and  have  been 
proposed. 

All  of  these  motors  have  series  charactenstics,  that  is,  a 
speed  increasing  with  decrease  of  load. 

(1)  to  (8)  contain  only  one  set  of  brushes  on  the  armature; 
(9)  to  (11)  two  sets  of  brushes  in  quadrature. 

Motors  with  shunt  characteristic,  that  is,  a  speed  which  does 
not  vary  greatly  with  the  load,  and  reaches  such  a  definite 
limiting  value  at  no  load  that  the  motor  can  be  considered  a 
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constant-speed  motor,  can  also  be  derived  from  above  equa- 
tions.   For  instance: 
Compensated  Shunt  Motor  (Fig.  194.) : 

E,  =  0;  cJE,^c^,  =  e;  /,  =  0. 

In  general,  a  series  characteristic  results,  if  the  field-exciting 
circuit  and  the  armature  energy  circuit  are  connected  in  series 
with  each  other  directly  or  inductively,  or  related  to  each  other 
so  that  the  currents  in  the  two  circuits  are  more  or  less  pro- 
portional to  each  other.    Shunt  characteristic  results,  if  the 

voltage  impressed  upon  the  armature 
energy  circuit,  and  the  field  excita- 
tion, or  rather  the  magnetic  field- 
flux,  whether  produced  or  induced 
by  the  internal  reactions  of  the  motor, 
are  constant,  or,  more  generally,  pro- 


i 


Fig.  194.  portional  to  each  other. 

It  is  not  possible  here  to  discuss  the 
different  types  of  motors  in  detail;  this  must  be  left  to  the 
student.  However,  as  illustrative  of  the  method  of  treatment 
the  repulsion  motor,  and  the  series  repulsion  motor,  which  latter 
includes  as  limit  cases  the  inductively-compensated  series  motor, 
and  the  repulsion  motor  with  secondary  excitation,  may  be 
investigated. 

A.  Repulsion  Motor. 

297.  The  repulsion  motor  in  some  respects  is  an  induction 
motor  or  transformer  motor;  that  is,  a  motor  in  which  the  main 
current  enters  the  primary  member  or  field  only,  while  in  the 
secondary  member,  or  armatm^,  a  current  is  produced,  and  the 
action  may  be  said  to  be  due  to  the  repulsive  thrust  between  this 
current  and  the  magnetism  which  causes  it,  and  this  feature 
gave  the  motor  its  name. 

As  stated  under  the  heading  of  induction  motors,  a  multiple- 
circuit  armature  is  required  for  the  purpose  of  having  always 
secondary  circuits  in  inductive  relation  to  the  primary  dimng 
the  rotation.  If  with  a  single-coil  field,  these  secondary  cir- 
cuits are  constantly  closed  upon  themselves  as  in  an  induction 
motor,  the  primary  circuit  does  not  exert  a  rotary  effect  on  the 
armature  while  at  rest,  since  in  half  of  the  armature  coils  the 


SINGLE-PHASE  COMMUTATOR  MOTORS. 


509 


current  is  in  such  a  direction  as  to  give  a  rotary  effort  in  the  one 
direction,  and  in  the  other  half  the  current  is  so  directed  as  to 
give  a  rotary  effort  in  the  opposite  direction,  as  shown  by  the 
arrows  in  Fig.  195. 

In  the  induction  motor  a  second  magnetic  field  is  used  to  act 
upon  the  currents  produced  by  the  first,  or  inducing  magnetic 
field,  and  thereby  cause  a  rotation.    That  means,  the  motor 


Fig.  195. 


consists  of  a  primary  energy  circuit,  producing  in  the  armature 
the  secondary  currents,  and  a  primary  magnetizing  circuit  pro- 
ducing the  magnetism  to  act  upon  these  secondary  currents. 

In  the  polyphase  induction  motor  both  functions  of  the 
primary  circuit  are  usually  combined  in  the  same  coils;  that 
is,  each  primary  coil  produces  secondary  currents,  and  pro- 
duces magnetic  flux  acting  upon  secondary  currents  due  to 
another  primary  coil. 
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In  the  single-phase  induction  motor  the  primary  coil  pro- 
duces currents  in  the  armature  winding,  and  the  magnetic 
flux,  which  acts  upon  these  currents  to  produce  the  torque  of  the 
motor,  is  set  up  by  the  armature  reactions  at  speed,  and  has  to  be 
established  by  some  starting  device  at  standstill. 

In  the  repulsion  motor  the  difficulty  due  to  the  equal  and 
opposite  rotary  efforts,  caused  by  the  secondary  currents  when 


Fig.  196. 


acted  upon  by  the  inducing  magnetic  field,  is  overcome  by 
having  the  armature  coils  closed  upon  themselves,  either  short- 
circuited  or  through  resistance,  in  that  position  where  the 
secondary  currents  give  a  rotary  effort  in  the  right  direction, 
while  the  armature  coils  are  open-circuited  in  the  position  where 
the  rotary  effort  of  the  secondary  currents  would  be  in  opposition 
to  the  desired  rotation.  This  requires  means  to  open  or  close 
the  circuit  of  the  armature  coils  and  thereby  introduces  the 
conmiutator. 
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Thus  the  general  construction  of  the  repulsion  motor  is  as 
shown  in  Figs,  196  and  197  diagrammaticaUy  as  bipolar  niotor. 
The  stator  construction  is  similar  to  that  of  a  single-phase  induc- 
tion motor,  F,  the  rotor,  A,  shown  diagranmiatically  as  ring- 
wound,  consists  of  a  number  of  coils  connected  to  a  segmental 
commutator,  C,  in  general  in  the  same  way  as  in  continuous- 
current  machines.    Brushes  standing  under  an  angle  with  the 


Fig.  197. 

direction  of  the  magnetic  field  short-circuit  either  a  part  of  the 
armature  coils  as  shown  in  Fig.  196,  or  the  whole  armature 
by  a  connection  from  brush  to  brush  as  shown  in  Fig.  197.  The 
latter  arrangement  is  usually  employed,  since  it  utilizes  the  whole 
armature  winding  and  with  a  distributed  field-winding,  as 
mostly  used,  gives  a  better  mutual  induction. 

As  primary  winding  in  the  repulsion  motor  usually  a  more  or 
less  completely  distributed  winding  is  employed,  to  get  good 
mutual  induction  between  primary  and  secondary. 
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Since  primary  and  secondary  current  are  approximately 
opposite  to  each  other  and  of  approximately  equal  m.m.f.,  it 
follows  that  these  currents  are  in  the  same  direction,  and  so  add 
in  some  parts  of  the  periphery  of  the  motor,  an  arc,  F,  equal  to 
twice  the  angle  between  the  axes  of  stator  and  rotor  circuit,  as 
shown  in  Fig.  198  for  a  motor  with  full  pitch,  and  in  Fig.  199 
for  a  motor  with  fractional  pitch  armature  winding,  while  in  the 
supplementary  arc,  C,  of  the  periphery,  the  two  currents  are 
in  opposition  to  each  other,  and  so  neutralize  each  other. 

The  primary  turns  in  the  arc,  F^  thus  act  as  magnetizing  or 
field-exciting  winding,  and  represent  the  circuit,  /^,  in  the  pre- 
ceding equations,  while  the  turns  in  the  arc,  C,  act  as  com- 


FiG.  198. 


Fia.  199. 


Fig.  200. 


pensating  and  power  transferring  winding,  the  circuit,  7j,  of  the 
preceding  general  equations. 

Frequently  separate  windings  or  circuits  are  used  for  F  and  C, 
and  the  winding,  F,  massed  in  a  single  slot  or  interpolar  space, 
while  the  winding,  C,  is  distributed  in  the  pole-face,  as  shown 
diagrammatically  in  Fig.  200. 


298.  Amongst  the  single-phase  commutator  motors,  the 
repulsion  motor  takes  a  separate  and  distinctive  position  by  the 
characteristics  of  its  magnetic  field,  which  exert  an  important 
influence  on  the  commutation. 

In  the  uncompensated  series  motor,  the  magnetic  field  at  right 
angles  with  the  main  field,  F,  or  the  crossfield  in  the  direction, 
/j,  is  in  phase  with  the  main  field,  and  the  magnetic  field  of 
the  armature  reaction  is  approximately  proportional  to  the 
armature  current.    In  the  perfectly  compensated  series  motor 
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this  crossfield  disappears,  and  practically  disappears  in  the  induc- 
tively compensated  series  motor  (in  which  the  compensation  is 
pi^tctically  complete).  In  an  undercompensated  motor,  a  part 
of  this  crossfield  of  armature  reaction  remains,  while  in  an 
over-compensated  motor  it  is  reversed,  but  in  either  case  it  is 
still  in  phase  with  the  main  field. 

In  the  repulsion  motor,  however,  in  the  direction  of  the 
armature  axis,  7^,  power  is  transferred  from  stator  to  rotor,  and 
so  a  transformer  field  exists,  due  to  the  resultant  m.m.f.  of  pri- 
mary and  secondary  current,  hence,  as  in  any  transformer, 
approximately  in  quadrature  with  the  current,  while  the  main 
field  is  in  phase  with  the  current. 

The  two  components  of  the  magnetic  field  of  the  repulsion 
motor,  the  main  field  in  direction  F,  and  the  crossfield  (7,  in 
quadratm^  position  thereto,  in  space,  so  are  in  quadrature 
with  each  other  in  time  phase,  hence  produce  by  their  com- 
bination a  rotating  field,  which  revolves  with  uniform  intensity 
and  velocity  at  that  speed,  where  the  two  components  are  equals. 

The  main  field,  *;,  is  approximately  proportional  and  in 
phase  with  the  current,  hence  decreases  with  increasing  speed, 
while  the  crossfield,  ^'c,  is  approximately  proportional  to  the 
impressed  voltage  —  since  it  generates  the  e.m.f.  which  con- 
sumes this  voltage  —  and  in  quadrature  thereto. 

299.  In  the  short-circuited  armature  of  the  repulsion  motor, 
an  e.m.f.,  E,  is  generated  by  the  alternation  of  the  crossfield 
through  it,  which  e.m.f.  is  proportional  to  the  frequency,  /, 
and  to  the  intensity  of  the  crossfield,  0'c>  and  in  quadrature 
therewith,  hence, 

where  6  is  a  constant. 

A  second  e.m.f.,  E',  is  generated  by  the  rotation  of  the  arma- 
ture through  the  main  field,  and  is  proportional  to  the  speed  of 
the  motor,  or  frequency  of  rotation,  /^,  and  to  the  intensity  of  the 
main  field,  *;,  and  in  phase  therewith,  hence, 

Neglecting  then  the  voltage  consumed  by  the  self-inductive 
impedance  of  the  armature  circuit,  these  two  voltages,  E  and 
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E',  must  be  equal  and  opposite,  since  the  armature  is  short- 
circuited.    Thus  it  is, 

O;  / 

That  is,  the  two  quadrature  components,  in  space,  of  the 
repulsion  motor,  in  the  direction  of  the  main  field,  and  in  the 
direction  of  the  armature  circuit,  are  in  quadrature  with  each 

other  in  time-phase,  and  have  the  ratio r — : —  ,  that  is,  are 

synchronism 

equal,  and  the  motor  field  a  imiformly  rotating  field  at  synchron- 
ism, while  below  synchronism  the  main  field,  above  synchronism 
the  crossfield  or  transformer  field  is  stronger. 

If  now  into  the  armature  circuit  an  e.m.f.,  E",  is  inserted,  in 
opposition  to  E'y  by  impressing  it  upon  the  armature  terminate, 
it  is, 

E  +  W^E"  =  0; 

hence, 

or, 

for. 


That  is,  impressing  an  e.m.f.,  Ef',  upon  the  armature  circuit  of 
the  repulsion  motor,  in  opposition  to  that  generated  by  the 
rotation  of  the  armature  —  that  is,  approximately  of  the  phase 
of  the  impressed  e.m.f.  of  a  series  motor  —  raises  the  spc^  at 
which  the  motor  field  becomes  a  uniformly  rotating,  or  i>oly- 
phase  field,  while  an  opposite  e.m.f.  lowers  this  speed. 

The  inverse  result  takes  place  by  inserting  an  e.m.f.  in  phase 
with  Ey  that  is,  an  e.m.f.  approximately  in  quadratiu^  with  the 
impressed  e.m.f.  of  the  motor.  This,  however,  requires  a  poly- 
phase power  supply,  and  so  leads  to  the  polyphase  conmiutator 
motor. 
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300.  Assuming  in  the  following  the  armature  of  the  repulsion 
motor  as  short-circuited  upon  itself,  and  applying  to  the  motor 
the  equations  (1)  to  (6),  the  four  conditions  characteristic  of  the 
repulsion  m6tor  are: 

(1)  Armature  short-circuited  upon  itself.    Hence, 

^1  =  0- 

(2)  Field  circuit  and  cross  circuit  in  series  with  each  other 
connected  to  a  source  of  impressed  voltage,  e.  Hence,  assuming 
the  compensating  circuit  or  cross  circuit  of  the  same  number  of 
eflFective  turns  as  the  rotor  circuit,  or,  c,  =  1, 

Herefrom  follows, 

(3)  /,  =  c/.,. 

(4)  No  armature  excitation  used,  but  only  one  set  of  com- 
mutator brushes;  hence, 

^3  =  0, 
and  therefore,  7=0 

Substituting  these  four  conditions  in  the  six  equations  (1) 
to  (6),  gives  the  three  repulsion  motor  equations : 
Primary  circuit, 

Z,I,  +  Z'{I,-  I,)  +  c.'ZJ,  +  cJZ  {c,I,  -  I,)  =  e;    (7) 
Secondary  circuit, 

Z,I,  +  Z^(I,-  I,)  +  jSZ  {c,I,  -  /,)  =  0;  (8) 

Brush  short-circuit, 

Z,I,  +  Z(/,  -c./,)  +  jSZ'  (/,  -  /,)  =  0;  (9) 

Subetituting  now  the  abbreviations, 

2,  +  c/  (Z,  +  Z)  =  Z„  (10) 

f  =  ^,  (11) 

I  -  \,  (12) 

\;  (13) 


z,  +  z 

where  X^  and  i^,  especially  the  former,  are  small  quantities. 


616  ALTERNATING-CURRENT  PHENOMENA, 

From  (9)  then  follows, 

h-^K{IAc,-\-iSA)-iSI,A\',  (14) 

from  (8)  follows,  by  substituting  (14)  and  rearranging, 


1-'^-* 


:..(.-!) 


'■'  • '- — TTk^ —         <''> 

and,  substituting  (15)  in  (14),  gives, 

{c,+jSA)  (l  +  X,-XJS')-iSA-S'c,  +  ijS  jSA-jc,)^ 
•*"'•»  l  +  i.-i.S' 

or,  canceling  terms  of  secondary  order  in  the  numerator, 

Equation  (7)  gives,  substituting  (10)  and  rearranging, 

I,(Z,  +  Z')-I,Z'-I,c^=^e.  (17) 

Substituting  (15)  and  (16)  herein,  and  rearranging,  gives: 

Primary  Cttrrent, 

e(l  +  i.-g»A,) 

•» ZK  '  ^^^^ 

where, 

K^{A,  +  jSc,)  +  X,{A,  +  A)-i,  (S'A, -S'c,  +  c* +jSc,),    (19) 

and, 

^=§;  ■      (20) 

or,  since  approximately, 

A,  =  c,»,  (21) 

it  is, 

K  -  (il,  +  jSc,)  +  X,  (c,'  +  A)-  V,  (c.  +  jS).      (22) 
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Substituting  (18),  (19),  (20)  in  (15)  and  (16),  gives: 
Secondary  Current, 


ZK 
Brush  Short-Circuit  Current, 


(23) 


As  seen,  for  8  =  I,  or  at  synchronism,  /4  =*  0,  that  is,  the 
short-circuit  current  under  the  commutator  brushes  of  the 
repulsion  motor  disappears  at  synchronism,  as  was  to  be  expected, 
since  the  armature  coils  revolve  synchronously  in  a  rotating  field. 

301.  The  e.m.f.  of  rotation,  that  is,  the  e.m.f.  generated  in  the 
rotor  by  its  rotation  through  the  magnetic  field,  which  e.m.f., 
with  the  current  in  the  respective  circuit,  produces  the  torque 
and  so  gives  the  power  developed  by  the  motor,  is. 

Main  circuit, 

E/^jSZ{c,I,  -/,).  (25) 

Brush  short  circuit, 

E/  ^j8Z'(I,-I,).  (26) 

Substituting  (18),  (23),  (24)  into  (25)  and  (26),  and  rearrang- 
ing, ^ves: 

Main  Circuit  e.m.f-  of  Rotation, 

E/J^'^{l  +  X^-XJ.  (27) 

Brush  Short-circuit  e.m.f.  of  Rotation, 

E/-^{Sc,^jX,A-c,i,\;  (28) 

or,  neglecting  smaller  terms, 

E/=^.  (2&) 


518 


ALTERNATING-CURRENT  PHENOMENA. 


The  Power  produced  by  the  main  armature  circuit  is, 
hence,  substituting  (22)  and  (27), 

Let 

m  -  [ZK] 

be  the  absolute  value  of  .the  complex  product,  ZK,  and, 
A 

it  is,  substituting  (31),  (32)  in  (30),  and  expanding: 

Pi  =^{[xa-Scy')-rScy]  +  {l-Sc/')[x(\'-i/) 

-r  (V'  + V')]-Sc.a'[r  (i/- V)  +  *  (V'  + V')] 
-X  (A/S»  -  V  5c.a"  +  -»/'-Sc,a')  +  r  (V-Sc."' 


(30) 
(31) 

(32) 


m' 


after  canceling  terms  of  secondary  order. 
As  first  approximation  follows  herefrom: 


(33) 


S^x\l-ScAa"  +1<A\ 


c.  (1  +  S') 
hence  a  maximum  for  the  speed  S,  ^ven  by 

dP, 


(34) 


dS 


^  =  0, 
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or,  S,=  y  1  +  c,»(a"  +  ^«')-^o(«"  +  i«')  (35) 

and  equal  to 

P,'-^\\/l+  c,^«"  +  I  a')-c[c^'  +  ^  «')  }  .  (36) 

The  complete  expression  of  the  power  of  the  main  circuit  is, 
from  (33): 

where  6^,,  6^,  6,  are  functions   of    ^/,  >l/',  ^/,  ^/',  as  derived 
by  rearranging  (33). 
The  Power  produced  in  the  brush  short-circuit  is, 

p.  =  \E:,  7/f ; 

hence,  substituting  (24)  and  (28), 

^      I  K    '        ZK        J 

5'c,V(l-5')r       .     ^,      .^    T 
i ['•-ja;,  V-jVJ 

(rV  +  xV);  (38) 


hence  positive,  or  assisting,  below  synchronism,  retarding  above 
synchronism. 
The  total  Power,  or  Oidput  of  the  motor  then  is, 

P  =  P,  +  P„ 

or 

Power  Ovipui: 

-  s^. -«•».(  V  +  J  v)j;  (39) 
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or,  approximately, 

V.^j :_.,(.' .n^)j  (40) 


Se»xjl-5cia"+V)  j 


(41) 


hence, 
Torque: 

given  in  synchronous  watts. 

The  power  input  into  the  motor,  and  the  volt-ampere  input, 
are,  if 


(42) 


/. 

=  i/  +  y^'/'. 

and, 

h 

=  Vt/+tV'^ 

given  by, 

PoTver  Input, 

Po  -  ^v. 

VoU-ampere  Injmt, 

^a,  =  ei„ 

Power-Factor, 

-f- 

Efflderuy, 

p 

Apparent  Efficiency, 

p 

pv-  p    , 

(43) 
(44) 

(45) 
(46) 
(47) 


etc. 
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302.  While  excessive  values  of  the  short-circuit  current  under 
the  commutator  brushes,  /<,  give  bad  commutation,  due  to 
excessive  current  densities  under  the  brushes,  the  best  com- 
mutation corresponds  not  to  the  minimum  value  of  /^-as 
the  zero  value  at  sjmchronism  in  the  repulsion  motor  —  but 
to  that  value  of  /^  for  which  the  sudden  change  of  current 
in  the  armature  coil  is  a  minimum,  at  the  moment  where  the  coil 
leaves  the  commutator  brush. 

/^  is  the  short-current  in  the  armature  coil  during  commuta- 
tion, reduced  to  the  armature  circuit,  /  „  by  the  ratio  of  effec- 
tive turns, 

_  short-circuited  turns  under  brushes  . 

*  total  effective  armature  turns 

The  actual  current  in  the  short-circuited  coils  during  com- 
mutation then,  is  . 

(/=7^,  (49) 

or,  if  we  denote,  . 

^-A„  (50) 

where  A^  is  a  fairly  large  quantity,  and  substitute  (24),  it  is, 

l;  .  ^-^f^-^.  (5.) 

Before  an  armature  coil  passes  under  the  commutator  brushes, 
it  carries  the  current,  —  / 1)  while  under  the  brushes,  it  carries  the 
current,  //;  and  after  leaving  the  brushes,  it  carries  the  current, 

+  !r 

While  passing  under  the  commutator  brushes,  the  current  in 
the  armature  coils  must  change  from,  —  /j,  to  //,  or  by, 

I.o  =  !/  +  !i-  (52) 

In  the  moment  of  leaving  the  commutator  brushes,  the  current 
in  the  armature  coils  must  change  from,  //to  +  / 1,  or  by, 

/,=  /,-//.  (53) 

The  value,  //,  or  the  current  change  in  the  armature  coils 
while  entering  commutation,  is  of  less  importance,  since  during 
this  change  the  armature  coils  are  short-circuited  by  the  brushes. 
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Of  fundamental  importance  for  the  commutation  is  the  value, 
Igy  of  the  current  change  in  the  armature  coils  while  leaving  the 
commutator  brushes,  since  this  change  has  to  be  brought  about 
by  the  resistance  of  the  brush  contact  while  the  coil  approaches 
the  edge  of  the  brush,  and  if  considerable,  cannot  be  completed 
thereby,  but  the  current,  /^,  passes  as  arc  beyond  the  edge  of  the 
brushes. 

Essential  for  good  commutation,  therefore,  is  that  the  current, 
Igy  should  be  zero  or  a  minimum,  and  the  study  of  the  commu- 
tation of  the  single-phase  commutator  thus  resolves  itself  largely 
into  an  investigation  of  the  CommiUation  Current,  Ig,  or  its 
absolute  value,  ig. 

The  ratio  of  the  commutation  current,  ig,  to  the  main  armature 
current,  i^,  can  be  called  the  CommiUaiion  Constant, 

A;  =  ^.  (54) 

For  good  commutation,  this  ratio  should  be  small  or  zero. 

The  product  of  the  commutation  current,  ig,  and  the  speed,  S, 
is  proportional  to  the  voltage  induced  by  the  break  of  this 
current,  or  the  voltage  which  maintains  the  arc  at  the  edge  of 
the  commutator  brushes,  if  sufficiently  high,  and  may  be  called 
the  commutcdion  voltage,  __  ^j.  ,_  v 

In  the  repulsion  motor,  it  is,  substituting  (23)  and  CSl)  in  (53), 
and  dropping  the  term  with  X^,  as  of  secondary  order, 

CommiUation  Current, 


Commutation  Constant, 


h  = ZK ^^^ 


A 

1  y-sc. 


(57) 
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Or,  denoting, 

substituting  (32)  and  expanding, 

e{l  -cASa"  +  (1  -^)«/]  +/cj(l  -  ffl)a/^  -  So']} 


/,      e{  1  -  c,  [Sa''  +  (1  -  ^P)«/]  +  K  [(1  -^!')a/^  -^a^} 


(l-<Sc,a")-j5c,a' 
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(58) 

(59) 


and,  absolute. 


t,=^V{l-c,[Sa"  +  (l-^)a;]|»  +  c,»{(l-5')a/'-5a'}» 

(60) 

^^  v/{l-c«['S«^^  +  (l->SP)«/]}»  +c,»{(l-'S')a/-^a^}' 

^  (l-5c.a")'+5'c>'» 

(bl) 

Perfect  commutation,  or  /,  =  0,  would  require  from  equation 

(58), 

(l-5»)a/'-5a'  =0; 
°'"'  ,       l-c,Sa" 


(62) 


*    c,a-s'y 


5a' 


ct' 


1-5* 


1  -  a/. 


(63) 


This  condition  can  usually  not  be  fulfilled. 
The  commutation  is  best  for  that  speed,  S,  when  the  commu- 
tation current,  ig,  is  a  minimum,  that  is. 


hence. 


dS       ' 


;^{(l-cJ5a"  +  (l -<S»)a/])»+V((l -«»)«/' -So')'}  =  0 


dS 


(64) 


This  pves  a  cubic  equation  in  5,  of  which  one  root,  0  <  5,  <  1, 
represents  a  minimum. 
The  relative  commutation,  that  is,  relative  to  the  current 
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consumed  by  the  motor,  is  best  for  the  value  of  speed,  iS,,  where 
the  coimnutation  factor  A;  is  a  minimum,  that  is, 

dk 

ds  =  '•  (^^> 

303.  The  power  output  of  the  repulsion  motor  becomes  zero 
at  the  approximate  speed  given  by  substituting  P  =  0  in  the 
approximate  equation  (40),  as. 

So ' (66) 

c,(a-  +  ^a') 

and  above  this  speed,  the  power,  P,  is  negative,  that  is,  the 
repulsion  motor  consumes  power,  acting  as  brake. 

This  value,  S^,  however,  is  considerably  reduced  by  using  the 
complete  equations  (39),  that  is,  considering  the  effect  of  the 
short-circuit  current  under  the  brushes,  etc. 

For  5  <  0,  P  <  0;  that  is,  the  power  is  negative,  and  the 
machine  a  generator,  when  driven  backwards,  or,  what  amounts 
to  the  same  electrically,  when  reversing  either  the  field-circuit, 
/^,  or  the  primary  energy  circuit,  /,.  In  this  case,  the  machine 
then  is  a  repvlsian  generator. 

The  equations  of  the  repulsion  generator  are  derived  from  those 
of  the  repulsion  motor,  given  heretofore,  by  reversing  the  sign 
of  5. 

The  power,  P^,  of  the  short-circuit  current  under  the  brushes 
reverses  at  synchronism,  and  becomes  negative  above  synchron- 
ism. The  explanation  is:  This  short-circuit  current,  /^,  and 
a  corresponding  component  of  the  main  current,  /„  are  two  cur- 
rents produced  in  quadrature  in  an  armature  or  secondary, 
short-circuited  in  two  directions  at  right  angles  with  each 
other,  and  so  offering  a  short-circuited  secondary  to  the  single- 
phase  primary,  in  any  direction,  that  is,  constituting  a  single- 
phase  induction  motor.  The  short-circuit  current  under  the 
brushes  so  superimposes  in  the  repulsion  motor,  upon  the 
repulsion-motor  torque,  a  single-phase  induction-motor  torque, 
which  is  positive  below  synchronism,  zero  at  synchronism,  and 
negative  above  synchronism,  as  induction  generator  torque.  It 
thereby  lowers  the  speed,  Sp,  at  which  the  total  torque  vanishes, 
and  reduces  the  power-factor  and  efficiency. 
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304«  As  an  example  are  shown  in  Fig.  201  the  characteristic 
ciirves  of  a  repulsion  motor,  with  the  speed,  S,  as  abscissas,  for 
the  constants: 

Impressed  voltage :  e    =  500  volts. 
Exciting  impedance,  main  field  :Z  =0.25  —  3  j  ohms, 
cross  field :  Z'  =  0.25  -  2.5  j  ohms. 
Self-inductive  impedance,  main  field :  Z^^ = 0. 1     —  0.3  j  ohms. 

cross  field :  Z, = 0.025  -  0.075  j  ohms, 
armature :  Z^ = 0.025  —  0.075  j  ohms, 
brush  short-circuit :  Z^ = 7.5     — 10  j  ohms. 
Reduction  factor,  main  field:  c^  =0.4 
brush  short-circuit  :c4  =0.04. 

Hence: 

Z,  =  0.08  -  0.60 ;  ohms. 

A  =  0.835  +  0.014  j. 

^^a'-ja"  =  1.20-0.02/. 

-1,=  0.031  +0.007;. 

A,- 0.179  -0.087  y. 

A,  =  4.475  -2.175;. 

A,- 0.202  +  0.010  J. 

Then,  substituting  in  the  preceding  equations, 

K  -  (0.204  -  0.035  S)  +  j  (0.031  +  0.328  S), 
ZK  =  (0.144  +  .975  S)    -  j  (0.604  -  .187  S). 

Primary  or  Supply  CJurrent, 

500  { (1.031  -  0.179  g*)  +  /  (0.007  +  0.087  S') } 
I. Yk 

Secondary  or  Armature  Current, 
,      500  { (1  +  0.048  S  -  0.179  S")  - ;  0.4  S  -  0.087  <S»)| 


526  ALTERNATING-CURRENT  PHENOMENA. 

Brush  Short-Circuit  Current, 

_  500  (1  -  iSf)  (0.072  -  0.035  j) 

•*~  ZK 

and  absolute, 

40(1-5') 

^<  ""  — z. —  * 
m 

Commutation  Factor, 


y/fi 


508  -S"  -  0.673)»  +  (0.718  -  0.4  5  -  0.704  5»)» 


(0.697  +  0.4  5  -  0.014)' 

Main  e.m.f.  of  Rotation, 

',     500  S  (4.052  + 0.792  j") 
^« ZK 

Commutation  e.m.f.  of  Rotation, 

500^!»(0.4-4.8j-) 
^^ ZK • 

Power  of  Main  Armature  Circuit, 

p  =  ?^  (4.052  -  .122  S  -  .657  S"),  in  kw. 

Power  of  Brush  Short-Circuit; 

^      49.2S»(1-S')    .    . 
P^^  — ^= ,  m  kw. 


.Total  Power  Output, 


p  =  ?^  (4.052  +  0.075  S  -  0.657  S*  -  0.197  5»). 

Torque: 

ofcn 

D^-^  (4.052  +  0.075  5  -  0.657  5?  -  0.197  ^) , 
m 

etc. 

These  curves  are  derived  by  calculating  numerical  values  in 

tabular  form,  for  5  =  0,  0.2,  0.4,  0.6,  0.8,  1.0,  1.2,  1.4,  1.6,  1.8, 

2.0,  2.2,  2.4. 
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As  seen  from  Fig.  201,  the  power-factor  p  rises  rapidly,  reach- 
ing fairly  high  values  at  comparatively  low  speeds,  and  remains 
near  its  maximum  of  90  per  cent  over  a  wide  range  of  speed. 
The  efficiency  17  follows  a  similar  curve,  with  90  per  cent  maxi- 
mum near  synchronism.  The  power  P  reaches  a  maximum  of 
192  kw.  at  60  per  cent  of  synchronism  —  450  revolutions  with 
a  4-pole  25-cycle  motor  —  is  143  kw.  at  synchronism,  and 
vanishes,  together  with  the  torque  D,  at  double-synchronism. 
The  torque  at  sjmchronism  corresponds  to  143  kw.,  the  starting 
torque  to  657  synchronous  kw. 

Tlie  commutation  factor  k  starts  with  1.18  at  standstill,  the 
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same  value  which  the  same  motor  would  have  as  series  motor, 
but  rapidly  decreases,  and  reaches  a  minimum  of  0.23  at  70 
per  cent  of  synchronism,  and  then  rises  again  to  1.00  at  syn- 
chronism, and  very  high  values  above  synchronism.  That  is, 
the  commutation  of  the  repulsion  is  fair  already  at  very  low 
speeds,  becomes  very  good  somewhat  below  synchronism,  but 
poor  at  speeds  considerably  above  synchronism:  this  agrees  with 
the  experience  on  such  motors. 

In  the  study  of  the  commutation,  the  short-circuit  current 
under  the  commutator  brushes  has  been  assumed  as  secondary 
alternating  current.  This  is  completely  the  case  only  at  stand- 
still, but  at  speed,  due  to  the  limited  duration  of  the  short- 
circuit  current  in  each  armature  coil  —  the  time  of  passage  of 
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the  coil  under  the  brush  —  an  exponential  term  superimposes 
upon  the  alternating,  and  so  modifies  the  short-circuit  current 
and  thereby  the  commutation  factor,  the  more,  the  higher  the 
speed,  and  greater  thereby  the  exponential  term  is.  The  deter- 
mination of  this  exponential  term  is  beyond  the  scope  of  the 
present  work,  but  requires  the  methods  of  evaluation  of  tran- 
sient or  momentary  electric  phenomena,  as  discussed  in  *'Theor}' 
and  Calculation  of  Transient  Electric  Phenomena  and  Oscilla- 
tions." 

B.    Series  Repulsion  Motor. 

306.  As  further  illustration  of  the  application  of  these  funda- 
mental equations  of  the  single-phase  commutator  motor,  (1) 
to  (6),  a  motor  may  be  investigated,  in  which  the  four  inde- 
pendent constants  are  chosen  as  follows: 

(1)  Armature  and  field  connected  in  series  with  each  other. 
That  is; 

E,+c,E,^E^e,,  (67) 

where 

c^  =  reduction  factor  of  field  winding  to  armature;  that  is, 

.    «    ^.  field  turns 

ratio  of  effective ; • 

armature  turns 

It  follows  herefrom, 

!o  =  c,Iv  (68) 

(2)  The  e.m.f.  impressed  upon  the  compensating  winding  is 
given,  and  is  in  phase  with  the  e.m.f.  e^,  which  is  impressed 
upon  field  plus  armature, 

E,^  e,.  (69) 

That  is,  E^  is  supplied  by  the  same  transformer  or  compensator 
as  ej,  in  series  or  in  shunt  therewith. 

(3)  No  rotor-exciting  circuit  is  used, 

I,  =  0,  (70) 

and  therefore: 

(4)  No  rotor-exciting  brushes,  or  brushes  in  quadrature 
position  with  the  main-armature  brushes,  are  used,  and  so 

U  =  0,  (71) 

that  is,  the  armature  carries  only  one  set  of  brushes,  which  give 
the  short-circuit  current,  /4, 
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Since  the  compensating  circuit,  63,  is  an  independent  circuit, 
it  can  be  assumed  as  of  the  same  number  of  effective  turns  as  the 
armature,  that  is,  e,  is  the  e.m.f.  impressed  upon  the  compensat- 
ing circuit,  reduced  to  the  armature  circuit.  (The  actual  e.m.f. 
impressed  upon  the  compensating  circuit  thus  would  be:  c,e„ 

compensating  turns  \ 
armature  turns.     / 


where  c,  =  ratio  effective  - 


306,  Substituting  (68)  into  (1),  (2),  (3),  and  (5),  and  (1)  and 
(2)  into  (67),  gives  the  three  motor  equations: 


e,  =  Z,I,  +  Z\I,  -  /,)  +  jSZ  (c,I,  -  /,) 
+  c,»Z,7,+c^(c,7,-/,), 

0  =  Z,I,  +  Z  (/,-c,7,)  +  jSZ^  (/,-/,). 


(72) 

(73) 
(74) 


Substituting  now: 


y  =  — ,  =  quadrature,  or  transformer  exciting 
admittance, 


Z  +Z,       *        '      ^  '  ' 

Z^ 

—-  =  A  =  a'  +  ja"  =  impedance  ratio  of  the 

two  quadrature  fluxes, 


and 


Z,  +  c,'  (Zo  +  ^  =  Z^ 


e  =  €j  +  63, 


e 


(75) 


(76) 
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Adding  (72)  and  (73),  and  rearranging,  gives 


e  =  Z,  /,  +  /,  (Z.  +  jScJS)  -I,Z  (c,+  j8); 


or 


^=  X^I,  +  I,(A,  +  jSc,)  -  I,  (c.  +  jS). 
From  (73)  followH 


(77) 


or 


and 


e,y'=7,(l  +  >l,)-/^, 
7,  =  7,(1-/1,)  +e<F'. 


From  (74)  follows 

0  =  7  JZ  +  Z,)  -  7,  (c^  -  iSZ')  -  jSZ'I,. 


(78) 


(79) 


Since  7^  is  a  small  current,  small  terms,  as  X^,  can  be  neglected 
in  its  evaluation.  That  is,  when  substituting  (78)  in  (79),  X^ 
can  be  dropped: 


or 


7.=  7,-e<y', 
7,  =  7j  +  etr, 


approximately. 


(80) 


Hence,  (80)  substituted  in  (79)  gives, 

0  =  7,  (Z  +  Z,)  -cJZI^-jSet, 


or, 


Hence, 


o-'-V.-f. 


and  actual  value  of  short-circuit  current, 


(81) 


(82) 
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where 

6  =  ^ ,  a  fairly  large  quantity,  and 

c^  =  reduction  factor  of  brush  short-circuit 
to  armature  circuit. 

The  commutation  current  then  is 


=  /x(i-H) 


jSetbX^ 


Substituting  (81)  and  (80)  into  (77),  ^ves, 

'     ZA,+  jSc, -  V.  (c,  +  JS)  +  M  ' 
or,  denoting, 

it  is, 

,       e{l  +jStX,(c,  +  iS)-tX,} 
U  = tF  • 


It  is,  approximately, 


ZK 


A    =^'  =  c' 


hence, 


^  =  0, 
K-c.(l  -c,X,)(c,+  jS), 


u- 


e\l  +jStX^{Co  +  jS)\ 
c,Z(l-c,X,)(c,+jS)' 


c^O- 


(83) 


(84) 


(85) 

(86) 
(87) 


(88) 
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Substituting  now  (85)  respectively  (87),  (88)  into  (78),  (81)  (84), 
and  into 

E/^jSZ(c,I,-I,), 

E:=iSZ'{I,-I,), 

gives  the 

Equations  of  the  Series  Repidsion  Motor: 


(89) 


K  ^A,  +  jSc^  -  i,c,  (c,  +  jS)  +  X^, 
approximately, 

K  =c,(l-c,i,)(c, +  jS). 

Inducing,  or  Compensator  Current: 

J  ^  e{\  +  jStX,  (c,  +  jS)  -  (1  +  0  X^      et  (1  -  X,) 
•*  ZK  Z' 

approximately, 

7  ^ t ,         iStX,e  te 

■'     cJZ{l-  c,X,)  (c,  +  jS)  ^cJZ(l-  c,X,)  ^  Z'  ' 

Armature,  or  Secondary  Current: 

•»  ZK 

approximately, 

^•^°c^ii-cM  I cTTls- +  ^'^'^^ ! • 

Brush  Short-Circuit  Current: 
approximately, 


(90) 


(91) 


(92) 


(93) 
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CommiUatian  Current: 


I,- 

e 
cJZ{l-c,X,) 

iStX,[(b-l) 

+  bi,  (1 

-c,)]} , 

approximately, 

/  _ 

e 

i  Co  +  j<S 

jStXj)  I  . 

^o- 

c.Z(l-c,iJ 

Main  e.m.f.  o 

f  Rotation: 

^/= 

jSe      11 

+y5 

-jstx; 

'(1-Co)}, 

approximately, 

K'~ 

jSe  (1  - 

W 

• 

^1  "" 

a-cM(.c, 

+  jS) 

Quadrature  e.m.f.  of  Rotation: 

E/=  - 

-jSte. 

(94) 


(95) 


(96) 

307.  Since  in  calculating  motor  curves  from  the  constants, 
the  speed,  S,  is  usually  chosen  as  an  independent  variable,  and 
abo  for  the  investigations  of  the  effects  caused  by  a  variation  of 
speed,  <S,  it  is  convenient  to  arrange  the  equations  (90)  to  (96) 
by  orders  of  S,  that  is,  in  the  form, 

p  _B^+  B,S  +  B^  .  .  . 


C,  +  C^S  +  C^  .  .  . 
or,  after  separating  the  two  components  of  the  complex  terms, 
J,'    (b,  +  b,S  +  b^  .  .  .)+y(6/  +  6/g  +  Z/^P.  .  .) 
(c,  +  c,5  +  c^  .  .  .)  +  j  (c,'  +  c^'S  +  c^'S'  .  .  .)' 

These  equations  (90)  to  (96)  contain  two  terms,  one  with,  and 

one  without  <  =  -* ,  and  so,  for  the  purpose  of  investigating 
e 
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the  effect  of  the  distribution  of  voltage,  e,  between  the  circuits, 
e^  and  e^  can  be  arranged  in  the  form 

F  =  if,  4-  tK^. 

In  first  approximation,  neglecting  even  the  effect  of  the  short- 
circuit  current  under  the  brushes,  Z^,  that  is,  assuming 

these  equations  (90)  to  (96)  assume  the  form 


K 

-  il.  +  jSc, 

-  c,  (c, 

,  +  iS); 

T 

e 

.  1 

ZK 

e 

c.(c. 

+  jS)Z' 

/.. 

e 

f^, 

.  a 

ZK 

e 
ZK 

Z" 

E/= 


C.  (Co  + 

jS)Z  ' 

jSc^ 

K 

jSe 

Co  +  ]S 


(97) 


That  is,  the  compensator  current,  7  2,  the  armatm^  current,  /j, 
and  the  e.m.f.  of  rotation,  E/,  as  first  approximation  depend  only 
upon  the  sum  of  the  two  impressed  e.m.fs.;  c  =  e,  +  e„  and 
current,  torque,  power,  etc.,  therefore  remain  approximately  the 
same,  regardless  of  the  distribution  of  the  voltage  e  between 
the  two  circuits,  e^  and  Cj. 

The  character  of  the  magnetic  field,  however,  that  is,  the  rela- 
tion between  its  two  quadrature  components,  and  therefore  the 
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speed,  5,  at  which  the  field  is  a  uniformly  revolving  field,  and 
thus  the  change  of  the  character  of  the  commutation  with  the 
speed,  depend  upon  the  ratio  of  e^  and  e^  or  upon 


(98) 


e 


From  above  equations  follow: 
Power  Ovipui; 

p-p.  +  p. 

-  [?/,  /J  +  [E/,  7 J. 
Power  Injnd; 

VoUranvpere  Input; 

P  =  e^^^  +  e^i^ 

=  c{(l-0^l  +  ti^l 


where  the  small  letters,  i^  and  i„  denote  the  absolute  values  of 
the  currents,  I^  and  /,. 

When  ^^  and  i,  are  derived  from  the  same  compensator  or 
transformer  (or  are  in  shunt  with  each  other,  as  branches  of  the 
same  circuit,  if  e^  =  e^,  as  usually  the  case,  in  the  primary 
circuit  the  current  corresponds  not  to  the  sum,  { (1  — 1)%^  +  ti^  \ 
of  the  secondary  currents,  but  to  their  resultant,  [(1  —  0 1  >  +  ^  /  aT, 
and  if  the  currents,  I  ^  and  /,,  are  out  of  phase  with  each  other, 
as  is  more  or  less  the  case,  the  absolute  value  of  their  resultant 
is  less  than  the  sum  of  the  absolute  values  of  the  components. 
The  volt-ampere  input,  reduced  to  the  primary  source  of  power, 
then  is, 

P„^  =  6[(l-0/t  +  ^/J,  (99) 

and 

Pa,  <  Pa- 

p 

From    these   equations    then    follows   the   torque:  I>=-^, 


the   power-factor,   p  =  -5-^,  etc. 
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For  t  =  0, 

that  is,  all  the  voltage  impressed  upon  the  armature  circuit,  and 
the  compensating  circuit  short-circuited,  these  equations  are 
those  of  the  inductivdy-compensated  series  motor. 

For  t  =  1, 

that  is,  all  the  voltage  impressed  upon  the  compensating  or 
inducing  circuit,  and  the  armature  circuit  closed  in  short-circuit, 
that  is,  the  armature  energizing  the  field,  the  equations  are  those 
of  the  repulsion  motor  with  secondary  excitation. 

For  •  t>l 

a  reverse  voltage  is  impressed  upon  the  armature  circuit. 

Study  of  Commulalion. 

308.  The  commutation  of  the  alternating-current  commutator 
motor  mainly  depends  upon: 

(a)  the  short-circuit  current  under  the  commutator  brush, 

which  has  the  actual  value:  //  =  -*.    High  short-circuit  current 

causes  arcing  under  the  brushes,  and  glowing,  by  high  current 
density; 

(6)  the  commutation  current,  that  is,  the  current  change  in 
the  armature  coil  in  the  moment  of  leaving  the  brush  short- 
circuit,  Ig  =  /j  —  //.  This  current,  and  the  e.m.f.  produced  by 
it,  SIgj  produce  sparking  at  the  edge  of  the  commutator  brushes, 
and  is  destructive,  if  considerable. 

(a)  Short-circuit  Current  under  Brushes. 

Using  the  approximate  equation  (93),  the  actual  value  of  the 
short-circuit  current  under  the  brushes  is 
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where 

c  1 

b  =  ~  ,  or  r-  =  reduction  factor  of  short-circuit  under  brushes, 
C4         0 

to  field  circuit,  that  is, 

number  of  field  turns  n^1^ 

number  of  effective  short-circuit  turns ' 

hence  a  large  quantity. 
The  absolute  value  of  the  short-circuit  current,  therefore,  is 


hence  a  minimum  for  that  value  of  t,  where 

/  =  c^'  +  iS*  (1  -  ^  (c^*  +  iSP))*  =  minimum,  or 
=  1  - « (c^*  +  fiP)  =»  0,  hence, 

1 


(102) 


t  = 


c'+S"' 


and. 


s  =  Vi-c.' 


e  1 

That  is,  ^  =  — ^  =  --^ J  gives  minimum  short-circuit  cur- 


e       S"  +c. 


=v/i-.-, 


rent  at  speed,  S,  and  inversely,  speed,  S  =  V  7  "~  ^0';   8^^®^ 

minimum  short-circuit  current  at  voltage  ratio  t. 

For  ^  =  1,  or  the  repulsion  motor  with  secondary  excitation, 
the  short-circuit  current  is  minimum  at  speed  S  =  Vl  —  c, 


2 

0  > 


.cje 


or  somewhat    below  synchronism,  and  is  i/  =  ^-^,  while  in 

the  repulsion  motor  with  primary  excitation,  the  short-circuit 
current  is  a  minimum,  and  equals  zero,  at  synchronism  5  =  1. 

The  lower  the  voltage  ratio,  ^  =  ~ ,  the  higher  is  the  speed,  S, 

c 

at  which  the  short-circuit  current  reaches  a  minimum. 

The  short-circuit  current,  //,  however,  is  of  far  less  importance 

than  the  commutation  current,  Ig. 
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(b)  Commutation  Current, 

309.  While  the  value,  //  =  //4-/i,  or  the  current  change  in 
the  armature  coils  while  entering  commutation,  is  of  minor 
importance,  of  foremost  importance  for  good  commutation  is 
that  the  current  change  in  the  armature  coils,  when  leaving  the 
short-circuit  under  the  brushes, 

h-U-i:  (103) 

is  zero  or  a  minimum. 

Using  the  approximate  equation  of  the  commutation  current 
(94),  it  is, 

jB (  1  -  ;,b 

c^  (1  —  c^Xj  (Co  +  j^; 
and,  denoting 

/4    =*    /4  J  ^4    > 

it  is,  expanded, 

'■''  c/(i-cl)(c.  +  y5)  <[^  -  '^'  ^'''  '''^'  ~'^'"^^ 

+  jT  V'b  -  Sth  {cX  +  -s V')] } ;    (105) 
hence,  absolute, 

e 


U  =  z-^^i^-TTT  I  r-r75  -  J-Su^ft 


"      c^[l-c,>ljVc,' +  ^ 

V[l-  V6+5<6  (5V  -c,x:')J+[k:'h  -Sib  (cX+SX^f,  (106) 

where  [l—c^X^]  denotes  the  absolute  value  of  (1  — c,ilj. 

The  commutation  current  is  zero,  if  either  S  =  co,  that  is, 
infinite  speed,  which  is  obvious  but  of  no  practical  interest,  or 
the  parenthesis  in  (105)  vanishes. 

Since  this  parenthesis  is  complex,  it  vanishes  when  both  of 
its  terms  vanish.    This  gives  the  two  equations 

1  -  X/b  +  Sth  (SX/  -  c.X,")  =  0, , 

'  (107) 


V6-S<6(c, 


.V  +  Sxn  =  0.  S 
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From  these  two  equations  are  calculated  the  two  values,  the 
speed,  S,  and  the  voltage  ratio,  t,  as, 


5. 


<»  = 


hence. 


c.(6V-V) 
X" 


(108) 


For  instance,  if, 


hence, 


hence, 

and  herefrom. 


Z  =0.25-3/, 

Z, -6      -2.6j:     * 

^4  ==  ^^  =-  0.307  -  .248  j  ^  x:  -  iX:\ 

c,  «  0.4, 
c,  -  0.04; 

6  =  10; 


^0  -  2.02, 
to   =  .197, 


that  is,  at  about  double  synchronism,  for  e,  =  te  «  0.197e,  or 
about  20  per  cent  of  e,  the  commutation  current  vanishes. 

In  general,  there  is  thus  in  the  series  repulsion  motor  only  one 
speed,  Sp,  at  which,  if  the  voltage  ratio  has  the  proper  value,  t^, 
the  commutation  current,  ig,  vanishes,  and  the  commutation  is 
perfect.  At  any  other  speed  some  commutation  current  is  left, 
regardleas  of  the  value  of  the  voltage  ratio,  t. 

With  the  two  voltages,  e^  and  e^,  in  phase  with  each  other,  the 
commutation  current  cannot  be  made  to  vanish  at  any  desired 
speed,  S. 
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310.  It  remains  to  be  seen,  therefore,  whether  by  a  phase 
displacement  between  e^  and  c„  that  is,  if  e^  is  chosen  out  of 
phase  with  the  total  voltage,  c,  the  commutation  current  can  be 
made  to  vanish  at  any  speed,  S,  by  properly  choosing  the  value  of 
the  voltage  ratio,  and  the  phase  difference. 

Assuming,  then,  e,  out  of  phase  with  the  total  voltage,  c,  hence 
denoting  it  by 

E^  =  c,  (cos  e^  +  j  sin  «,),  (109) 

the  voltage  ratio,  t,  now  also  is  a  complex  quantity,  and  expressed 

by 

T  =  X?  =  f  (cos  <?,  +  i  sin  <?,)=''  +  W-  (110) 

Substituting  (110)  in  (105),  and  rearranging,  gives 

c^  (1  -  e^X^)  (c,  +  Jb) 

+  St"h  (c,X/  +  SX,")]  +  j[X/'b-Seb  (c.V  +  SV) 


+  stf'bm/-cA")]}: 

and  this  expression  vanishes,  if 


(111) 


1  -  x/b  +  st'b  {sx/  -  c^x/')  +  srb  (c.v  +  sx/')  =»  0,1 

x/'b  -  seb  (c.V  +  SX/')  +  St"b  iSX/  -  c,V')  =  0:  j 


and  herefrom  follows : 

SbX'-SX/  +  c^X," 


tf 


sbx*  (S'+  o 


Co' +  5' 


I         Sbx;     S' 


^,     cJbX;-c,X/-SX:' !_(£, 

or  approximately, 


SbX^ 

c.v  +sx:^ 


sbx;    y- 


(112) 


t'  = 


r  = 


Co- +5" 


'S(Co»+-S') 


(113) 
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tf^  =  0  substituted  in  equation  (112)  gives  S  =  S^^  the  value 
recorded  in  equation  (108). 

It  follows  herefrom,  that  with  increasing  speed,  S,  tf  and  still 
more  tf^,  decrease  rapidly.  For  S  =  0,tf  and  ^''  become  infinite. 
That  is,  at  standstiU,  it  is  not  possible  by  this  method  to  pro- 
duce zero  commutation  current. 

The  phase  angle,  d^,  of  the  voltage  ratio,  T=tf-\-jtf^,  is  given  by 


rearranged,  this  gives. 


t^n  ».  =  7  =  ^:T^-cTfT^rT7,;  (114) 


c^sin^2+jS  COS  «3       b^- V. 


I  // 


(115) 


c^  CO8  02  —  S  sin  d^  X/^ 

and,  denoting, 

-  =  tan  <r,  (116) 

where  <r  may  be  called  the  "speed  angle,"  it  is, substituted  in  (115), 

tan(<?,  +  «^)=^^4i^,  (117) 

=  constant; 


hence, 
and, 


»,  +  <r  =  7,  (118) 

0,=^y-<r.  (119) 

^  .„  *  is  a  large  quantity,  hence  7  near  90°. 

^4 


a  is  also  near  90°  for  all  speeds  5  except  very  slow  speeds,  since 
in  (116)  c^j  is  a  small  quantity. 

Hence  d^  is  near  zero  for  all  except  very  low  speeds. 

For  very  low  speeds,  a  is  small,  and  0^  thus  large  and  positive. 

That  is,  the  voltage,  E^,  impressed  upon  the  compensating 
circuit  to  get  negligible  commutation  current,  must  be  approxi- 
mately in  phase  with  e  for  all  except  low  speeds.  At  low  speeds, 
it  must  lag,  the  more,  the  lower  the  speed.  Its  absolute  value 
is  very  large  at  low  speeds,  but  decreases  rapidly  with  increasing 
speed,  to  very  low  values. 
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For  instance,  let,  as  before, 

X,  =  0.304-0.248/, 
Co  =  0.4, 
b  =  10; 
^*^'  tan  (^3  +  cr)=5.05, 

0^  +  a  ^  79°; 
hence,  ^,  =  79°^^. 

5,  =  0  for  0-  =  79°;  hence,  by  (116),  So  =  2.02,  or  double 
synchronism.  Above  this  speed,  0^  is  leading,  but  very  small, 
since  the  maximum  leading  value,  for  infinite  speed,  S  =  «, 
is  given  by  o"  =  90°,  as,  ^^  =  —  11°.  Below  the  speed,  S^,  fl,  is 
positive,  or  lagging; 

for  iS  =  1,  it  is  o"  =  68°,  ^3  =  +  11°,  hence  still  approximately 
in  phase; 

for  S  =  0.4,  it  is  <r  =  45°,  6^  =  34°;  hence  E^  is  stiU  nearer  in 
phase  than  in  quadrature  to  e. 

The  corresponding  values  of  T  =  ('  +  ^'  are,  from  (112), 

S  =  2.02,  ^,  =  0,  T  =  0.197,  t  =  0.197, 

5  =  1,      ^,  =  +  11°,      T  =  0.747  +  0.140  /,    t  =  0.760, 
S  =  .4,      0^  =  34°,  r  =  3.00    +  2.00   j,    t  =  3.61. 

311.  The  introduction  of  a  phase  displacement  between  the 
compensating  voltage,  E^^  and  the  total  voltage,  e,  in  general  is 
more  complicated,  and  since  for  all  but  the  lowest  speeds  the 
required  phase  displacement,  0^,  is  small,  it  is  usually  suflScient 
to  employ  a  compensating  voltfi^ge,  e^  in  phase  with  e. 

In  this  case,  no  value  of  t  exists,  which  makes  the  commuta- 
tion current  vanish  entirely,  except  at  the  speed,  S^. 

The  problem  then  is,  to  determine  for  any  speed,  S,  that  value 
of  the  voltage  ratio,  t,  which  makes  the  conunutation  current, 
ig,  a  minimum.    This  value  is  given  by 

§-0,  (120) 

where  ig  is  given  by  equation  (106). 
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Since  equation  (106)  contains  t  only  under  the  square  root, 
the  minimum  value  of  ig  is  given  also  by, 

dt    "' 

where 

K'-ll-  bX/  +  Sib  {SX/  -c,X,")f  +  [bX/'  -Stb  (c,X/  +  SX/')f. 
Carrying  out  this  differentiation,  and  expanding,  ^ves, 

This  is  the  same  value  as  the  real  component  t'  of  the  complex 
voltage  ratio,  T^  which  caused  the  commutation  current  to 
vanish  entirely,  and  was  given  by  equation  (112). 

It  is,  approximately, 

'  -  .7T>-  <'^* 

Substituting  (121)  into  (105)  gives  the  value  of  the  minimum 
commutation  current,  ig  . 

Since  the  expression  is  somewhat  complicated,  it  is  preferable 
to  introduce  trigonometric  functions,  that  is,  substitute, 

tand  =  ^,  (123) 


where  d  is  the  phase  angle  of  X^,  and  therefore, 

V  =  >l4sind, 

and  also  to  introduce,  as  before,  the  speed  angle  (116), 

S 
tan  a-  =  — , 
c' 


;  \        «^* 


hence, 


5  =  Vc/  +  S^;J 

5  =  5  sin  o-, 
Co  =  9  cos  (r. 


(125) 


(126) 
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Substituting  these  trigonometric  values  into  the  expression 
(121)  of  the  voltage  ratio  for  minimum  commutation  current, 
it  is. 


_  1      sin  (a-  -  d) 
""^  SbqX,      ' 


(127) 


Substituting  (117)  into  (106)  and  expanding  gives  a  relatively 
simple  value,  since  most  terms  eliminate: 


e{[cos' {<r—d)+bk  (sin <r sin  (a—d)—cos9)] 

+y  [sin  (<r  —  d)  cos  (<r  —  d)—bX4  (sin  a-  cos  (er  — 5)  — sin  d)]\ 

and  the  absolute  value 

.    _  e  (cos  (<r  —  9)  —  bX^  cos  o")  ^ 

or,  resubstituting  for  a-  and  d, 

e{SX/'-c,Wb-X/)} 


"'o 


C,2[1-M,](C.'+S')' 


(128) 
(129) 

(130) 


From  (129)  and  (130)  follows,  that  ig^  =  o,  or  the  commutation 
current  vanishes,  if 

cos  («r  -  a)  -  bXt  cos  «r  =  0,  (131) 

or, 

/SV'-c,(V&-V)  =0. 

This  pves,  substituting,  X"  =  Vx^  —  X/*,  and  expanding, 


V  =  ^T^ {frV,*  ±  SVS'-c,'  (b'V -1)1 , 

6V» 


cos  (<»■  — 5)  = 


\/c»  +5* 


(132) 


From  (131)  follows 

cos  (f  —  S)  =  bX^  cos  o". 
Since  cos  (<r  —  5)  must  be  less  than  one,  this  means 

bX^  cos  0-  <  1, 
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or, 


or, 


or,  inversely. 


X,< 


1 

5cos  <r' 

Vc,'  + 

S^ 

C.6 

} 

(133) 


S>c,  V6^  V  -  1- 

That  is: 

The  commutation  current,  ig,  can  be  made  to  vanish  at  any 
speed,  S,  at  given  impedance  factor,  i^,  by  choosing  the  phase 
angle  of  the  unpedance  of  the  short-circuited  coil,  d,  or  the  resist- 
ance component,  X\  provided  that  i^  is  sufficiently  small,  or  the 
speed,  Sj  sufficiently  high,  to  conform  with  equations  (133). 

From  (132)  follows  as  the  minimum  value  of  speed  S,  at  which 
the  commutation  current  can  be  made  to  vanish,  at  given  X^j 


and,  - 


6' 


v'^V'v-^-- 


hence,  ^4         ^  ^4       ,2 

For  high  values  of  speed  S,  it  is,  approximately, 

cos  {<r-d)  =  0, 
a^d    =90°, 


hence, 


That  is,  the  short-circuited  coil  under  the  brush  contains  no 
inductive  reactance,  hence: 

At  low  and  medium  speeds,  some  inductive  reactance  in  the 
short-circuited  coils  is  advantageous,  but  for  high  speeds  it  is 
objectionable  for  good  commutation. 


tana- 

s 

a 

=  90° 

S 

=  0     ' 

>»/ 

=  ^. 
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312.  As  an  example  are  shown,  in  Figs, 
teristic  curves  of  series-repulsion  motors, 


Impressed  voltage: 

Exciting  impedance,  main  field : 

Exciting  impedance,  cross  field : 

Self-inductive  impedance,  main 
field: 

Self-inductive  impedance,  cross- 
field: 

Self-inductive  impedance  arma- 
ture: 

Self-inductive  impedance,  brush 
short-circuit: 

Reduction  factor,  main  field : 

brush  short-circuit: 


e  = 
Z  = 


^0- 


Z,- 


^.= 


Z,= 


c.  = 


202  to  205,  the  charac- 
for  the  constants: 

500  volts, 
0.25  -  3  J  ohms, 
0.25  -  2.6  /  ohms, 

0.1 -0.3 /ohms, 

0.025  ~  0.076  i  ohms, 

0.026  -  0.075  i  ohms, 

7.5  —  10  i  ohms, 

0.4, 

0.04; 
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Fig.  202.  —  Inductively  Compensated  Series  Motor. 


that  is,  the  same  constants  as  used  in  the  repulsion  motor, 
§  304,  Fig.  201. 
Curves  are  plotted  for  the  voltage  ratios: 

^  =»  0:  inductively  compensated  series-motor,  Fig.  202, 
^  =  0.2:  series  repulsion  motor,  high  speed,  Fig.  203, 
t  =  0.5:  series  repulsion  motor,  medium  speed,  Fig.  204, 
f  =  1.0:  repulsion  motor  with  secondary  excitation,  low  speedy 
Fig.  205. 
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It  is,  from  above  constants: 

Z,  =  Z,  +  c,»  (Z,  +  Z)  =  0.08    -  0.60  J. 
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A   -^' 
^'      Z 

=  0.202 +  0.010  J. 
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=  0.835  +  0.014  J. 
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FiQ.  203.  —  Seriee  Repulsion  Motor. 


Hence,  substituting  into  the  preceding  equations: 

(90)    ZK  =Z,  +  jSc^  -  ;,  c^  (c,  +  jS)  +  X^' 

=  (0.160  +  0.975  S)  -i  (0.590- 0.187  S), 

(92)        /,  =  ^  +  ^  {/SA,  (c.  +  jS)  -  X, } 

=  ^  +  ^  { (-  0.031  +  0.035  S  -  0.179  -S") 
+  y  ( -  0.007  +  0.072  S  +  0.087  S*) } , 
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(91)       /,*=/,  (0.969  -0.007  /)  +  et  (0.010  +  0.096/), 

(93) 

e  (0.072  -  0.035/)  +Sel  {(0.016  -0.072  S)  +y0.045 + 0.035  S)) 

ZK ' 


313.  As  seen,  these  four  curves  are  very  similar  to  each  other 

and  to  those  of  the  repulsion  motor,  with  the  exception  of  the 

% 
commutation  current,  i^,  and  commutation  factor,  A  =  -?. 

The  commutation  factor  of  the  compensated  series  motor, 
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Fia  204.  —  Series  Repulsion  Motor. 

that  is,  the  ratio  of  current  change  in  the  armature  coil  while 
leaving  the  brushes,  to  total  armature  current,  is  constant  in  the 
series  motor,  at  all  speeds.  In  the  series  repulsion  motors,  the 
commutation  factor,  k,  starts  with  the  same  value  at  standstill, 
as  the  series  motor,  but  decreases  with  increasing  speed,  thus  giv- 
ing a  superior  commutation  to  that  of  the  series  motor,  reaches 
a  minimum,  and  then  increases  again.  Beyond  the  minimum 
commutation  factor,  the  efficiency,  power-factor,  torque  and 
output  of  the  motor  first  slowly,  then  rapidly  increase,  due  to 
the  rapid  increase  of  the  commutation  losses.  These  higher 
values,  however,  are  of  little  practical  value,  since  the  commu- 
tation is  bad. 
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The  higher  the  voltage  ratio,  t,  that  is,  the  more  voltage  is 
impressed  upon  the  compensating  circuit,  and  the  less  upon  the 
armature  circuit,  the  lower  is  the  speed  at  which  the  commuta- 
tion factor  is  a  minimum,  and  the  commutation  so  good  or 
perfect.  That  is,  with  ^  =  1,  or  the  repulsion  motor  with 
secondary  excitation,  the  commutation  is  best  at  70  per  cent  of 
synchronism,  and  gets  poor  above  synchronism.  With  t  =  0.5, 
or  a  series  repulsion  motor  with  half  the  voltage  on  the  com- 
pensating, half  on  the  armature  circuit,  the  commutation  is  best 
just  above  synchronism,  with  the  motor  constants  chosen  in  this 
instance,  and  gets  poor  at  speeds  above  150  per  cent  of  syn- 
chronism.   With  t  =  0.2,  or  only  20  per  cent  of  the  voltage  on 
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Fig.  205. — Repulsion  Motor,  Secondary  Excitation. 


the  compensating  circuit,  the  commutation  gets  perfect  at  double 
synchronism. 

Best  commutation  thus  is  secured  by  shifting  the  supply  vol- 
tage with  increasing  speed  from  the  compensating  to  the  arma- 
ture circuit. 

^  >  1,  or  a  reverse  voltage  —  e^  impressed  upon  the  armature 
circuit,  so  still  further  improves  the  commutation  at  very  low 
speeds. 

For  high  values  of  t,  however,  the  power-factor  of  the  motor 
falls  off  somewhat. 

The  impedance  of  the  short-circuited  armature  coils,  chosen 
in  the  preceding  example, 

Z,  =  7.5 -10  J, 
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corresponds  to  fairly  high  resistance  and  inductive  reactance  in 
the  commutator  leads,  as  frequently  used  in  such  motors. 

314.  As  a  further  example  are  shown  in  Fig.  206  and  Fig.  207 
curves  of  a  motor  with  low-resistance  and  low-reactance  com- 
mutator leads,  and  high  number  of  armature  turns,  that  is, 
low  reduction  factor  of  field  to  armature  circuit,  of  the  constants 

Z,  ==4-2/; 
hence,  X^  =  0.373  -  0.267  j, 

and  c^  =  0.3, 

c^  =  0.03, 
the  other  constants  being  the  same  as  before. 
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Fig.  206  shows,  with  the  speed  as  abscissas,  the  current,  torque, 
power  output,  power-factor,  efficiency  and  commutation  current 
ig,  under  such  a  condition  of  operation,  that  at  low  speeds  <=  1.0, 
that  is,  the  motor  is  a  repulsion  motor  with  secondary  excitation, 
and  above  the  speed  at  which  ^  =  1.0  gives  best  commutation 
(90  per  cent  of  synchronism  in  this  example),  i  is  gradually 
decreased,  so  as  to  maintain  ig  a  minimum,  that  is,  to  maintain 
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best  commutation.    The  values  of  t  required  heretofore  are 
plotted  in  dotted  lines. 

As  seen,  at  10  per  cent  above  synchronism,  ig  drops  below  i, 
that  is,  the  commutation  of  the  motor  becomes  superior  to  that 
of  a  good  direct-current  motor. 
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Fig.  207  then  shows  the  commutation  factors,  A;  =  -? ,  of  the 
different  motors,  all  under  the  assumption  of  the  same  constants: 

Z  =  0.25   -  3  /, 
Z'  =  0.25   -  2.5  i, 
JZ,  =  0.1     -0.3  J, 
Z,  =  0.025-0.075/, 
Z,  =  0.025-0.075/, 
Z,  =  4        -2/, 
Co  =  0.3, 
c,  =  0.03. 

Curve  I  gives  the  commutation  factor  of  the  motor  as  induc- 
tively compensated  series  motor  (/  =  0),  as  constant,  k  =  3.82, 
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that  is,  the  current  change  at  leaving  the  brushes  is  3.82  times 
the  main  current.  Such  condition,  under  continued  operation, 
would  give  destructive  sparking. 

Curve  II  shows  the  series  repulsion  motor,  with  20  per  cent  of 
the  voltage  on  the  compensating  winding,  ^  =  0.2;  and 

Curve  III  with  half  the  voltage  on  the  compensating  winding, 
t  =  0.5. 

Curve  IV  corresponds  to  ^  =  1,  or  all  the  voltage  on  the  com- 
pensating winding,  and  the  armature  circuit  closed  upon  itself: 
repulsion  motor  with  secondary  excitation. 

Curve  V  corresponds  tot  =  2,  or  full  voltage  in  reverse  direction 
impressed  upon  the  armature,  double  voltage  on  the  compen- 
sating winding. 

Curve  VI  gives  the  minimum  commutation  factor,  as  derived 
by  varying  t  with  the  speed,  in  the  manner  discussed  before. 

For  further  comparison  are  given,  for  the  same  motor  con- 
stants: 

Curve  VII,  the  plain  repulsion  motor,  showing  its  good  com- 
mutation below  synchronism,  and  poor  commutation  above 
synchronism,  and: 

Curve  VIII,  an  overcompensated  series  motor,  that  is,  con- 
ductively  compensated  series  motor,  in  which  the  compensating 
winding  contains  20  per  cent  more  ampere-turns  than  the  arma- 
ture, so  giving  20  per  cent  overcompensation. 

As  seen,  overcompensation  does  not  appreciably  improve 
commutation  at  low  speeds,  and  spoils  it  at  higher  speeds. 

Fig.  207  also  gives  the  two  components  of  the  compensating 

e.m.f,,  E^f  which  are  required  to  give  perfect  commutation,  or 

zero  commutation  current; 

e ' 
i^    =  -i  =  component  in  phase  with  c,  giving  quadrature 

flux; 

i^'   =-?-==  component  in  quadrature  with  c,  giving  flux  in 

phase  with  e. 

316.  In  direct-current  motors,  overcompensation  greatly 
improves  commutation,  and  so  is  used  in  the  form  of  a  com- 
pensating winding,  commutating  pole  or  interpole.  In  such 
direct-current  motors,  the  reverse  field  of  the  interpole  produces 
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a  current  in  the  short-circuited  armature  coil,  by  its  rotation,  in 
the  same  direction  as  the  armature  current  in  the  coil  after 
leaving  the  brushes,  and  by  proper  proportioning  of  the  com- 
mutating  field,  the  commutation  current,  ig,  thus  can  be  made 
to  vanish,  that  is,  perfect  commutation  produced. 

In  alternating-current  motors,  to  make  the  commutation 
current  vanish  and  so  produce  perfect  commutation,  the  current 
in  the  short-circuited  coil  must  not  only  be  equal  to  the  arma- 
ture current  in  intensity,  but  also  in  phase,  that  is,  the  commu- 
tating  field  must  not  only  have  the  proper  intensity,  but  also 
the  proper  phase. 

In  paragraph  310  we  have  seen  that  the  commutating  field 
has  the  proper  phase  to  make  ig  vanish,  if  produced  by  a 
voltage  impressed  upon  the  compensating  winding 

which  for  all  except  very  low  speeds  is  very  nearly  in  phase  with 
e.  The  magnetic  flux  produced  by  this  voltage,  or  the  com- 
mutating flux,  so  is  nearly  in  quadrature  with  e,  and  therefore 
approximately  in  quadrature  with  the  current  in  the  motor, 
at  such  speeds  where  the  current,  i,  is  nearly  in  phase  with  e. 
The  commutating  flux  produced  by  conductive  overcompensa- 
tion, however,  is  in  phase  with  the  current,  t,  hence  is  of  a 
\vTong  phase  properly  to  commutate. 

That  is,  in  the  alternating-current  commutator  motor,  the 
commutating  flux  should  be  approximately  in  quadrature  with 
the  main  flux  or  main  current,  and  so  cannot  be  produced  by 
the  main  current  by  overcompensation,  but  is  produced  by  the 
combined  magnetizing  action  of  the  main  current  and  a  second- 
ary current  produced  thereby,  since  in  a  transformer  the  result- 
ant flux  lags  approximately  90  degrees  behind  the  primary 
current. 

The  same  results  we  can  get  directly  by  investigating  the  com- 
mutation current  of  the  overcompensated  series  motor.  This 
motor  is  characterized  by 

(1)    c  =  jb;,+  c,^o  +  cA; 

where    c,  =  1   +  g  =  reduction  factor  of  compensating  circuit 
to  armature. 

(2)     /,  =  c,/,  /,  =  c,/,  /,  =  /. 
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Substituting  into  the  fundamental  equations  of  the  single- 
phase  commutator  motor  gives  the  results, 

T  « 


where, 


J       ^  (c.  +  jSgA)  _ 
•*~  ZK  ' 


ZK  =  (Z,  +  Z^-jSc^  -jSi,  {c^  +  jSqZ'). 
To  make  Ig  vanish,  it  must  therefore  be, 

or  approximately, 

or,  with  the  numerical  values  of  the  preceding  instance, 
0.046  +0.295/ 

?  =  • s 

That  is,  the  overcompensating  component,  g,  must  be  approxi- 
mately in  quadrature  with  the  current,  / ,  hence  cannot  be  pro- 
duced by  this  current  under  the  conditions  considered  here;  and 
overcompensation,  while  it  may  under  certain  conditions  improve 
the  conmiutation,  can  as  a  rule  not  give  perfect  commutation 
in  a  series  alternating-current  motor. 

A  discussion  and  comparison  of  the  different  types  of  asyn- 
chronous alternating-current  motors  is  given  in  International 
Electrical  Congress,  St.  Louis  Transactions,  1904. 

316.  The  preceding  study  of  commutation  is  based  on  the 
assumption  of  the  short-circuit  current  under  the  brush  as 
alternating  current.  This,  however,  is  strictly  the  case  only  at 
standstill,  as  already  discussed  in  the  paragraphs  on  the  repul- 
sion motor.    At  speed,  an  exponential  term,  due  to  the  abrupt 
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change  of  current  in  the  annature  coil  when  passing  under  the 
brush,  superimposes  upon  the  e.m.f.  generated  in  the  short- 
circuited  coil,  and  so  on  the  short-circuit  current  under  the 
brush,  and  modifies  it  the  more,  the  higher  the  speed,  that  is, 
the  quicker  the  current  change.  This  exponential  term  of  e.m.f. 
generated  in  the  armature  coil  short-circuited  by  the  commutator 
brush,  is  the  so-called  "e.m.f.  of  self-induction  of  commutation." 
It  exists  in  direct-current  motors  as  well  as  in  alternating-current 
motors,  and  is  controlled  by  overcompensation,  that  is,  by  a 
commutating  field  in  phase  with  the  main  field,  and  approxi- 
mately proportional  to  the  armature  current. 

The  investigation  of  the  exponential  term  of  generated  e.m.f. 
and  of  short-circuit  current,  the  change  of  the  commutation 
current  and  commutation  factor  brought  about  thereby  and 
the  study  of  the  commutating  field  required  to  control  this 
exponential  term  leads  into  the  theory  of  transient  phenomena, 
that  is,  phenomena  temporarily  occurring  during  and  immedi- 
ately after  a  change  of  circuit  condition.* 

The  general  conclusions  are: 

The  control  of  the  e.m.f.  of  self-induction  of  commutation  of 
the  single-phase  commutator  motor  requires  a  commutating 
field,  that  is,  a  field  in  quadrature  position  in  space  to  the  main 
field,  approximately  proportional  to  the  armature  current  and 
in  phase  with  the  armature  current,  hence  approximately  in 
phase  with  the  main  field. 

Since  the  commutating  field  required  to  control,  in  the  arma- 
ture coil  under  the  commutator  brush,  the  e.m.f.  of  alternation 
of  the  main  field,  is  approximately  in  quadrature  behind  the 
main  field  —  and  usually  larger  than  the  field  controlling  the 
e.m.f.  of  self-induction  of  commutation  —  it  follows  that 
the  total  commutating  field,  or  the  quadrature  flux  required 
to  give  best  conmiutation,  must  be  ahead  of  the  values  derived 
in  paragraphs  309  to  311. 

As  the  field  required  by  the  e.m.f.  of  alternation  in  the  short- 
circuited  coil  was  found  to  lag  for  speeds  below  the  speed  of  best 
commutation,  and  to  lead  above  this  speed,  from  the  position 
in  quadrature  behind  the  main  field,  the  total  conmiutating 

*  See  **  Theory  and  Calculations  of  Transient  Electric  Phenomena  and 
Oscillations/'  Sections  I  and  II. 
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field  must  lead  this  field  controlling  the  e.m.f.  of  alternation, 
and  it  follows: 

Choosing  the  e.m.f.,  jB,,  impressed  upon  the  compensating 
winding  in  phase  *with,  and  its  magnetic  flux,  therefore  in  quad- 
rature (approximately),  behind  the  main  field,  gives  a  com- 
mutation in  the  repulsion  and  the  series  repulsion  motor  which 
is  better  than  that  calculated  from  paragraphs  309  to  311,  for  all 
speeds  up  to  the  speed  of  best  commutation,  but  becomes 
inferior  for  speeds  above  this.  Hence  the  commutation  of  the 
repulsion  motor  and  of  the  series  repulsion  motor,  when  con- 
sidering the  self-induction  of  commutation,  is  superior  to  the 
calculated  values  below,  inferior  above  the  critical  speed,  that 
is,  the  speed  of  minimum  commutation  current.  The  com- 
mutation of  the  overcompensated  series  motor  is  superior  to  the 
values  calculated  in  the  preceding,  though  not  of  the  same 
magnitude  as  in  the  motors  with  quadrature  commutating  flux. 

It  also  follows  that  an  increase  of  the  inductive  reactance  of  the 
armature  coil  increases  the  exponential  and  decreases  the  alter- 
nating term  of  e.m.f  and  therewith  the  current  in  the  short- 
circuited  coil,  and  therefore  requires  a  commutating  flux  earlier 
in  phase  than  that  required  by  an  armature  coil  of  lower  reac- 
tance, hence  improves  the  commutation  of  the  series  repulsion 
and  the  repulsion  motor  at  low  speeds,  and  spoils  it  at  high 
speeds,  as  seen  from  the  phase  angles  of  the  commutating  flux 
calculated  in  paragraphs  309  to  311. 

Causing  the  armature  current  to  lag,  by  inserting  external 
inductive  reactance  into  the  armature  circuit,  has  the  sanie 
effect  as  leading  commutating  flux:  it  improves  commutation  at 
low,  impairs  it  at  high  speeds.  In  consequence  hereof  the  com- 
mutation of  the  repulsion  motor  with  secondary  excitation  — 
in  which  the  inductive  reactance  of  the  main  field  circuit  is  in 
the  armature  circuit  —  is  usually  superior,  at  moderate  speeds, 
to  that  of  the  repulsion  motor  with  primary  excitation,  except 
at  very  low  speeds,  where  the  angle  of  lag  of  the  armature  cur- 
rent is  very  large. 


CHAPTER  XXVIIL 

REACTION  MACHINES. 

317.  In  the  chapters  on  Alternating-Current  Generators 
and  on  Induction  Motors,  the  assumption  has  been  made  that 
the  reactance,  x,  of  the  machine  is  a  constant.  While  this  is 
more  or  less  approximately  the  case  in  many  alternators,  in 
others,  especially  in  machines  of  large  armature  reaction,  the 
reactance,  x,  is  variable,  and  is  different  in  the  different  positions 
of  the  armature  coils  in  the  magnetic  circuit.  This  variation  of 
the  reactance  causes  phenomena  which  do  not  find  their  expla- 
nation by  the  theoretical  calculations  made  under  the  assump- 
tion of  constant  reactance. 

It  is  known  that  synchronous  motors  of  large  and  variable 
reactance  keep  in  synchronism,  and  are  able  to  do  a  consider- 
able amount  of  work,  and  even  carry  under  circumstances  full 
load,  if  the  field-exciting  circuit  is  broken,  and  thereby  the 
counter  e.m.f.,  E^,  reduced  to  zero,  and  sometimes  even  if 
the  field  circuit  is  reversed  and  the  counter  e.m.f.,  E^,  made 
negative. 

Inversely,  under  certain  conditions  of  load,  the  ciurent  and 
the  e.m.f.  of  a  generator  do  not  disappear  if  the  generator  field 
circuit  is  broken,  or  even  reversed  to  a  small  negative  value,  in 
which  latter  case  the  current  is  against  the  e.m.f.,  JS?^,  of  the 
generator. 

Furthermore,  a  shuttle  armature  without  any  winding  will 
in  an  alternating  magnetic  field  revolve  when  once  brought  up 
to  synchronism,  and  do  considerable  work  as  a  motor. 

Tiiese  phenomena  are  not  due  to  remanent  magnetism  nor 
to  the  magnetizing  effect  of  Foucaiilt  currents,  because  they 
exist  also  in  machines  with  laminated  fields,  and  exist  if  the 
alternator  is  brought  up  to  synchronism  by  external  means  and 
the  remanent  magnetism  of  the  field  poles  destroyed  before- 
hand by  application  of  an  alternating  current. 

667 
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318.  These  phenomena  cannot  be  explained  under  the  assump- 
tion of  a  constant  synchronous  reactance;  because  in  this  case, 
at  no-field  excitation,  the  e.m.f.  or  counter  e.m.f.  of  the  machine 
is  zero,  and  the  only  e.m.f.  existing  in  the  alternator  is  the  e.m.f. 
of  self-induction;  that  is,  the  e.m.f.  induced  by  the  alternating 
current  upon  itself.  If,  however,  the  synchronous  reactance  is 
constant,  the  counter  e.m.f.  of  self-induction  is  in  quadrature 
with  the  current  and  wattless;  that  is,  can  neither  produce  nor 
consume  energy. 

In  the  synchronous  motor  running  without  field  excitation, 
always  a  large  lag  of  the  current  behind  the  impressed  e.m.f. 
exists;  and  an  alternating  generator  will  yield  an  e.m.f.  without 
field  excitation  only  when  closed  by  an  external  circuit  of  large 
negative  reactance;  that  is,  a  circuit  in  which  the  current  leads 
the  e.m.f.,  as  a  condenser,  or  an  over-excited  synchronous  motor, 
etc. 

Self-excitation  of  the  alternator  by  armature  reaction  can 
be  explained  by  the  fact  that  the  counter  e.m.f.  of  self-induction 
is  not  wattless  or  in  quadrature  with  the  current,  but  contains 
an  energy  component;  that  is,  that  the  reactance  is  of  the  form 
X  ^  h  —jx,  where  x  is  the  wattless  component  of  reactance 
and  h  the  energy  component  of  reactance,  and  h  is  positive  if  the 
reactance  consumes  power  —  in  which  case  the  counter  e.m.f. 
of  self-induction  lags  more  than  90°  behind  the  current  — 
while  h  is  negative  if  the  reactance  produces  power  —  in  which 
case  the  counter  e.m.f.  of  self-induction  lags  l^s  than  90°  behind 
the  current. 

319.  A  case  of  this  nature  has  been  discussed  already  in  the 
chapter  on  Hysteresis,  from  a  different  point  of  view.  There 
the  effect  of  magnetic  hysteresis  was  found  to  distort  the  cur- 
rent wave  in  such  a  way  that  the  equivalent  sine  wave,  that  is, 
the  sine  wave  of  equal  effective  strength  and  equal  power  with 
the  distorted  wave,  is  in  advance  of  the  wave  of  magnetism  by 
what  is  called  the  angle  of  hysteretic  advance  of  phase  a.  Since 
the  e.m.f.  generated  by  the  magnetism,  or  counter  e.m.f.  of  self- 
induction  lags  90°  behind  the  magnetism,  it  lags  90°  +  a  behind 
the  current;  that  is,  the  self-induction  in  a  circuit  containing 
iron  is  not  in  quadrature  with  the  current  and  thereby  wattless, 
but  lags  more  than  90°  and  thereby  consumes  power,  so  that 
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the  reactance  has  to  be  represented  hy  X  =  h  —  jx,  where  h  is 
what  has  been  called  the  '*  effective  hysteretic  resistance." 

A  similar  phenomenon  takes  place  in  alternators  of  variable 
reactance,  or,  what  is  the  same,  variable  magnetic  reluctance. 

320.  Obviously,  if  the  reactance  or  reluctance  is  variable, 
it  will  perform  a  complete  cycle  during  the  time  the  armature 
coil  moves  from  one  field  pole  to  the  next  field  pole,  that  is, 
during  one-half  wave  of  the  main  current.  That  is,  in  other  words, 
the  reluctance  and  reactance  vary  with  twice  the  frequency  of 
the  alternating  main  current.  Such  a  case  is  shown  in  Figs.  208 
and  209.  The  impressed  e.m.f.,  and  thus  at  negUgible  resistance, 
the  counter  e.m.f.,  is  represented  by  the  sine  wave,  E,  thus  the 
magnetism  produced  thereby  is  a  sine  wave,  ^,  90°  ahead  of  E. 
The  reactance  is  represented  by  the  sine  wave,  x,  varying  with 
the  double  frequency  of  E,  and  shown  in  Fig.  208  to  reach  the 
maximum  value  during  the  rise  of  magnetism,  in  Fig.  209 
during  the  decrease  of  magnetism.  The  current,  /,  required 
to  produce  the  magnetism,  ^,  is  found  from  ^  and  x  in  com- 
bination with  the  cycle  of  molecular  magnetic  friction  of  the 
material,  and  the  power,  P,  is  the  product,  IE.  As  seen  in 
Fig.  208,  the  positive  part  of  P  is  larger  than  the  negative  part; 
that  is,  the  machine  produces  electrical  energy  as  generator. 
In  Fig.  209  the  negative  part  of  P  is  larger  than  the  positive; 
that  is,  the  machine  consumes  electrical  energy  and  produces* 
mechanical  energy  as  synchronous  motor.  In  Figs.  210  and  211 
are  given  the  two  hysteretic  cycles  or  looped  curves,  ^,  /  under 
the  two  conditions.  They  show  that,  due  to  the  variation  of 
reactance,  x,  in  the  first  case,  the  h3rsteretic  cycle  has  been  over- 
turned so  as  to  represent,  not  consumption,  but  production  of  elec- 
trical energy,  while  in  the  second  case  the  hysteretic  cycle  has  been 
widened,  representing  not  only  the  electrical  energy  consumed 
by  molecular  magnetic  friction,  but  also  the  mechanical  output. 

321.  It  is  evident  that  the  variation  of  reluctance  must  be 
symmetrical  with  regard  to  the  field  poles;  that  is,  that  the 
two  extreme  values  of  reluctance,  maximum  and  minimum,  will 
take  place  at  the  moment  when  the  armature  coil  stands  in 
front  of  the  field  pole,  and  at  the  moment  when  it  stands  mid- 
way between  the  field  poles. 
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Fig.  208.  —  Variable  Reactance,  Reaction  Machine. 


Fig.  209.  —  Variable  Reactance,  Reaction  Machine. 
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The  effect  of  this  periodic  variation  of  reluctance  is  a  distortion 
of  the  wave  of  e.m.f.,  or  of  the  wave  of  current,  or  of  both. 
Here  again,  as  before,  the  distorted  wave  can  be  replaced  by 
the  equivalent  sine  wave,  or  sine  wave  of  equal  effective  intensity 
and  equal  power. 

The  instantaneous  value  of  magnetism  produced  by  the 
armature  current  —  which  magnetism  generates  in  the  arma- 
ture conductor  the  e.m.f.  of  self-induction  —  is  proportional  to 
the  instantaneous  value  of  the  current  divided  by  the  instan- 
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Fia.  210.  —  Hysteretic  Loop  of  Reaction  Machine. 


taneous  value  of  the  reluctance.  Since  the  extreme  values  of 
the  reluctance  coincide  with  the  symmetrical  positions  of  the 
armature  with  regard  to  the  field  poles  —  that  is,  with  zero  and 
maximum  value  of  the  generated  e.m.f.,  E^^  of  the  machine  — 
it  follows  that,  if  the  current  is  in  phase  or  in  quadrature  with 
the  generated  e.m.f.,  E^^  the  reluctance  wave  is  symmetrical  to 
the  current  wave,  and  the  wave  of  magnetism  therefore  sym- 
metrical to  the  current  wave  also.  Hence  the  equivalent  sine 
wave  of  magnetism  is  of  equal  phase  with  the  current  wave;  that 
is,  the  e.m.f.  of  self-induction  lags  90°  behind  the  current,  or  is 
wattless. 

Thus  at  no-phase  displacement,  and  at  90°  phase  displace- 
ment, a  reaction  machine  can  neither  produce  electrical  power 
nor  mechanical  power. 
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322.  If,  however,  the  current  wave  differs  in  phase  from  the 
wave  of  e.m.f.  by  less  than  90°,  but  more  than  zero  degrees,  it  is 
unsymmetrical  with  regard  to  the  reluctance  wave,  and  the 
reluctance  will  be  higher  for  rising  current  than  for  decreasing 
current,  or  it  will  be  higher  for  decreasing  than  for  rising  current, 
according  to  the  phase  relation  of  current  with  regard  to  gen- 
erated e.m.f.,  E^. 

In  the  first  case,  if  the  reluctance  is  higher  for  rising,  lower  for 
decreasing,  current,  the  magnetism,  which  is  proportional  to 
current  divided  by  reluctance,  is  higher  for  decreasing  than  for 
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Fig.  211.  —  Hysteretic  Loop  of  Reaction  Machine. 


rising  current;  that  is,  its  equivalent  sine  wave  lags  behind  the 
sine  wave  of  current,  and  the  e.m.f.  or  self-induction  will  lag 
more  than  90°  behind  the  current;  that  is,  it  will  consume 
electrical  power,  and  thereby  deliver  mechanical  power,  and  do 
work  as  a  synchronous  motor. 

In  the  second  case,  if  the  reluctance  is  lower  for  rising,  and 
higher  for  decreasing,  current,  the  magnetism  is  higher  for  rising 
than  for  decreasing  current,  or  the  equivalent  sine  wave  of 
magnetism  leads  the  sine  wave  of  the  current,  and  the  coimter 
e.m.f.  of  self-induction  lags  less  than  90°  behind  the  current; 
that  is,  yields  electric  power  as  generator,  and  thereby  con- 
sumes mechanical  power. 
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In  the  first  case  the  reactance  will  be  represented  by  X  =  A — jx, 
as  in  the  case  of  hysteresis;  while  in  the  second  case  the  reac- 
tance will  be  represented  hy  X  =  —h  —  jx, 

323.  The  influence  of  the  periodical  variation  of  reactance 
will  obviously  depend  upon  the  nature  of  the  variation,  that  is, 
upon  the  shape  of  the  reactance  curve.  Since,  however,  no 
matter  what  shape  the  wave  has,  it  can  always  be  resolved  in  a 
series  of  sine  waves  of  double  frequency,  and  its  higher  har- 
monics, in  first  approximation  the  assumption  can  be  made  that 
the  reactance  or  the  reluctance  varies  with  double  frequency  of 
the  main  current;  that  is,  is  represented  in  the  form, 

X  =  a  +  6  cos  2  ^. 
Let  the  inductance  be  represented  by 

L  =  Z  +  Z'  cos  2  i9, 
=  Z(1  +  7  cos  2^); 

where  7  =  amplitude  of  variation  of  inductance. 

Let 
0  =  angle  of  lag  of  zero  value  of  current  behind  maximum  value 
of  the  inductance  L. 

Then,  assuming  the  current  as  sine  wave,  or  replacing  it  by 
the  equivalent  sine  wave  of  effective  intensity,  /,  current, 

i  =  /\/2sin09-»). 

The  magnetism  produced  by  this  current  is 

n 
where  n  =  number  of  turns. 
Hence,  substituted. 


* sin  0?  -  ^)  (1  4-  7  cos  2  p), 

n 


or,  expanded, 

^      Z/V2 


—  )(l-|-)cos^sini9-n +|j  sm^cos/?|, 
when  neglecting  the  term  of  triple  frequency  as  wattless. 
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Thus  the  e.m.f.  generated  by  this  magnetism  is 

hence,  expanded, 
e  =  -2nilI\/2  jfl -|jcos<9  cos/?  +  (l  +  |)  sin(?sin^ 

and  the  efifective  value  of  e.m.f., 


=  2  7ZJII  V/l  +?  -7cos2/?. 
4 

Hence,  the  apparent  power,  or  the  volt-amperes, 


^-. 

=  iE  =  2  Tzfip  y/i  +  J 

—  7  cos 

2d 

E' 

2  nfl\  1  +  J-  -y  cos 

2e 

The  instantaneous  value  of  power  is 

p  =  a 

inflP  sin  (^-e)\(l  ~|)cos^cos/?  + 

f  1  4-  ^  j  sin  <9  sin  ^  I ; 

and,  expanded, 

p 27:flP  Ul  +^sin2<?sin'/9-(l  -  |) 

sin  2  <9  cos'  /?  4-  sin  2  fiUos  2  <9  -^j  |  . 

Integrated,  the  effective  value  of  poweris 
P nflP  y  sin  2  0; 


REACTION  MACHINES.  666 

hence,  negative,  that  is,  the  machine  consumes  electrical,  and 
produces  mechanical,  power,  as  synchronous  motor,  if  ^  >  0, 
that  is,  with  lagging  current;  positive,  that  is,  the  machine  pro- 
duces electrical,  and  consumes  mechanical  power,  as  generator, 
if  ^  >  0,  that  is,  with  leading  current. 
The  power-factor  is 

P  y  sin  2  » 

p  =  —  =  — /  — ; 

«o       2yi+L^ycos2/9 
hence,  a  maximum,  if 

de    "' 
1,  y  ,  1. 


or,  expanded, 


cos2fl  =  -  +7±t\/8  -f  Y^. 
y      4      4 


The  power,  P,  is  a  maximum  at  given  current,  /,  if 

sin2»  =  1; 

e  =  45°; 
at  given  e.m.f.,  E,  the  power  is 

E^ysm2e 


that  is,  /,_^Ko. 


p  = ^ 

.    4  7r//(l  +^-ycos2^) 

hence,  a  maximum  at 

dd    "' 

or,  expanded, 

cos  2  ^  =         ^  • 


-^ 


324.  We  have  thus,  at  impressed  e.m.f.,  E,  and  negligible 
resistance,  if  we  denote  the  mean  value  of  reactance 

X  =  2  nfl. 
Current 

I .   ^ 

1  —         _■ —  -.  • 

x\l  +^-ycos2d 


666  ALTERNATING-CURRENT  PHENOMENA. 

Volt-amperes, 

p  =         ^ 


4 
Power, 


J5*  7  sin  2  (? 


2  X  ^1  +  J  -  7  cos  2  ^) 

Power-factor, 

/ET  rx  7  sin  2^ 

p  =  cos  {Ey  I)  = 


2Vl  +  ^  -7COs2» 
4 

Maximum  power  at 


cos  2  ^  =  -     '^ 


-^ 


Maximum  power-factor  at 


7  .  1 


cos2<9  =  -  +  7±tV8  +  7', 
7      4      4 

^  >  0:  synchronous  motor,  with  lagging  current, 

0  <  0:  generator,  with  leading  current. 

As  an  example  is  shown  in  Fig.  212,  with  angle  6  as  abscissas, 
the  values  of  current,  power,  and  power-factor,  for  the  constants, 
E  =  110,  X  =  3,  and  7  =  0.8. 

41 


P  = 


p  =  cos  (E,  I)  = 


VlA5  -  cos  2  fl 

-  2017  sin  2  0 
1.45  -  cos  2  fl  ' 

0:447  sin  2  0 


Vl.45  -  cos  2  <? 
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As  seen  from  Fig.  212,  the  power-factor,  p,  of  such  a  machine 
is  very  low  —  does  not  exceed  40  per  cent  in  this  instance. 

Very  similar  to  the  reaction  machine  in  principle  and  character 
of  operation  are  the  synchronous  induction  motor,  section  208, 
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Fig.  212.  —  Reaction  Machine. 


and  the  hysteresis  motor,  section  209,  either  of  which  is  a  gen- 
erator above  synchronism,  and  at  synchronism  can  be  motor  as 
well  as  generator,  depending  on  the  relative  position  between 
stator  field  and  rotor. 


CHAPTER  XXIX. 

DISTORTION   OP  WAVE-SHAPE  AND   ITS   CAUSES. 

326.  In  the  preceding  chapters  we  have  considered  the  alter- 
nating currents  and  alternating  e.m.fs.  as  sine  waves  or  as 
replaced  by  their  equivalent  sine  waves. 

While  this  is  sufficiently  exact  in  most  cases,  under  certain 
circumstances  the  deviation  of  the  wave  from  sine  shape  becomes 
of  importance,  and  with  certain  distortions  it  may  not  be 
possible  to  replace  the  distorted  wave  by  an  equivalent  sine 
wave,  since  the  angle  of  phase  displacement  of  the  equivalent 
sine  wave  becomes  indefinite.  Thus  it  becomes  desirable  to 
investigate  the  distortion  of  the  wave,  its  causes  and  its  eflfects. 

Since,  as  stated  before,  any  alternating  wave  can  be  repre- 
sented by  a  series  of  sine  functions  of  odd  orders,  the  inves- 
tigation of  distortion  of  wave-shape  resolves  itself  in  the 
investigation  of  the  higher  harmonics  of  the  alternating  wave. 

In  general  we  have  to  distinguish  between  higher  harmonics 
of  e.m.f.  and  higher  harmonics  of  current.  Both  depend  upon 
each  other  in  so  far  as  with  a  sine  wave  of  impressed  e.m.f.  a 
distorting  efifect  will  cause  distortion  of  the  current  wave,  while 
with  a  sine  wave  of  current  passing  through  the  circuit,  a  dis- 
torting efifect  will  cause  higher  harmonics  of  e.m.f. 

326.  In  a  conductor  revolving  with  uniform  velocity  through 
a  uniform  and  constant  magnetic  field,  a  sine  wave  of  e.m.f.  is 
generated.  In  a  circuit  with  constant  resistance  and  constant 
reactance,  this  sine  wave  of  e.m.f.  produces  a  sine  wave  of 
current.  Thus  distortion  of  the  wave-shape  or  higher  har- 
monics may  be  due  to  lack  of  uniformity  of  the  velocity  of  the 
revolving  conductor;  lack  of  uniformity  or  pulsation  of  the 
magnetic  field;  pulsation  of  the  resistance  or  pulsation  of 
the  reactance. 

The  first  two  cases,  lack  of  uniformity  of  the  rotation  or 
of  the  magnetic  field,  cause  higher  harmonics  of  e.m.f.  at  open 
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circuit.  The  last,  pulsation  of  resistance  and  reactance,  causes 
higher  harmonics  only  when  there  is  current  in  the  circuit,  that  is, 
under  load. 

Lack  of  uniformity  of  the  rotation  is  of  no  practical  interest 
as  a  cause  of  distortion,  since  in  alternators,  due  to  mechanical 
momentum,  the  speed  is  always  very  nearly  uniform  during  the 
period. 

Thus  as  causes  of  higher  harmonics  remain: 

1st.  Lack  of  uniformity  and  pulsation  of  the  magnetic  field, 
causing  a  distortion  of  the  generated  e.m.f.  at  open  circuit  as 
well  as  under  load. 

2d.  Pulsation  of  the  reactance,  causing  higher  harmonics 
under  load. 

3d.  Pulsation  of  the  resistance,  causing  higher  harmonics 
under  load  also. 

Taking  up  the  different  causes  of  higher  harmonies  we  have:  — 

Lack  of  Uniformity  and  Pulsation  of  tlie  Magnetic  Field. 

327.  Since  most  of  the  alternating-current  generators  con- 
tain definite  and  sharply  defined  field  poles  covering  in  different 
types  different  proportions  of  the  pitch,  in  general  the  mag- 
netic flux  interlinked  with  the  armature  coil  will  not  vary  as  a 
sine  wave,  of  the  form 

^  cos  p, 

but  as  a  complex  harmonic  function,  depending  on  the  shape 
and  the  pitch  of  the  field-poles,  and  the  arrangement  of  the 
armature  conductors.  In  this  case,  the  magnetic  flux  issuing 
from  the  field-pole  of  the  alternator  can  be  represented  by  the 
general  equation, 

*  =  A^  +  i4j  cos  /?  4-  ^2  cos  2  ^  4-  A3  cos  3  /?  +  .  .  . 
+  B^  sin  ft  rf  ^2  sin  2  /?  +  7?3  sin  3  /?  +  .  .  . 

If  the  reluctance  of  the  armature  is  uniform  in  all  directions, 
so  that  the  distribution  of  the  magnetic  flux  at  the  field-pole 
face  does  not  change  by  the  rotation  of  the  armature,  the  rate 
of  cutting  magnetic  flux  by  an  armature  conductor  is  *,  and 
the  e.m.f.  generated  in  the  conductor  thus  equal  thereto  in 
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wave-shape.  As  a  rule  A^,  A„  A4  .  .  .  B^,  B^  equal  zero; 
that  is,  successive  field-poles  are  equal  in  strength  and  distri- 
bution of  magnetism,  but  of  opposite  polarity.  In  some  types 
of  machines,  however,  especially  induction  alternators,  this  is 
not  the  case. 

The  e.m.f .  generated  in  a  full-pitch  armature  tium  —  that  is, 
armature  conductor  and  return  conductor  distant  from  former 
by  the  pitch  of  the  armature  pole  (corresponding  to  the  distance 
from  field-pole  center  to  pole  center)  is 

=  2  {A, 

+  Bj  sin  /?  4-  J5j  sin  3  /?  +  B5  sin  5  /?  4-  .  .  .  } 


I  cos  /?  +  Ag  cos  3  /?  +  Aj  cos  5  ^  +  .  . 
Bj  sin  /?  4-  J5j  sin  3  /?  +  B5  sin  5  /?  4-  .  . 

n  imsvmmetrical  distribution  of  the  ] 


Even  with  an  imsymmetrical  distribution  of  the  magnetic 
flux  in  the  air-gap,  the  e.m.f.  wave  generated  in  a  full-pit<jh 
armature  coil  is  symmetrical;  the  positive  and  negative  half- 
waves  equal,  and  correspond  to  the  mean  flux  distribution  of 
adjacent  poles.  With  fractional  pitch-windings  —  that  is, 
windings  whose  turns  cover  less  than  the  armature  pole-pitch  — 
the  generated  e.m.f.  can  be  imsymmetrical  with  unsymmetrical 
magnetic  field,  but  as  a  rule  is  symmetrical  also.  In  unitooth 
alternators  the  total  generated  e.m.f.  has  the  same  shape  as  that 
generated  in  a  single  turn. 

With  the  conductors  more  or  less  distributed  over  the  surface 
of  the  armature,  the  total  generated  e.m.f.  is  the  resultant  of 
several  e.m.fs.  of  different  phases,  and  is  thus  more  uniformly 
varying;  that  is,  more  sinusoidal,  approaching  sine  shape,  to 
within  3  per  cent  or  less,  as  for  instance  the  curves  Fig.  213 
and  Fig.  214  show,  which  represent  the  no-load  and  full-load 
wave  of  e.m.f.  of  a  three-phase  multitooth  alternator.  The  prin- 
cipal term  of  these  harmonics  is  the  third  harmonic,  which  con- 
sequently appears  more  or  less  in  all  alternator  waves.  As  a 
rule  these  harmonics  can  be  considered  together  with  the  har- 
monics due  to  the  varying  reluctance  of  the  magnetic  circuit. 

In  iron-clad  alternators  with  few  slots  and  teeth  per  pole,  the 
passage  of  slots  across  the  field-poles  causes  a  pulsation  of  the 
magnetic  reluctance,  or  its  reciprocal,  the  magnetic  reactance 
of  the  circuit.  In  consequence  thereof  the  magnetism  per  field- 
pole,  or  at  least  that  part  of  the  magnetism  passing  through  the 
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Fig.  213.  —  No-load  Wave  of  E.M.F.  of  Multitooth  Three-phaser. 
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armature,  will  pulsate  with  a  frequency,  2  7,  if  7  =  number  of 
slots  per  pole. 

Thus,  in  a  machine  with  one  slot  per  pole,  the  instanta- 
neous, magnetic  flux  interlinked  with  the  armature  conductors 
can  be  expressed  by  the  equation 

^  =  *  cos  /?  {1  +  e  cos  [2  /?  -  »]} 
where  ^  =  average  magnetic  flux, 

e  =  amplitude  of  pulsation, 
and  0  =  phase  of  pulsation. 

In  a  machine  with  7  slots  per  pole,  the  instantaneous  flux  inter- 
linked with  the  armature  conductors  will  be 

^  =  *cos/?  {1  4-  £  cos  [2  7/?-^]}, 

if  the  assumption  is  made  that  the  pulsation  of  the  magnetic 
flux  follows,  a  simple  sine  law,  as  first  approximation. 

In  general  the  instantaneous  magnetic  flux  interlinked  with 
the  armature  conductors  will  be 

^  =  *cos/?  {1  +  e^cos  (2 /?-<?,)  +  e^cos  (4^-^,)+.  .  .}, 

where  the  term,  €y,  is  predominating  if  7  =  number  of  armature 
slots  per  pole.  This  general  equation  includes  also  the  effect  of 
lack  of  uniformity  of  the  magnetic  flux. 

In  case  of  a  pulsation  of  the  magnetic  flux  with  the  fre- 
quency, 2  7,  due  to  an  existence  of  7  slots  per  pole  in  the  arma- 
ture, the  instantaneous  value  of  magnetism  interlinked  with  the 
armature  coil  is 

^  =  *cos^  {1  +  £  cos  [2  7/?-^]}. 
Hence  the  e.m.f.  generated  thereby, 

^  -V2nfn^  J-   {cos^(l  +  ecos[2  7/?-<?])}. 
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e 

27  +  1 


573 


V2iz}n^  Ssin/?-^    «  ^"V^  sin  [(2  7  -  1) /? -^] 


+  £ 


■sin[(27  +  I)?  -0]]^ 


Hence,  the  pulsation  of  the  magnetic  flux  with  the  frequency, 
2  7,  as  due  to  the  existence  of  7  slots  per  pole,  introduces  two 
harmonics,  of  the  orders  (2  7  —  1)  and  (27  +  1). 

328.  If  7  =  1  it  is 

e  =  \/2  ;r/n*<sin^  +  |  sin  (/?  -  ^)  -f  —sin  (3/?  -  ^)  J  ; 

that  is,  in  a  unitooth  single-phaser  a  pronounced  triple  har- 
monic may  be  expected,  but  no  pronounced  higher  harmonics. 
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Fig.  215.  —  No-load  Wave  of  E.M.F.  of  Unitooth  Monocyclic  Alternator. 

Fig.  215  shows  the  wave  of  e.m.f.  of  the  main  coil  of  a  mon- 
ocyclic alternator  at  no  load,  represented  by, 

6  =  J5?  {sin  /?  -  0.242  sin  (3  /?  -  6.3)  -  0.046  sin  (5 /?  -  2.6) 
+  0.068  sin  (7  /?  -  3.3)  -  0.027  sin  (9  /?  -  10.0)  -  0.018 
sin  (11  /?  -  6.6)  +  0.029  sin  (13  p  -  8.2) }  ; 

hence  giving  a  pronounced  triple  harmonic  only,  as  expected. 
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If  7  =  2,  it  is, 

e  «  v^;r/n*jsin/?  4-  ^sin(3/?  -- ^)  +  4  sin  (5^  ~^)j, 

the  no-load  wave  of  a  unitooth  quarter-phase  machine,  having 
pronounced  triple  and  quintuple  harmonics. 
If  7  =  3,  it  is, 

e  =  V27zfn^  I  sin  /?  +  -^sin  (5^-6)  + -^  sm  (7  p  -  d)i  • 

That  is,  in  a  unitooth  three-phaser,  a  pronounced  quintuple 
and  septuple  harmonic  may  be  expected,  but  no  pronounced 
triple  harmonic. 
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Fig.  216.  —  No-load  Wave  of  E.M.F.  of  Unitooth  Tliree-Phase  Alternator. 

Fig.  216  shows  the  wave  of  e.m.f.  of  a  unitooth  three-phaser 
at  no-load,  represented  by 

e^E  }sin^  -  0.12  sin  (3  i9  -  2.3)  -  0.23  sin  (5/?  -  1.5) 
+  0.134  sin  (7  ^  -  6.2)  -  0.002  sin  (9  /?  +  27.7)  -  0.046 
sin  (11  p  -  5.5)  +  .031  sin  (13  p  -  61.5)}. 

Thus  giving  a  pronoimced  quintuple  and  septuple  and  a 
lesser  triple  harmonic,  probably  due  to  the  deviation  of  the  field 
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from  uniformity,  as  explained  above,  and  deviation  of  the 
pulsation  of  reluctance  from  sine-shape.  In  some  especially 
favorable  cases,  harmonics  as  high  as  the  23d  and  25th  have  been 
observed,  caused  by  pulsation  of  the  reluctance,  and  even  still 
higher  harmonics. 

In  general,  if  the  pulsation  of  the  magnetic  reactance  is  denoted 
by  the  general  expression 

1  +5y  ^cos(2  7i9-<9y), 

the  instantaneous  magnetic  flux  is 

^  =  ^cos/?  jl  +  ^y  eyCOs(27^-<9y)j 

=  <I>  I  cos^  +  1^  cos  (^  -  e,)  +  2vr|cos[(27  +  1) 

^-  ^]+^'  cos  [(27  +  1)^  -  ^+j]j  ; 
hence,  the  e.m.f., 

e  =  V2  7zfn<^  j  sin  /?  4-  ^  sin  09  -  d^)  +  gy 

[£^  sin[(2  7  +  1)  ^  -  /?J  +  ^+isin[(27  +  1)/?  -  0^^,]]  j  • 

Pvlsalion  of  Reactance. 

329.  The  main  causes  of  a  pulsation  of  reactance  are  mag- 
netic saturation  and  hysteresis,  and  synchronous  motion.  Since 
in  an  iron-clad  magnetic  circuit  the  magnetism  is  not  propor- 
tional to  the  m.m.f.,  the  wave  of  magnetism  and  thus  the  wave 
of  e.m.f.  will  dififer  from  the  wave  of  current.  As  far  as  this 
distortion  is  due  to  the  variation  of  permeability,  the  distortion  is 
symmetrical  and  the  wave  of  generated  e.m.f.  represents  no 
power.  The  distortion  caused  by  hysteresis,  or  the  lag  of  the 
magnetism  behind  the  m.m.f.,  causes  an  imsymmetrical  distor- 
tion of  the  wave  which  makes  the  wave  of  generated  e.m.f. 
differ  by  more  than  90°  from  the  current  wave  and  thereby 
represents  power  —  the  power  consumed  by  hysteresis. 
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In  practice  both  effects  arc  always  superimposed ;  that  is, 
in  a  ferric  inductive  reactance,  a  distortion  of  wave-shape  takes 
place  due  to  the  lack  of  proportionality  between  magnetism  and 
m.m.f.  as  expressed  by  the  variation  in  the  hysteretic  cycle. 

This  pulsation  of  reactance  gives  rise  to  a  distortion  con- 
sisting mainly  of  a  triple  harmonic.  Such  current  waves  dis- 
torted by  hysteresis,  with  a  sine  wave  of  impressed  e.m.f.,  are 
shown  in  Figs.  86  and  87,  Chapter  XIII^  on  Hysteresis.  Inversely, 
if  the  current  is  a  sine  wave,  the  magnetism  and  the  e.m.f.  will 
differ  from  sine-shape. 

For  further  discussion  of  this  distortion  of  wave-shape  by 
hysteresis,  Chapter  XIII  may  be  consulted. 

330.  Distortion  of  wave-shape  takes  place  also  by  the  pul- 
sation of  reactance  due  to  synchronous  rotation,  as  discussed 
in  the  chapter  on  Reaction  Machines. 

In  Figs.  208  and  209,  at  a  sine  wave  of  impressed  e.m.f,,  the 
distorted  current  waves  have  been  constructed. 

Inversely,  if  a  sine  wave  of  current, 

t  =  /  cos  ^, 

exists  through  a  circuit  of  synchronously  varying  reactance, 
as  for  instance,  the  armature  of  a  unitooth  alternator  or  syn- 
chronous motor  —  or,  more  general,  an  alternator  whose  arma- 
ture reluctance  is  different  in  different  positions  with  regard  to 
the  field-poles  —  and  the  reactance  is  expressed  by 

X  ==x{l  +  £Cos(2/9  ^d)}] 
or,  more  general, 

x  =^  x|  I  +  2r  s  ^^«  (-  7/?  -  0^)  \  ; 

the  wave  of  magnetism  is 

-  2^  |c08^  +  I    cos  (^  -  tf,)    +  2*[f  C(XS  [(2y  +  1) 

^-Oy]+  ^—^  cc«  [(2  7  +  1)  .3-  5,  +  1]]}  ; 
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hence  the  wave  of  generated  e.m.f., 

dt  '     dp 

=  x  jsin^+^sin(^-/?,)  +  ^-^^--^^H^-^  sin [(2  7+1) 

P  -0y]+    By   +   1  sin  [(2  7   +   1)^   '-0y+   1]]  i  } 

that  is,  the  pulsation  of  reactance  of  frequency,  2  7,  introduces 
two  higher  harmonics  of  the  order  (2  7  -  1)  and  (2  7  +  1). 

If  ^X  ^x\l  +  ficos(2/?-^){, 

it  is 

*  ^  2^  1  ''''^^  +  ^  cos  (/?-/?)+ 1  cos  (3^9  -  »)  I  ; 
c  =  X  j  sin/?  +  ^  Wn  09  -  ^)  +  Y  sin  (3/?  -  /?)  j  . 

Since  the  pulsation  of  reactance  due  to  magnetic  saturation 
and  hysteresis  is  essentially  of  the  frequency,  2/  —  that  is, 
describes  a  complete  cycle  for  each  half-wave  of  current  —  this 
shows  why  the  distortion  of  wave-shape  by  hysteresis  consists 
essentially  of  a  triple  harmonic. 

The  phase  displacement  between  e  and  t,  and  thus  the  power 
consumed  or  produced  in  the  electric  circuit,  depends  upon  the 
angle,  0,  as  discussed  before. 

331.  In  case  of  a  distortion  of  the  wave-shape  by  reactance, 
the  distorted  waves  can  be  replaced  by  their  equivalent  sine 
waves,  and  the  investigation  with  suflScient  exactness  for  most 
cases  be  carried  out  under  the  assumption  of  sine  waves,  as  done 
in  the  preceding  chapters. 

Similar  phenomena  take  place  in  circuits  containing  polari- 
zation cells,  leaky  condensers,  or  other  apparatus  representing 
a  synchronously  varying  negative  reactance.  Possibly  dielectric 
hysteresis  in  condensers  causes  a  distortion  similar  to  that  due 
to  magnetic  hysteresis. 
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Pulsation  of  Resistance. 

332.  To  a  certain  extent  the  investigation  of  the  effect  of 
synchronous  pulsation  of  the  resistance  coincides  with  that  of 
reactance;  since  a  pulsation  of  reactance,  when  unsymmetrical 
with  regard  to  the  current  wave,  introduces  a  power  component 
which  can  be  represented  by  an  "effective  resistance." 

Inversely,  an  unsymmetrical  pulsation  of  the  ohmic  resistance 
introduces  a  wattless  component,  to  be  denoted  by  "effective 
reactance." 

A  typical  case  of  a  synchronously  pulsating  resistance  is 
represented  in  the  alternating  arc. 

The  apparent  resistance  of  an  arc  depends  upon  the  current 

through  the  arc;  that  is,  the  apparent  resistance  of  the  arc  = 

potential  difference  between  electrodes .   , .  ,  -  „ 

^ IS  high  for  small  currents, 

current 

low  for  large  currents.  Thus  in  an  alternating  arc  the  apparent 
resistance  will  vary  during  every  half-wave  of  current  between  a 
maximum  value  at  zero  current  and  a  minimum  value  at  maxi- 
mum current,  thereby  describing  a  complete  cycle  per  half-wave 
of  current. 

Let  the  effective  value  of  current  through  the  arc  be  repre- 
sented by  /. 

Then  the  instantaneous  value  of  current,  assuming  the  current 
wave  as  sine  wave,  is  represented  by 

i  =  /V^sm/?; 

and  the  apparent  resistance  of  the  arc,  in  first  approximation,  by 

fl=r  (1  +  ecos2/?); 

thus  the  potential  difference  at  the  arc  is 

e  =  iR=^  I  V2rsmp{l  +  £COs2i9) 

=  r/V2  Ul  -^)sin^  +  ^sin3/?!  • 
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Hence  the  efifective  value  of  potential  difference, 


-  r/V'l-.  +  f 
and  the  apparent  resistance  of  the  arc, 


The  instantaneous  power  consumed  in  the  arc  is 

ie  -=2rP\\l  -  ^  Ar? p  +  |  sin  ^9  sin  3  jSJ  • 

Hence  the  effective  power, 

P  =  rr(l-i). 

The  apparent  power,  or  volt-amperes  consumed  by  the  arc, 


Thus  the  power-factor  of  the  arc, 


'•-is 


P        •-? 


v/i-..l' 


that  is,  less  than  unity. 


333.  We  find  here  a  case  of  a  circuit  in  which  the  power-factor 
—  that  is,  the  ratio  of  watts  to  volt-amperes  —  differs  from  unity 
without  any  displacement  of  phase;  that  is,  while  current  and 
e.m.f.  are  in  phase  with  each  other,  but  are  distorted,  the  alter- 
nating wave  cannot  be  replaced  by  an  equivalent  sine  wave, 
since  the  assumption  of  equivalent  sine  wave  would  introduce  a 
phase  displacement, 

cos  ^  =  p 

of  an  angle,  0,  whose  sign  is  indefinite. 
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As  an  example  are  shown,  in  Fig.  214,  for  the  constants,  /  =  12, 
r  =  3,  e  =  0.9,  the  resistance, 

«  =  3  (1  +0.9cos2^); 
the  current, 

i  =  17  sin  P) 

the  potential  difiference, 

c  =  28  (sin  /9  +  0.82  sin  3  P). 

In  this  case  the  effective  e.in.f.  is 

E  =  25.5; 


/V            -/^                                        / 

t\     /  i             t 

^■:i^^l-      t   E^^             -.^i 

Z  4\  t   -i   7X  ^            2   4^ 

'^   t \%-4jX   -t         ^^    J 

I  x%  t%J^     \       1     t^ 

t7   t^t^^2        \   -/        t^ 

V      ^^y      \         ^^^        y 

i            >     ^     4: 

/                    fS  -Tv  /a 

4                       I   ^Z   t^   4 

t                       X      i~A      t 

/        ^AFIAJLI    RESrij/NCE        \             /               \            / 

/                 R«    3  l+.9cL2/5)                        i                     \         f 

l=,7.in/J                       tZ                     Al 

y                      e-28(in/J+.J2.n3/5)          ^^                            ^J 

Fig.  217.  —  Periodically  Varying'Resistance. 

the  apparent  resistance, 

r,  =  2.13; 
the  power, 

P  =  244; 
the  apparent  power. 

El  =  307; 
the  power-factor, 

p  -  0.796. 
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As  seen,  with  a  sine  wave  of  current  the  e.m.f.  wave  in  an 
alternating  arc  will  become  double-peaked,  and  rise  very  abruptly 
near  the  zero  values  of  current.  Inversely,  with  a  sine  wave  of 
e.iii.f.  the  current  wave  in  an  alternating  arc  will  become  peaked, 
and  very  flat  near  the  zero  values  of  e.m.f. 

334.  In  reality  the  distortion  is  of  more  complex  natiu^, 
since  the  pulsation  of  resistance  in  the  arc  does  not  follow  a 
simple  sine  law  of  double  frequency,  but  varies  much  more 
abruptly  near  the  zero  value  of  current,  making  thereby  the 
variation  of  e.m.f.  near  the  zero  value  of  current  much  more 
abruptly,  or,  inversely,  the  variation  of  current  more  flat. 
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Fia.  218.  —  Electric  Arc. 

A  typical  wave  of  potential  difference,  with  a  sine  wave  of 
current  through  the  arc,  is  given  in  Fig.  218.* 

336.  The  value  of  £,  the  amplitude  of  the  resistance  pulsation, 
largely  depends  upon  the  nature  of  the  electrodes  and  the 
steadiness  of  the  arc,  and  with  soft  carbons  and  a  steady  arc  is 
small,  and  the  power-factor,  p,  of  the  arc  near  unity.  With  hard 
carbons  and  an  unsteady  arc,  e  rises  greatly,  higher  harmonics 
appear  in  the  pulsation  of  resistance,  and  the  power-factor,  p, 
falls,  being  in  extreme  cases  even  as  low  as  0.6. 

*  From  American  Institute  of  Electrical  Engineers,  Transactions,  1890, 
p.  376.     Tobey  and  Walbridge,  on  the  Stanley  Alternate  Arc  Dynamo. 
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This  double-peaked  appearance  of  the  voltage  wave,  as  shown 
by  Figs.  217  and  218,  is  characteristic  of  the  arc  to  such  an  extent 
that  when  in  the  investigation  of  an  electric  circuit  by  oscillo- 
graph such  a  wave-shape  is  found,  the  existence  of  an  arc  or 
arcing  ground  somewhere  in  the  circuit  may  usually  be  sus- 
pected. This  is  of  importance  as  in  high-voltage  systems  arcs  are 
liable  to  cause  dangerous  voltages. 

The  pulsation  of  the  resistance  in  an  arc,  as  shown  in  Fig.  218 
for  hard  carbons,  is  usually  very  far  from  sinoidal,  as  assumed  in 
Fig.  217.  It  is  due  to  the  feature  of  the  arc  that  the  voltage 
consumed  in  the  arc  flame  decreases  with  increase  of  current  — 
approximately  inversely  proportional  to  the  square  root  of  the 
current  —  and  so  is  lowest  at  maximum  current. 

Approximately,  the  volt-ampere  characteristic  of  the  arc  can 
be  represented  by, 

Vi 

where  6^,  is  a  constant  of  the  electrode  material  (mainly),  c  a  con- 
stant depending  also  upon  the  electrode  material  and  on  the 
arc  length,  and  approximately  proportional  thereto. 

This  equation  would  give  e  =  oo ,  f or  i  =  0.  This  obviously 
is  not  feasible.  However,  besides  the  arc  conduction  as  given 
by  above  equation  —  which  depends  upon  mechanical  motion 
of  the  vapor  stream  —  a  slight  conduction  also  takes  place 
through  the  residual  vapor  between  the  electrodes,  as  a  path  of 
high  resistance,  r,  and  near  zero  current,  where  the  voltage  is 
not  sufficient  to  maintain  an  arc,  this  latter  conduction  carries 
the  current. 

The  characteristic  of  the  alternating-current  arc  therefore 
consists  of  the  combination  of  two  curves;  the  arc  characteristic, 
(1),  and  the  resistance  characteristic, 

e  =  ft.  (2) 

The  phenomenon  then  follows  that  curve  which  gives  the 
lowest  voltage;  that  is,  for  high  values  of  current,  is  represented 
by  equation  (1),  for  low  values  of  current,  by  equation  (2). 
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336.  As  an  example  are  shown  in  Fig.  219  the  calculated 
curves  of  an  alternating  arc  between  hard  carbons  (or  carbides); 
for  the  constants, 

e^  =  30  volts, 

c  «40, 

r   =  70  ohms. 
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The  curve,  /,  represents  the  arc  conduction,  following  equation 
(1), 

vi 

and  the  curve,  II,  represents  the  conduction  through  the  (sta- 
tionary) residual  vapor,  by  equation  (2),  near  the  zero  points, 
A  and  D,  of  the  current, 

e  =  70  i. 

As*  seen,  from  F  to  B  the  Voltage  varies  approximately  pro- 
portionally with  the  current.    At  B  the  arc  starts,  and  the  volt- 
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age  drops  with  the  further  increase  of  current,  and  then  rises 
again  with  the  decreasing  current,  until  at  C,  the  intersection 
point  between  curves  I  and  II,  the  arc  extinguishes,  and  the 
voltage  follows  curve  II,  until  at  E  the  arc  starts  again.  The 
two  sharp  peaks  of  the  curve  thus  represent  respectively  the 
starting  and  the  extinction  of  the  arc. 

Since  the  higji  values  of  voltage  near  zero  current  lower,  and  the 
low  values  of  voltage  near  maximum  current  raise  the  value  of 
the  current,  the  current  wave  does  not  remain  a  sine  wave,  if 
the  arc  voltage  is  an  appreciable  part  of  the  total  voltage,  but 
the  current  wave  becomes  peaked,  with  flat  zero,  as  expressed 
approximately  by  a  third  harmonic  in  phase  with  the  funda- 
mental.   The  current  wave  in  Fig.  211  so  has  been  assumed  as 

i  =  13  cos  ^  4-  2  cos  3  ^. 

From  Fig.  219  follows: 

effective  value  of  current,     9.30  amperes, 

effective  value  of  voltage,    47.2  volts, 

hence,  volt-amperes  consumed  by  the  arc,  439  volt-amperes; 
and,  by  averaging  the  products  of  the  instantaneous  values  of 
volts  and  amperes, 

power  consumed  in  the  arc,         388  watts; 
hence, 

power-factor,  77  per  cent. 

If  the  resistance,  r,  of  the  residual  arc-vapor  is  lower,  as  by 
the  use  of  softer  carbons,  for  instance,  given  by 

r  =  30  ohms, 

as  shown  by  the  dotted  curve,  IP,  in  Fig.  219,  the  voltage  peaks 
are  greatly  cut  down,  giving  a  lesser  wave-shape  distortion,  and 
so, 

effective  value  of  voltage,    43 . 1  volts, 

volt-amperes  in  arc.  395  volt-amperes, 

watts  in  arc,  335  watts, 

hence,     power-factor,  85  per  cent. 
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Comparing  Fig.  219  with  218  shows  that  219  fairly  well  approxi- 
mates 218,  except  that  in  Fig.  218  the  second  peak  is  lower  than 
the  first.  This  is  due  to  the  lower  resistance,  r,  of  the  residual 
vapor,  immediately  after  the  passage  of  the  arc,  than  before  the 
starting  of  the  arc.  Fig.  218  also  shows  a  decrease  of  resistance, 
r,  immediately  before  starting,  or  after  extinction  of  the  arc, 
which  may  be  represented  by  some  expression  like 

r  •=  r,^-^ 
where  6  <  1, 

but  which  has  not  been  considered  in  Fig.  219. 

The  softer  the  carbons,  the  more  is  the  latter  effect  appreciable, 
and  the  peaks  rounded  off,  thus  causing  the  curve  to  approach 
the  appearance  of  Fig.  217,  while  with  metal  arcs,  where  r  is 
very  high,  the  peaks,  especially  the  first,  become  very  sharp 
and  high,  frequently  reaching  values  of  several  thousand  volts. 

337.  One  of  the  most  important  sources  of  wave-shape  dis- 
tortion is  the  presence  of  iron  in  a  magnetic  circuit.  The  mag- 
netic induction  in  iron,  and  therewith  the  magnetic  flux,  is  not 
proportional  to  the  magnetizing  force  or  the  exciting  current, 
but  the  magnetic  induction  and  the  magnetizing  force  are  related 
to  each  other  by  the  hysteresis  cycle  of  the  iron,  as  discussed  in 
Chapter  XIII.  In  an  iron-clad  magnetic  circuit,  the  magnetic 
flux  and  the  current,  therefore,  cannot  both  be  sine  waves;  if  the 
magnetic  flux  and  therefore  the  generated  e.m.f.  are  sine  waves, 
the  current  differs  from  sine  wave-shape,  while  if  a  sine  wave  of 
current  is  sent  through  the  circuit,  the  magnetic  flux  and  the 
generated  e.m.f.  cannot  be  sine  waves. 

A.   SiTie  Wave  of  Voltage. 

Let  a  sine  wave  of  e.m.f.  be  impressed  upon  an  iron-clad 
reactance  coil,  or  a  primary  coil  of  a  transformer  with  open 
secondary  circuit.  Neglecting  the  ohmic  resistance  of  the 
circuit,  that  is,  assuming  the  generated  e.m.f.  as  equal,  or 
practically  equal  to  the  impressed  e.m.f.,  the  voltage  consumed 
by  the  generated  e.m.f.,  and  therewith  the  magnetic  flux, 
are  sine  waves,  as  represented  by  E  and  B  in  Fig.  220.  The 
current,  which  produces  this  magnetic  flux,  JS,  and  so  the  voltage, 
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E,  then  is  derived  point  by  point  from  5,  by  the  hysteresis  cycle 
of  the  iron.  With  the  hysteresis  cycle  given  in  Pig.  221,  the 
current  then  has  the  wave-shape  ^ven  as  /  in  Pig.  220,  that  is, 


Fia.  220. 


greatly  differs  from  a  sine  wave.  This  distortion  of  the  current 
wave  is  mainly  due  to  the  bend  of  the  magnetic  characteristic, 
that  is,  the  magnetic  saturation,  and  not  to  the  energy  loss,  or 
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the  area  of  the  curve.  This  is  seen  by  resolving  the  current  wave, 
/,  into  two  components,  an  energy  component,  i' ,  in  phase  with 
the  e.m.f.,  e  =  -E  sin  0,  and  a  wattless  component,  i"^  in  quadra- 


DISTORTION  OF  WAVE-^HAPE, 


687 


ture  with  E,  and  in  phase  with  JS.    These  components  are  calcu- 
lated as 

and 

where  i^  and  i,_^  are  the  instantaneous  values  of  the  current,  /, 
at  the  angles  4>  and  n  —  (f>,  respectively. 

These  components,  the  hysteresis  power  current,  %',  and  the 
reactive  magnetizing  current,  i",  are   plotted  in  Fig.  222  and 


7^ 

4^             %'\ 

^                                                    -/.                                   V^          ^                            ^ 

^^              ^             -,^          \              ii^ 

^s.  ^            ^^                   V            ^^     ^ 

^y                  .^U.                             o.^.^                     ^^^ 

"^c-    -,^4          4      "^ — ^^^ 

JS  z    3       J            s; 

^                       3^                           _I                                                     iJ 

Fig.  222. 

show  that  i'  is  nearly  a  sine  wave,  while  i"  is  greatly  distorted, 
and  peaked. 

The  total  current,  /,  derived  by  the  hysteresis  cycle.  Fig.  221, 
from  the  magnetic  flux, 

jB  =  jBq  cos  4>f 

can  be  resolved  into  an  infinite  series  of  harmonic  waves,  that  is, 
a  trigonometric  or  Fourier  series  of  the  form : 

i  ==  Oj  cos  ^  +  ag  cos  3  ^  4-  Oj  cos  5  ^  +  .  .  .  +  an  cos  n^  +  .. . 
+  &i  sin  ^  +  63  sin  3  ^  4-  6^  sin  5  ^  4-  .  .  .  4-  6n  sin  n^  4-  .  •  • 

or  of  the  form : 

i  =  Cj  cos  {4>  -  ^1)  4-  C3  cos  (3  0  -  ^3)  4-  Cj  cos  (5  ^  -  0^ 
4-  . . .  4-  Cn  cos  (n^  -On)  4-  . . . 
where  

Cn  -  V^TTb?, 

tan  ^n  =  —  • 
an 
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The  coefficients  a^  and  &»  are  determined  by  the  definite 
integrals:* 

^n  =  -J   i cosn  <t>d<t>  =  2  Xavg  (i cos  n<f>)*, 


i  sin  n(f>d^  =  2  X  avg  (i  sin  n(f>)'; 

that  is,  by  multiplpng  the  instantaneous  values  of  i,  as  given 
numerically,  by  cosn^  and  sinn^,  respectively,  and  then 
averaging. 

Just  as  in  most  investigations  dealing  with  alternating  currents, 
not  the  fundamental  sine  wave,  but  the  fundamental  sine  wave 
together  with  all  its  higher  hannonics,  that  is,  the  total  wave,  is 
of  importance,  so  also  when  dealing  with  the  higher  harmonics, 
frequently  not  the  individual  higher  harmonic  sine  wave  is  of 
importance,  but  the  higher  harmonic  together  with  all  of  its 
higher  harmonics.  For  instance,  when  dealing  with  the  disturb- 
ances caused  by  the  third  harmonic  in  a  three-phase  system,  the 
third  harmonic  together  with  all  its  higher  harmonics  or  over- 
tones, as  the  ninth,  fifteenth,  twenty-first,  etc.,  comes  in  consid- 
eration, that  is,  all  the  components  which  repeat  after  one-third 
cycle.  The  higher  harmonic  then  appears  as  a  distorted  wave, 
including  its  higher  harmonics. 

To  determine,  from  the  instantaneous  values  of  a  distorted 
wave,  the  instantaneous  values  of  its  nth-harmonic  distorted 
wave,  that  is,  the  nth  harmonic  together  with  its  overtones,  of 
order  3  n,  5  n,  7  n,  etc.,  the  average  is  taken  of  n  instantaneous 
values  of  the  total  wave  (or  any  component  thereof,  which 
includes  the  nth  harmonic),  differing  from  each  other  in  phase  by 

-  period.    That  is,  it  is 


n 

n-l 


-s 


"K+ifi' 


This  method  is  based  on  the  relations 

X « cos {mq>  H 1  =  n  cos  vup, 

o 

"Z^^    .    /    ^       2/wr\ 
VicsmfTW^  + j  =  nsmm^; 

o 

*  See  **  Engineering  Mathematics." 
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if  m  =  n,  or  if  m  is  a  multiple  of  n,  otherwise  these  sums 
where  m  and  n  are  integer  nimibers. 


0, 


338.  In  this  manner,  the  wave  of  exciting  current,  /,  of  Fig. 
220  is  resolved,  in  Fig.  223,  into  the  fundamental  sine  wave,  t\. 
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Fig.  223. 


and  the  higher  harmonics,  ij,  tj,  ij,  which  are  general  waves,  that 
is,  include  their  higher  harmonics. 
Analytically,  it  can  be  represented  by 


i  -  8.857  cos  {<t>  +  37.6°)  +  1.898  cos  3  (^  +  4.1°) 
+  0.585  cos  5  (^  -  1.7°)  +  0.319  cos  7  (^  -  3.2°) 
+  0.158cos9(^  -  2.5°)+  ... 

where  B  =  10,000  cos  ^ 

is  the  wave  of  magnetic  induction. 
The  equivalent  sine  wave  of  above  current  wave  is 

\  =  9.104  cos  {4>  -  36.3°). 

In  this  case,  of  the  distortion  of  a  cmrent  wave  by  an  iron-clad 
reactance  coil  or  transformer,  with  a  sine  wave  of  impressed 
e.m.f.,  it  is,  from  the  above  equation  of  the  current  wave, 

Eflfective  value  of  the  total  ciurent 6.423 

Effective  value  of  its  fundamental  sine  wave    ...     6.27 
Effective  value  of  the  siun  of  all  its  higher  harmonics    1 .  43. 
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That  is,  the  effective  value  of  all  th6  harmonics  is  22 . 3  per  cent  .of 
the  effective  value  of  the  total  current. 


B.  Sine  Wave  of  Current. 

339.  If  a  sine  wave  of  current  exists  through  an  iron-clad 
magnetic  circuit,  as  for  instance,  an  iron-clad  reactance  coil  or 
transformer  connected  in  series  to  a  circuit  traversed  by  a  sine 
wave,  the  potential  difference  at  the  terminals  of  the  reactance 
cannot  be  a  sine  wave,  but  contains  higher  harmonics. 

From  the  sine  wave  of  current 

i  «  /  cos  ^, 

follows  by  the  hysteresis  cycle  Fig.  221  the  wave  of  magnetism. 
This  is  not  a  sine  wave,  but  hollowed  out  on  the  rising,  humped 
on  the  decreasing  side,  that  is,  has  a  distortion  about  opposite 
from  that  of  the  current  wave  in  Fig.  220;  the  wave  of  magnetism 
has  the  maximum  at  the  same  angle,  ^,  as  the  ciu'rent,  but  passes 
the  zero  much  later  than  the  current. 

From  the  wave  of  magnetism  follows  the  wave  of  generated 
e.m.f.,  and  so  (approximately,  that  is,  neglecting  resistance)  of  ter- 
minal voltage  e  at  the  reactance,  since  e  is  proportional  to  -r-r- 

a<p 

It  is  plotted  as  ^  in  Fig.  224,  and  resolved  into  its  harmonics 
in  the  same  manner  as  the  current  wave  in  A. 

As  seen,  with  a  sine  wave  of  current  traversing  an  iron-clad 
reactance,  the  e.m.f.  wave  is  very  greatly  distorted,  and  the 
maximum  value  of  the  distorted  e.m.f.  wave  is  more  than  twice 
the  maximum  of  its  fundamental  sine  wave. 

Denoting  the  current  wave  by, 

i  =  10  sin  {(f>  +  3(f), 

the  e.m.f.  wave  in  Fig.  224  is  represented  by 

e  =  11.67  cos  (<f>  +  2.5°)  +  6.64  cos  3  (^  -  1.13°) 

+  3.24  cos  5  (^  -  2.4°)  +  1.8  cos  7  (^  -  1.53°)  + 

1.16  cos  9  (^  -  0.5°)  +  0.80  cos  11  {<j>  -  2°) 

+  0.53  cos  13  {<f>  -  2°)  +  0.19  cos  15  (^  -  1°)  +  .  . . 


N^ 
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that  is,  all  the  harmonics  are  nearly  in  phase  with  each  other,  so 
accounting  for  the  very  steep  peak.     It  is 

Effective  value  of  total  wave. 9.91 

Effective  value  of  its  fundamental  sine  wave 8.25 

Effective  value  of  the  sum  of  all  its  higher  harmonics    .  5 ,  48 

that  is,  the  effective  value  of  all  the  higher  harmonics  is  55.3  per 
cent  of  the  effective  value  of  the  total  wave. 


T___ex_ 

y .ii_/^ii 


Fig.  224. 


The  impedance  of  this  iron-clad  reactance,  with  a  sine  wave 
current  of  7.07  effective,  so  is 

9.91 


z  = 


7.07 


=  1.40, 


while  the  same  reactance,  with  a  sine  wave  e.m.f .  of  7 .  07  effective, 
in  A,  gives  the  impedance, 

7.07      ,  ,^ 

The  conclusion  is  that  an  iron-clad  magnetic  circuit  is  not 
suitable  for  a  reactor,  since  even  below  saturation  (as  above 
assumed)  it  produces  very  great  wave-shape  distortion. 

As  discussed  before,  the  insertion  of  even  a  small  air-gap  into 
the  magnetic  circuit  makes  the  current  wave  nearly  coincide  in 
phase  and  in  shape  with  the  wave  of  magnetism. 
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C.    Three-phase  CircuitSs 

340.  The  wave-shape  distortion  in  an  iron-clad   magnetic 
circuit  has  an  important  bearing  on  transformer  connections  in 
I        ^^^ee-phase  circuits, 
f  '  The  e.m.fs.  and  the  currents  in  a  three-phase  system  are  dis- 

■  '  \i(  ''^placed  from  each  other  in  phase  by  one-third  of  a  period  or  120 
"''  degrees.  Their  third  harmonics,  therefore,  differ  by  3  X  120° 
or  a  complete  period,  that  is,  are  in  phase  with  each  other.  That 
is,  whatever  third  harmonics  of  e.m.f.  and  of  current  may  exist 
in  a  three-phase  system,  must  be  in  phase  with  each  other  in  all 
three  phases,  or  in  other  words,  for  the  third  harmonics,  the  three- 
phase  system  is  single-phase. 

The  sum  of  the  three  e.m.fs.  between  the  lines  of  a  three-phase 
system  (A  voltages)  is  zero.  Since  their  third  harmonic  would  be 
in  phase  with  each  other,  and  so  add  up,  it  follows: 

The  voltages  between  the  Unes  of  a  three-phase  system,  or  A 
voltages,  cannot  contain  any  third  harmonic  or  their  overtones 
(ninth,  fifteenth,  twenty-first,  etc.,  harmonics). 

Since  in  a  three-wire,  three-phase  system  the  sum  of  the  three 
currents  in  the  line  is  zero,  but  their  third  harmonics  would  be  in 
phase  with  each  other,  and  their  sum,  therefore,  not  zero,  it 
follows : 

The  currents  in  the  lines  of  a  three-wire,  three-phase  system, 
or  Y  currents,  cannot  contain  any  third  harmonic. 

Third  harmonics,  however,  can  exist  in  the  Y  voltage  or  voltage 
between  fine  and  neutral  of  the  system,  and  since  the  third  har- 
monics are  in  phase  with  each  other,  in  this  case,  a  potential 
difference  of  triple  frequency  exists  between  the  neutral  of  the 
system  and  all  three  phases  as  the  other  terminal,  that  is,  the 
whole  system  pulsates  against  the  neutral,  at  triple  frequency. 

Third  harmonics  can  also  exist  in  the  currents  between  the 
fines,  or  A  currents.  Since  the  two  currents  from  one  fine  to  the 
other  two  lines  are  displaced  60  degrees  from  each  other,  their 
third  harmonics  are  in  opposition,  and,  therefore,  neutralize. 
That  is,  the  third  harmonics  in  the  A  currents  of  a  three-phase 
system  do  not  exist  in  the  Y  currents  in  the  fines,  but  exist  only 
in  a  local  closed-circuit. 

Third  harmonics  can  exist  in  the  fine  currents  in  a  four-mre, 
three-phase  system,  as  a  system  with  grounded  neutral.    In  this 
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case,  the  third  harmonics  of  currents  in  the  lines  return  jointly 
over  the  fourth  or  neutral  wir^,  and  even  with  balanced  load  on 
the  three  phases,  the  neutral  wire  carries  a  current  which  is  of 
triple  frequency. 

341.  With  a  sine  wave  of  impressed  e.m.f.  the  current  in  an 
iron-clad  circuit,  as  the  exciting  current  of  a  transformer, 
must  contain  a  strong  third  harmonic,  otherwise  the  e.m.f.  cannot 
be  a  sine  wave.  Since  in  the  lines  of  a  three-phase  system  the 
third  harmonics  of  current  cannot  exist,  interesting  wavenshape 
distortions  thus  result  in  transformers,  when  connected  to  a  three- 
phase  system  in  such  a  manner  that  the  third  harmonic  of  the 
exciting  current  would  have  to  enter  the  line  as  Y  current,  and 
so  is  suppressed. 

For  instance,  connecting  three  iron-clad  reactors,  as  the 
primary  coils  of  three  transformers  —  with  their  secondaries 
open-circuited  —  in  star  or  Y  connection  into  a  three-phase 
system,  with  a  sine  wave  of  e.m.f.,  e,  impressed  upon  the  lines. 
Normally,  the  voltage  of  each  transformer  should  be  a  sine  wave 

also,  and  equal  --=- .    This,  however,  would  require  that  the 

current  taken  by  the  transformer  as  exciting  current  contains  a 
third  harmonic.  As  such  a  third  harmonic  cannot  exist  in  a 
three-phase  circuit,  the  wave  of  magnetism  cannot  be  a  sine  wave, 
but  must  contain  a  third  harmonic,  about  opposite  to  that  which 
was  suppressed  in  the  exciting  ciurent.  The  e.m.f.  generated 
by  this  magnetism,  and  therewith  the  potential  difference  at 
the  transformer,  or  Y  voltage,  therefore,  must  also  contain  a 
third  harmonic,  and  its  overtones,  three  times  as  great  as  that  of 
the  magnetism,  due  to  the  triple  frequency. 

With  three  transformers  connected  in  Y  into  a  three-phase 
system,  with  open  secondary  circuit,  we  have,  then,  with  a  sine 
wave  of  e.m.f.  impressed  between  the  three-phase  lines,  the 
conditions: 

The  voltage  at  the  transformers,  or  Y  voltage,  cannot  be  a  sine 
wave,  but  must  contain  a  third  harmonic  and  its  overtones,  but 
can  contain  no  other  harmonics,  since  the  other  harmonics,  as 
the  fifth,  seventh,  etc.,  would  not  eliminate  by  combining  two 
Y  voltages  to  the  A  voltage  or  line  voltage,  and  the  latter  was 
assumed  as  sine  wave. 
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The  exciting  current  in  the  transformers  cannot  contain  any 
third  harmonic  or  its  overtones,  but  can  contain  all  other 
harmonics. 

The  magnetic  flux  is  not  a  sine  wave,  but  contains  a  third 
harmonic  and  its  overtones,  corresponding  to  those  of  the  Y 
voltage,  but  contains  no  other  harmonics,  and  is  related  to  the 
exciting  current  by  the  hysteresis  cycle. 

Herefrom  then  the  wavenshapes  of  currents,  magnetism  and 
voltage  can  be  constructed.  Obviously,  since  the  relation 
between  current  and  magnetism  is  merely  empirical,  given  by 
the  hysteresis  cycle,  this  cannot  be  done  analytically,  but  only 
by  the  calculation  or  construction  of  the  instantaneous  values  of 
the  curves. 

342.  For  the  hysteresis  cycle  in  Fig.  221,  and  for  a  system  of 
transformers  connected  in  Y,  with  open  secondary  circuit,  into 
a  three-phase  system  with  a  sine  wave  of  e.m.f.  between  the 
lines,  the  curves  of  exciting  current,  magnetic  flux  and  voltage 
per  transformer,  or  between  lines  and  neutral,  are  constructed  in 
Rg.  225. 

i  is  the  exciting  current  of  the  transformer,  and  contains  all 
the  harmonics,  except  the  third  and  its  multiples.  It  is  given 
by  the  equation: 

i  =  8.28  sin  (^  +  30.8°)  -  0.71  sin  (5  ^  -  17.2°)  +  .  . . 

B  is  the  magnetic  flux  density  in  the  transformer.  It  contains 
only  the  third  harmonic  and  its  multiples,  but  no  other  harmotiics, 
and  is  given  by  the  equation: 

B  =  10.0  sin  4>  +  1.38  sin  (3  ^-  9.2°)  +  0.045  sin  9  ^  +  • . . 

e  is  the  potential  difference  of  the  transformer  terminals,  or 
voltage  between  the  three-phase  Unes  and  the  transformer  neu- 
tral. It  contains  the  third  harmonic  and  its  multiples,  but  no 
other  harmonics,  and  is  given  by  the  equation: 

e  =  10.0  cos  <t>  +  4.14  cos  (3  ^-  9.2°)  +  0.405 cos  9  ^  +  .  . . 

The  effective  value  of  the  voltage  is  0.625  c,  and  the  maximum 
value  is  1.175  E,  where  E  =  supply  voltage  or  A  voltage. 
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While  with  a  sine  wave  the  effective  value  would  be 

E 


-^  =  0.577  E, 
\/3 


and  the  maximum  value 

^^i  -  0.815  E\ 
V3 

that  is,  by  the  suppression  of  the  third  harmonic  of  exciting  cur- 
rent in  the  three-phase  system,  the  effective  value  of  the  voltage 
per  transformer,  or  voltage  between  three-phase  Unes  and  neutral 


Fig.  225. 


(or  ground,  if  the  neutral  is  grounded)  has  been  increased  by 
8.5  per  cent,  the  maximum  value  by  44.6  per  cent,  and  the 
voltage  wave  has  become  very  peaked,  by  a  pronounced  third 
harmonic,  of  an  effective  value  of  0.24  E  —  that  is,  38.5  per  cent 
of  the  effective  value  of  the  total  wave. 

The  very  high  peak  of  e.m.f.  produced  by  this  wave-shape 
distortion  is  liable  to  be  dangerous  in  high-potential,  three- 
phase  systems  by  increasing  the  strain  on  the  insulation  between 
lines  and  ground,  and  leading  to  resonance  phenomena  with  the 
third  harmonic. 

The  maximum  value  of  the  distorted  wave  of  magnetism  is 
8.89,  while  with  a  sine  wave  it  would  be  10.0,  that  is,  the  maxi- 
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mum  of  the  wave  of  magnetism  has  been  reduced  by  11.1  per  cent, 
and  the  core  loss  of  the  transformer  so  by  about.  17  per  cent. 

343.  Assuming  now  that  in  such  transformers,  connected 
with  their  primaries  in  Y  into  a  three-phase  circuit,  the  seconda- 
ries are  connected  in  A.  The  third  harmonics  of  e.m.f.,  generated 
in  the  three  transformer  secondaries,  then  are  in  series  in  shortr 
circuit,  thus  produce  a  local  current  in  the  secondary  transformer 
triangle.  This  current  is  of  triple  frequency,  and  hence  supplies 
the  third  harmonic  of  exciting  current,  which  was  suppressed  in 
the  primary,  and  thereby  eliminates  the  third  harmonic  of  mag- 
netism, and  of  e.m.f.,  which  results  from  the  suppression  of  the 
third  harmonic  of  exciting  current,  and  so  limits  itself.  That  is, 
connecting  the  transformer  secondaries  in  A,  the  wave-shape  dis- 
tortion disappears,  and  voltage  and  magnetism  are  again  sine 
waves,  and  the  exciting  current  is  that  corresponding  to  a  sine 
wave  of  magnetism,  except  that  it  is  divided  between  primary 
and  secondary;  the  third  harmonic  of  the  exciting  current  does 
not  exist  in  the  primary,  but  is  produced  by  induction  in  the 
secondary  circuit.  Obviously,  in  this  case,  the  magnetic  flux 
and  the  voltage  are  not  perfect  sine  waves,  but  contain  a  slight 
third  harmonic,  which  produces  in  the  secondary  the  triple- 
frequency  exciting  current. 

If  the  primary  neutral  of  the  transformers  is  connected  to  a 
fourth  wire,  in  a  four-wire,  three-phase  system,  or  three-phase 
system  with  grounded  neutral,  and  this  fourth  wire  leads  back 
to  the  generator  neutral,  or  a  neutral  of  a  transformer  in  which 
the  triple-frequency  current  can  exist,  that  is,  in  which  the 
secondary  is  connected  in  A  —  the  wave-shape  distortion  also 
disappears. 

It  follows  herefrom  that  in  the  three-phase  system  attention 
must  be  paid  to  provide  a  path  for  the  third  harmonic  of  the 
transformer  exciting  current,  either  directly  or  inductively, 
otherwise  a  serious  distortion  of  the  e.m.f.  wave  of  the  trans- 
formers occurs. 


CHAPTER  XXX. 

EFFECTS   OF  HIGHER  HARMONICS. 

344.  To  elucidate  the  variation  in  the  shape  of  alternating 
waves  caused  by  various  harmonics,  in  Pigs.  226  and  527  are 


Fig.  226. 


shown  the  wave-fonns  produced  by  the  superposition  of  the 
triple  and  the  quintuple  harmonic  upon  the  fundamental  sine 
wave. 
In  Fig.  226  is  shown  the  fundamental  sine  )yave  and  the  com- 
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plex  waves  produced  by  the  superposition  of  a  triple  harmonic 
of  30  per  cent  the  amplitude  of  the  fundamental,  under  the  rela- 
tive phase  displacements  of  QP,  45®,  90°,  135®,  and  180®,  repre- 
sentM  by  the  equations: 

sin^S 

sin  p  -  0.3  sin  3  /? 
sin^-0.3sin(3/?  -45®) 
sin  ^  -  0.3  sin  (3  /?  -  90®) 
sm^- 0.3 sin  (3^  -  135®) 
sin  ^-0.3  sin  (3^  -  180®). 

As  seen,  the  effect  of  the  triple  harmonic  is,  in  the  first  figure, 
to  flatten  the  zero  values  and  point  the  maximum  values  of  the 
wave,  giving  what  is  called  a  peaked  wave.  With  increasing 
phase  displacement  of  the  triple  harmonic,  the  flat  zero  rises  and 
gradually  changes  to  a  second  peak,  giving  ultimately  a  flat-top 
or  even  double-peaked  wave  with  sharp  zero.  The  intermediate 
positions  represent  what  is  called  a  saw-tooth  wave. 

In  Fig.  227  are  shown  the  fundamental  sine  wave  and  the 
complex  waves  produced  by  superposition  of  a  quintuple  har- 
monic of  20  per  cent  the  amplitude  of  the  fundamental,  under  the 
relative  phase  displacement  of  0®,  45®,  90®,  135®,  180®,  represented 
by  the  equations: 

sin/? 

sin  /?  -  0.2  sin  5  ^ 

sin/9  -0.2  sin  (5^  -45®) 

sin  p  -  0.2  sin  (5  /?  -  90®) 

sin/9  -0.2  sin  (5^  -  135®) 

sin/?  -  0.2 sin  (5^  -  180®). 

The  quintuple  harmonic  causes  a  flat-topped  or  even  double- 
peaked  wave  with  flat  zero.  With  increasing  phase  displacement 
the  wave  becomes  of  the  type  called  saw-tooth  wave  also.  The 
flat  zero  rises  and  becomes  a  third  peak,  while  of  the  two  fonner 
peaks,  one  rises,  the  other  decreases,  and  the  wave  gradually 
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changes  to  a  triple-peaked  wave  with  one  main  peak^  and  a  sharp 
zero. 

As  seen,  with  the  triple  harmonic,  flat-top  or  double-peak 
coincides  with  sharp  zero,  while  the  quintuple  harmonic  flat-top 
or  double-peak  coincides  with  flat  zero. 


FiQ.  227. 


Sharp  peak  coincides  with  flat  zero  in  the  triple,  with  sharp 
zero  in  the  quintuple  harmonic.  With  the  triple  harmonic,  the 
saw-tooth  shape  appearing  in  case  of  a  phase  difference  between 
fundamental  and  harmonic  is  single,  while  with  the  quintuple 
harmonic  it  is  double. 

Thus  in  general,  from  simple  inspection  of  the  wave-shape, 
the  existence  of  these  first  harmonics  can  be  discovered.  Some 
characteristic  shapes  are  shown  in  Fig.  228. 
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Flat  top  with  flat  zero, 

sin^  -  0.15sin3i9  -  0.10sin5i9. 
Flat  top  with  sharp  zero, 

sin^  -  0.225 sin  (3^9  -  180°)  -  0.05 sin  (5^  -  180°). 


FiQ.  228.—  Some  Characteristic  Wave-Sbapes. 


Double  peak,  with  sharp  zero, 

sin /?  -  0.15 sin  (3 ^  -  180°)  -  0.10 sin 5^9. 
Sharp  peak  with  sharp  zero, 

sin/?  -  0.15 sin3/?  -  O.lOsin  (5/9  -  180°). 

346.  Since  the  distortion  of  the  wave-shape  consists  in  the 
superposition  of  higher  harmonics,  that  is,  waves  of  higher  fre- 
quency, the  phenomena  taking  place  in  a  circuit  supplied  by  such 
a  wave  will  be  the  combined  effect  of  the  different  waves. 


EFFECTS  OF  HIGHER  HARMONICS,  601 

Thus  in  a  non-inductive  circuit  the  current  and  the  potential 
difference  across  the  different  parts  of  the  circuit  are  of  the  same 
shape  as  the  impressed  e.m.f.  If  inductive  reactance  is  inserted 
in  series  with  a  non-inductive  circuit,  the  self-inductive  reactance 
consumes  more  e.m.f.  of  the  higher  harmonics,  since  the  reactance 
is  proportional  to  the  frequency,  and  thus  the  current  and  the 
e.m.f.  in  the  non-inductive  part  of  the  circuit  show  the  higher 
harmonics  in  a  reduced  ampUtude.  That  is,  self-inductive  react- 
ance in  series  with  a  non-inductive  circuit  reduces  the  higher 
harmonics  or  smooths  out  the  wave  to  a  closer  resemblance  to 
sinenshape.  Inversely,  capacity  in  series  to  a  non-inductive 
circuit  consumes  less  e.m.f.  at  higher  than  at  lower  frequency, 
and  thus  makes  the  higher  harmonics  of  current  and  of  potential 
difference  in  the  non-inductive  part  of  the  circuit  more  pro- 
nounced —  intensifies  the  harmonics. 

Self-induction  and  capacity  in  series  may  cause  an  increase  of 
voltage  due  to  complete  or  partial  resonance  with  higher  har- 
monics, and  a  discrepancy  between  volt-amperes  and  watts, 
without  corresponding  phase  displacement,  as  will  be  shown 
hereafter. 

346.  In  long-distance  transmission  over  lines  of  noticeable 
inductive  and  condensive  reactance,  rise  of  voltage  due  to  reso- 
nance may  occur  with  higher  harmonics,  as  waves  of  higher  fre- 
quency, while  the  fundamental  wave  is  usually  of  too  low  a  • 
frequency  to  cause  resonance. 

An  approximate  estimate  of  the  possible  rise  by  resonance  with 
various  harmonics  can  be  obtained  by  the  investigation  of  a 
numerical  example.  Let  in  a  long-distance  line,  fed  by  step-up 
transformers  at  60  cycles. 

The  resistance  drop  in  the  transformers  at  full  load  =  1  per  cent. 
The  reactance  voltage  in  the  transformers  at  full  load  =  5  per 

cent  with  the  fundamental  wave. 
The  resistance  drop  in  the  Une  at  full  load  =  10  per  cent. 
The  reactance  voltage  in  the  Une  at  full  load  =  20  per  cent  with 

the  fundamental  wave. 
The  capacity  or  charging  current  of  the  line  =  20  per  cent  of  the 

full-load  current,  /,  at  the  frequency  of  the  fundamental. 
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The  line  capacity  may  approximately  be  represented  by  a 
condenser  shunted  across  the  middle  of  the  line.  The  e.m.f.  at 
the  generator  terminals,  E^  is  assumed  as  maintained  constant. 

The  e.m.f.  consumed  by  the  resistance  of  the  circuit  from 
generator  terminals  to  condenser  is 

Ir  =  0.06  E, 

E 
or,  r  =  0.06-  • 

The  reactance  e.m.f.  between  generator  terminals  and  con- 
denser is,  for  the  fundamental  frequency, 

Ix=^Q,l5E, 

P 
or,  X  =  0.15-^; 

thus  the  reactance  corresponding  to  the  frequency  (2  A;  —  1)  /  of 
the  higher  harmonic  is 

x(2k  -1)  =  0.15(2ft-l)y. 

The  capacity  current  at  fundamental  frequency  is, 
i  =  0.2  7; 
.hence,  at  the  frequency  (2  ft  —  1)  /, 

i  =  0.2(2ft  -l)e'^, 
if 

e'  =  e.m.f.  of  the  (2  k  —  l)th  harmonic  at  the  condenser, 

e  =  e.m.f.  of  the  (2  k  —  l)th  harmonic  at  the  generator  terminals. 

The  e.m.f.  at  the  condenser  is 


g/  =  Ve^-iV  +  ix  (2  ft  -  1); 
hence,  substituted. 


=  -  = 


e       Vl  -  .059856  (2  ft  -  1)^  +  .0009  (2  ft  -  1)*' 
the  rise  of  voltage  by  inductive  and  condensive  reactance. 
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Substituting, 

*=     1 

2 

3 

4 

5 

6 

or,   2*  -1  =     1 

3 

5 

7 

9 

11 

and            c  =  1.03 

1.36 

3.76 

2.18 

.70 

.38 

That  is,  the  fundamental  will  be  increased  at  open  circuit  by 
3  per  cent,  the  triple  harmonic  by  36  per  cent,  the  quintuple 
harmonic  by  276  per  cent,  the  septuple  harmonic  by  118  per  cent, 
while  the  still  higher  harmonics  are  reduced. 

The  maximum  possible  rise  will  take  place  for 

^        =0,  or,  2A;~1  =  5.77, 


d  (2  A;  -  1) 


that  is,  at  a  frequency,  /  =  346,  and  a  =  14.4. 

That  is,  complete  resonance  will  appear  at  a  frequency  between 
quintuple  and  septuple  harmonic,  and  would  raise  the  voltage  at 
this  particular  frequency  14.4-fold. 

If  the  voltage  shall  not  exceed  the  impressed  voltage  by  more 
than  100  per  cent,  even  at  coincidence  of  the  maximum  of  the 
harmonic  with  the  maximum  of  the  fundamental, 

the  triple  harmonic  must  be  less  than  70  per  cent  of  the 

fundamental, 
the  quintuple  harmonic  must  be  less  than  26.5  per  cent  of  the 

fundamental, 
the  septuple  harmonic  must  be  less  than  46  per  cent   of   the 

fundamental. 

The  voltage  will  not  exceed  twice  the  normal,  even  at  a  fre- 
quency of  complete  resonance  with  the  higher  harmonic,  if  none 
of  the  higher  harmonics  amounts  to  more  than  7  per  cent  of  the 
fundamental.  Herefrom  it  follows  that  the  danger  of  resonance 
in  high-potential  lines  is  frequently  overestimated,  since  the 
conditions  assmiied  in  this  example  are  rather  more  severe  than 
•found  in  lines  of  moderate  length,  the  capacity  current  of  the 
Ime  very  seldom  reaching  20  per  cent  of  the  main  current. 

347.  The  power  developed  by  a  complex  harmonic  wave  in  a 
non-inductive  circuit  is  the  sum  of  the  powers  of  the  individual 
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hannomcs.  Thus  if  upon  a  sine  wave  of  alternating  e.m.f. 
higher  harmonic  waves  are  superposed,  the  effective  e.m.f.,  and 
the  power  produced  by  this  wave  in  a  given  circuit  or  with  a  given 
effective  current,  are  increased.  In  consequence  hereof  alterna- 
tors and  synchronous  motors  of  iron-clad  unitooth  construction 
—  that  is,  machines  giving  waves  with  pronounced  higher 
harmonics  —  may  give  with  the  same  number  of  turns  on  the 
armature,  and  the  same  magnetic  flux  per  field-pole  at  the  same 
frequency,  a  higher  output  than  machines  built  to  produce  sine 
waves. 

348.  This  explains  an  apparent  paradox: 

If  in  the  three-phase  star-connected  generator  with  the  mag- 
netic field  constructed  as  shown  diagrammatically  in  Fig.  229, 
the  magnetic  flux  per  pole  =  ^,  the  number  of  tiuiis  in  series 
per  circuit  =  n,  the  frequency  =  /,  the  e.m.f.  between  any 
two  collector  rings  is 

E  ^  \/2;r/2n*10-», 

since   2n    armature-turns   simultaneously   interlink  with   the 
magnetic  flux,  (b. 
The  e.m.f.  per  armature  circuit  is 

e=  \/2  7r/n*10-«; 

hence  the  e.m.f.  between  collector  rings,  as  resultant  of  two 
e.m.fs.,  6,  displaced  by  60°  from  each  other,  is 

E  =  eV3^  \/2  tt/  VSn^  10-», 

while  the  same  e.m.f.  was  found  from  the  number  of  turns,  the 
magnetic  flux,  and  the  frequency  by  direct  calculation  to  be 
equal  to  2  e;  that  is,  the  two  values  found  for  the  same  e.m.f. 
have  the  proportion  \/3  : 2  =  1: 1.154. 

This  discrepancy  is  due  to  the  existence  of  more  pronounced 
higher  harmonics  in  the  wave,  c,  than  in  the  wave,  JB  =  c  X  V3, 
which  have  been  neglected  in  the  formula 

€  =  >/2  ;r/n*  IQ-*. 
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Hence  it  follows  that,  while  the  e.m.f.  between  two  collector 
rings  in  the  machine  shown  diagrammatically  in  Fig.  229  is  only 
e  X  'n/S,  by  massing  the  same  number  of  turns  in  one  slot 
instead  of  in  two  slots,  we  get  the  e.m.f.,  2  c,  or  15.4  per  cent 
higher  e.m.f.,  that  is,  larger  output. 

It  follows  herefrom  that  the  distorted  e.m.f.  wave  of  a  unitooth 
alternator  is  produced  by  lesser  magnetic  flux  per  pole  —  that  is, 


Fig.  229. —  Three-phase  Star-connected  Alternator. 

in  general,  at  a  lesser  hysteretic  loss  in  the  armature  or  at  higher 
efficiency  —  than  the  same  effective  e.m.f.  would  be  produced 
with  the  same  number  of  armature  turns  if  the  magnetic  dispo- 
sition were  such  as  to  produce  a  sine  wave. 

349.  Inversely,  if  such  a  distorted  wave  of  e.m.f.  is  impressed 
upon  a  magnetic  circuit,  as,  for  instance,  a  transformer,  the  wave 
of  magnetism  in  the  primary  will  repeat  in  shape  the  wave  of 
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magnetism  interlinked  with  the  armature  coils  of  the  alternator, 
and  consequently,  with  a  lesser  maximum  magnetic  flux,  the 
same  effective  counter  e.m.f.  will  be  produced,  that  is,  the  same 
power  converted  in  the  transformer.  Since  the  hysteretic  loss 
in  the  transformer  depends  upon  the  maximum  value  of  mag- 
netism, it  follows  that  the  hysteretic  loss  in  a  transformer  is  less 
with  a  distorted  wave  of  a  unitooth  alternator  than  with  a  sine 
wave. 

360.  From  another  side  the  same  problem  can  be  approached: 
If  upon  a  transformer  a  sine  wave  of  e.m.f.  is  impressed,  the 
wave  of  magnetism  will  be  a  sine  wave  also.  If  now  upon  the 
sine  wave  of  e.m.f..  higher  harmonics,  as  sine  waves  of  triple, 
quintuple,  etc.,  frequency  are  superposed  in  such  a  way  that  the 
corresponding  higher  harmonic  sine  waves  of  magnetism  do  not 
increase  the  maximum  value  of  magnetism,  or  even  lower  it  by  a 
coincidence  of  their  negative  maxima  with  the  positive  maximum 
of  the  fundamental  —  in  this  case  all  the  power  represented  by 
these  higher  harmonics  of  e.m.f.  will  be  transformed  without  an 
increase  of  the  hysteretic  loss,  or  even  with  a  decreased  hysteretic 
loss. 

Obviously,  if  the  maximum  of  the  higher  harmonic  wave  of 
magnetism  coincides  with  the  maximum  of  the  fundamental,  and 
thereby  makes  the  wave  of  magnetism  more  pointed,  the 
hysteretic  loss  will  be  increased  more  than  in  proportion  to  the 
increased  power  transformed,  i.e.,  the  efficiency  of  the  transformer 
will  be  lowered. 

That  is,  some  distorted  waves  of  e.m.f.  are  transformed  at  a 
lesser,  some  at  a  larger,  hysteretic  loss  than  the  sine  wave,  if  the 
same  effective  e.m.f.  is  impressed  upon  the  transformer. 

The  imitooth  alternator  wave  and  the  first  wave  in  Fig.  226 
belong  to  the  former  class;  the  waves  derived  from  continuous- 
current  machines,  tapped  at  two  equi-distant  points  of  the 
armature,  frequently,  to  the  latter  class. 

S61,  Regarding  the  loss  of  energy  by  Foucault  or  eddy  currents, 
this  loss  is  not  affected  by  distortion  of  wave-shape,  since  the 
e.m.f.  of  eddy  currents,  like  the  generated  e.m.f.,  is  proportional 
to  the  secondary  e.m.f. ;  and  thus  at  constant  impressed  primary 
e.m.f.,  the  power  consumed  by  eddy  currents  bears  a  constant 
relation  to  the  output  of  the  secondary  circuit,  as  obvious,  since 
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the  division  of  power  between  the  two  secondary  circuits  —  the 
eddy-current  circuit,  and  the  useful  or  consumer  circuit  —  is 
unaffected  by  wave-shape  or  intensity  of  magnetism. 

362«  In  high-potential  Unes,  distorted  waves  whose  maxima 
are  very  high  above  the  effective  values,  as  peaked  waves,  may  be 
objectionable  by  increasing  the  strain  on  the  insulation.  It  is, 
however,  not  settled  yet  beyond  doubt  whether  the  striking- 
distance  of  a  rapidly-alternating  potential  depends  upon  the 
maximum  value  or  upon  some  value  between  effective  and  maxi- 
mum. Since  disruptive  phenomena  do  not  always  take  place 
immediately  after  appUcation  of  the  potential,  but  the  time 
element  plays  an  important  part,  it  is  possible  that  insulation- 
strain  and  striking-distance  is,  in  a  certain  range  and  with 
some  materials,  dependent  upon  the  effective  potential,  and 
thus  independent  of  the  wave-shape. 

In  this  respect  it  is  quite  Ukely  that  different  insulating 
materials  show  a  different  behavior,  and  homogeneous  soUd 
substances,  as  paraffin,  depend  in  their  disruptive  strength  upon 
the  maximum  value  of  the  potential  difference,  while  hetero- 
geneous materials,  as  mica,  laminated  organic  substances,  air, 
etc.,  that  is,  substances  in  which  the  disruptive  strength  decreases 
with  the  time  application  of  the  potential  difference,  are  less 
afifected  by  very  high  peaks  of  e.m.f.  of  very  short  duration. 


CHAPTER  XXXI. 

SYMBOLIC  REPRESENTATION  OP  GENERAL 
ALTERNATING  WAVES. 

363.  The  vector  representation, 

A  =  a*  +  ja"  =  a  (cos^  +  j  sin  0) 

of  the  alternating  wave, 

A  =  a©  cos  (^  —  6) 

applies  to  the  sine  wave  only. 

The  general  alternating  wave,  however,  contains  an  infinite 
series  of  terms,  of  odd  frequencies, 

A^AjCos   (^-(?i)+ Aj  cos  (3^-^3)+A5  cos  (5^  — ^5)  + 

thus  cannot  be  directly  represented  by  one  complex  vector 
quantity. 

The  replacement  of  the  general  wave  by  its  equivalent  sine 
wave,  as  before  discussed,  that  is,  a  sine  wave  of  equal  effective 
intensity  and  equal  power,  while  sufficiently  accurate  in  many 
cases,  completely  fails  in  other  cases,  especially  in  circuits  con- 
taining capacity,  or  in  circuits  containing  periodically  (and  in 
sjmchronism  with  the  wave)  varying  resistance  or  reactance  (as 
alternating  arcs,  reaction  machines,  synchronous  induction 
motors,  oversaturated  magnetic  circuits,  etc.). 

Since,  however,  the  individual  harmonics  of  the  general  alter- 
nating wave  are  independent  of  each  other,  that  is,  all  products 
of  different  harmonics  vanish,  each  term  can  be  represented  by  a 
complex  symbol,  and  the  equations  of  the  general  wave  then  are 
the  resultants  of  those  of  the  individual  harmonics. 

This  can  be  represented  symboUcally  by  combining  in  one 
formula  symbolic  representations  of  different  frequencies,  thus, 

A  =  ^2n-l  {an'  +  Uan''), 
608 
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where 


and  the  index  of  the  /»  merely  denotes  that  the  fs  of  differ- 
ent indices  n,  while  algebraically  identical,  physically  represent 
different  frequencies,  and  thus  cannot  be  combined. 
The  general  wave  of  e.m.f.  is  thus  represented  by 

E  =  X2n-l  (en'  +  jnCn''), 

the  general  wave  of  current  by 

If  '  . 

Zi  =  r  —  j  (Xm  +  Xo  +  Xc) 

is  the  impedance  of  the  fundamental  harmonic,  where 

Xfn  is  that  part  of  the  reactance  which  is  proportional  to  the 
frequency  (inductance,  etc.). 

Xo  is  that  part  of  the  reactance  which  is  independent  of  the 
frequency  (mutual  inductance,  synchronous  motion,  etc.). 

Xe  is  that  part  of  the  reactance  which  is  inversely  propor- 
tional to  the  frequency  (capacity,  etc.). 

The  impedance  for  the  nth  hajmonic  is 

Z  ^r-]n\nxm  +  Xo  +^)- 

This  term  can  be  considered  as  the'general  symbolic  expression 
of  the  impedance  of  a  circuit  of  general  wave-shape. 

Ohm's  law,  in  symboUc  expression,  assumes  for  the  general 
alternating  wave  the  form 

^  ^  r-'jn(nXm  +  Xo+—j 

E=^IZ0T,  ^2n-l  (Cn^  +  J>n")=  ^2  n-1  [^r-;n(nX^  +  X,  +  ^)1 

(tV  +  Jntn"); 
^         ^         /7  .     /  ,  XA         en  +  jnCn^' 
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The  symbols  of  multiplication  and  division  of  the  tenns,£?,  f ,  Z, 
thus  represent,  not  algebraic  operation,  but  multiplication  and 
division  of  corresponding  terms  of  J^,  /,  Z,  that  is,  terms  of  the 
same  index,  n,  or,  in  algebraic  multiplication  and  division  of  the 
series,  E,  /,  all  compound  terms,  that  is,  terms  containing  two 
different  n's,  vanish. 

364.  The  efifective  value  of  the  general  wave, 
a  =  ill  cos  i^-^i)  +  ^3  cos  (3  ^  - d^)  +  A^  cos  (5  ^  - 0^)-^.  . 
is  the  square  root  of  the  sum  of  mean  squares  of  individual  har- 
monics. 

Since,  as  discussed  above,  the  compound  terms  of  two  different 
indices,  n,  vanish,  the  absolute  value  of  the  general  alternating 
wave. 


is  thus, 


1  6„*'  +  &«"* 


which  offers  an  easy  means  of  reduction  from  symbolic  to 
absolute  values. 
Thus,  the  absolute  value  of  the  e.m.f., 

E  =  j2»-i  (c„>  +  y„e„"), 

is  

E  =  V  S^n-i  (e„»'  +  e„"*), 

1 

the  absolute  value  of  the  current. 


IS 


/=\/£2n-l    (l„^'  +  4"^ 


REPRESENTATION  OF  ALTERNATING  WAVES.         611 

356.  The  double  frequency  power  (torque,  etc.)  equation  of 
the  general  alternating  wave  has  the  same  S3nnbolic  expression 
as  with  the  sine  wave, 

P  =  [^il 

^[Eiy  +  j[Eiy 

T  1 

where 

P"  =  WU  =  X^n-l    ienHn'  +  en'H'n"), 
pi  =  [Eiy  =  J2n-1^4    (6n*HV  -enH'n"). 

r        1 

The  jn  enters  under  the  summation  sign  of  the  reactive  or 
"  wattless  power,"  P',  so  that  the  wattless  powers  of  the  dififerent 
harmonics  cannot  be  algebraically  added. 

Thus, 

The  total  "true  porver''  of  a  general  aUernating<urrerU  circuit 
is  the  algebraic  sum  of  the  powers  of  the  individual  harmonics. 

The  total  "reactive  pov)er''  of  a  general  aUernating-current 
circuit  is  not  the  algebraic,  bul  the  absolute  sum  of  the  wattless 
powers  of  the  individual  harmonics. 

Thus,  regarding  the  reactive  power  as  a  whole,  in  the  general 
alternating  circuit  no  distinction  can  be  made  between  lead  and 
lag,  since  some  harmonics  may  be  leading,  others  lagging. 

The  apparent  power,  or  total  volt-amperes,  of  the  circuit  is 


P„  =  £?/   =    V^  Jan-l     (en''  +  en''')  f,2n-l  {in''  +  in"\ 

The  power-factor  of  the  circuit  is, 

£2n-l    {CnHn'  +  Cn'W) 


*  a 


V^Ja-i  (en''  +  e„"')  Jzn-i  (u^'  +  t„»') 
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The  term  "inductance  factor,"  however,  has  no  meaning  any 
more,  since  the  reactive  powers  of  the  different  harmonics  are  not 
directly  comparable. 

The  quantity 

,     .    ,    .     .^  ,  ,       ,       reactive  power 

has  no  physical  sigmncance,  and  is  not  7-7-; : • 

total  apparent  power 

P» 
The  term  rpri 

El 

=    >2n-l=-: -— 

r     y      El 


~T  J 

where 


t^n    •■n         *5n  •'n 


consists  of  a  series  of  inductance  factors,  jn,  of  the  individual 
harmonics. 

«\ 
As  a  rule,  if  g*  =  ^^n-i  q^\ 

for  the  general  alternating  wave,  that  is,  q  differs  from 


The  complex  quantity. 

Pa       EI  EI 

_  _1 1 

r  1 


1 

takes  in  the  circuit  of  the  general  alternating  wave  the  same 
position  as  power-faotor  and  inductance  factor  with  the  sine  wave. 

p 
V  =  ^  may  be  called  the  ^^circuiir-f actor.'' 

-*  o 
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It  consists  of  a  real  term,  p,  the  power-factor,  and  a  series  of 
ima^nary  terms,  jnqn,  the  inductance  factors  of  the  individual 
harmonics. 

The  absolute  value  of  the  circuit-factor, 


as  a  rule,  is  <  1. 

366.  Some  applications  of  this  symbolism  will  explain  its 
mechanism  and  its  usefulness  more  fully. 
1st  Example:  Let  the  e.m.f., 


E  =  ^2n-i  {en'  +  y„e"), 


5 

? 

be  impressed  upon  a  circuit  of  the  impedance. 


Z  =  r'-jn\^nxm-^j; 


that  is,  containing  resistance  r,  inductive  reactance  Xm  and  con- 
densive  reactance  x^.  in  series. 


Let 

€,»  =  720 

e,»'  =  540 

e,'  =  283 

c,"  =  -  283 

c,»  =  - 101 

V  =  138 

or, 

e,  =900 

tan  <?,  =       0.75 

c,  =400 

tan  0,  =   - 1 

e^  =  173 

tan  0,  =   -  1.33 

It  is 

thus  in  symbolic  expression, 

Z,  =  10  +  80;, 

z,  =  80.6 

Z,  =  10 

2,=  10 

^,  =  10  -  32  /, 

Zt  =  33.5, 

and  e.m.f., 

E  =  (720  +  540  y.)  +  (283  -  283  /,)  +  ( -  104  +  138  /,), 
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or  absolute, 

E  =  1000, 
and  current, 

^     720  +  540?\      283-283/3       -104  +  138/6 
•       Z        10  +  80/,  10  10-32 /j 

=  (7.76- 8.04 /»)  +  (28.3-28.3/,)  +  (-4.86-1.73/,) 

or,  absolute 

/  =  41.85, 

of  which  is  of  fundamental  frequency,      /j  =  11.15 
of  which  is  of  triple  frequency,  /j  =  40 

of  which  is  of  quintuple  frequency,  I^  =  5.17. 

The  total  apparent  power  of  the  circuit  is 

Pa  =  EI  =  41,850. 

The  true  power  of  the  circuit  is, 

pi  =  [Ely  =  1240  +  16,000  +  270, 
=  17,510, 

the  reactive  power, 

]P'  =  /  [Eiy  =  10,000  /,  -  850  u; 

thus,  the  total  power, 

P  =  17,510  +  10,000 /i  -850/5. 

That  is,  the  reactive  power  of  the  first  harmonic  is  leading, 
that  of  the  third  harmonic  zero,  and  that  of  the  fifth  harmonic 
lagging. 

17,510  =  Pr,  as  obvious. 

The  circuit-factor  is, 

•       Pa       EI 


or,  absolute. 


=  0.418  +  .239/1-0.0203/,, 

V-  VOAW  +  0.239*  +  0.0203*. 
=  0.482. 
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The  power-factor  is 

p  =  0.418. 

The  inductance  factor  of  the  first  hannonic  is  q^  =  0.239, 
that  of  the  third  harmonic  q^  =  0,  and  of  the  fifth  hannonic 
(?6  =  - 0.0203. 

Considering  the  waves  as  replaced  by  their  equivalent  sine 
waves,  from  the  sine  wave  formula, 

f  +  qo'  =  1, 
the  inductance  factor  would  be,  * 

g,  =  0.914, 
and  the  phase  angle, 

p      0.418 

^ving  apparently  a  very  great  phase  displacement,  while  in 
reality,  of  the  41.85  amperes  total  current,  40  amperes  (the 
current  of  the  third  harmonic)  are  in  phase  with  their  e.m.f. 

We  thus  have  here  a  case  of  a  circuit  with  complex  harmonic 
waves  which  cannot  be  represented  by  their  equivalent  sine 
waves.  The  relative  magnitudes  of  the  different  harmonics  in 
the  wave  of  current  and  of  e.m.f.  dififer  essentially,  and  the  circuit 
has  simultaneously  a  very  low  power-factor  and  a  very  low 
inductance  factor;  that  is,  a  low  power-factor  exists  without 
corresponding  phase  displacement,  the  circuit-factor  being  less 
than  one-half. 

Such  circuits^  for  instance,  are  those  including  alternating 
arcs,  reaction  machines,  synchronous  induction  motors,  react- 
ances with  over-saturated  magnetic  circuit,  high  potential  lines 
in  which  the  maximum  difference  of  potential  exceeds  the  voltage 
at  which  brush  discharges  begin,  polarization  cells,  and  in  general 
electrolytic  conductors  above  the  dissociation  voltage  of  the 
electrolyte,  etc.  Such  circuits  cannot  correctly,  and  in  many 
cases  not  even  approximately,  be  treated  by  the  theory  of  the 
equivalent  sine  waves,  but  require  the  symbolism  of  the  complex 
hannonic  wave. 
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357.  2d  Example:  A  condenser  of  capacity  Co  =  20  mf.  is 
connected  into  the  circuit  of  a  60-cycle  alternator  giving  a  wave 
of  the  form, 

e  =  ^  (cos  ^-0.10 cos 3  ^-0.08 cos 5s&  +  0.06cos7^), 

or,  in  symbolic  expression, 

E  =  6(1,-  O.IO3  -  O.O85  +  0.06,). 

The  synchronous  impedance  of  the  alternator  is 

Zo  =  Tq  —  jntlXo  =  0.3  —  5  njn. 

What  is  the  apparent  capacity,  C,  of  the  condenser  (as  cal- 
culated from  its  terminal  volts  and  amperes)  when  connected 
directly  with  the  alternator  terminals,  and  when  connected 
thereto  through  various  amoimts  of  resistance  and  inductive 
reactance? 

The  condensive  reactance  of  the  condenser  is 

10* 
^^  =  ^rin  =  1^2  ohms, 

or,  in  symboUc  expression, 

^  .  X,      132  . 
n         n 

Let  Zj  =  r  —jnnx  =  impedance  inserted  in  series  with  the 
condenser. 
The  total  impedance  of  the  circuit  is  then 

Z  =  Zo  +  Z, +  /n-  =  (0.3  +  r)-ynfo  +  x]n-— ). 
n  \  n  f 

The  current  in  the  circuit  is 

1  .1 


/-i-e[- 


(0.3  +  r)-j  (x  -J132J      (0.3  +  r)  -  j,  (3  x  -  29) 
.08  '"^"^  .06 


+ 


(0.3  +  r)  -  y,  (5  X  - 1.4)      (0.3  +  r)  -j,  (7  x  +  16, 


3.1)J' 
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and  the  e.m.f .  at  the  condenser  terminals, 
E, 


_  .  Vi  _    r  132;.  4.4/, 

'     ^"  «  L(0.3+r)-j\(x-132T      (0.3+r)-j,(3x-29) 

■J' 


2.11/.  .       '^'        1.13/, 


(0.3  +  r)  -  /,  (5  a;  - 1.4)      (0.3  +  r)  -  /,  (7  x  +  16.1) 
thus  the  apparent  condensive  reactance  of  the  condenser  is 

and  the  apparent  capacity, 


x,-y. 


c.  '»■ 


2;r/Xi 

(a)   rr  =  0  :  Resistance,  r,  in  series  with  the  condenser. 
Reduced  to  absolute  values  it  is 

1  0.01         ^        0.0064  0.0036 


_1_       (.3-fryH- 17424  ^  (.3  +  r)»  +  841  ^  (.3-f r)»+1.96  ^  (.3+r)»+259 
X,*  ■"  17424  19.4  4.45  1.28 

C3+rp+17424  ■**  (.3+r)»+841  "^  (.3+r)»  +  1.96  ■*"  (.3+r)>+269 

(6)  r  =  0:  Inductive  reactance  a:  in  series  with  the  condenser. 
Reduced  to  absolute  values  it  is 

1 .01  .0064  .0036 


.09  +  (g-132)»^.09+(3g-29)»^  .09  +  (5a;-1.4)»  ^  .09-f  (7g+16.1)». 
17424  19.4  .  4.45  1.28 


.09  +  (x-132)>^  .09+(3a;-29)»^.09+(5a;-1.4)»  ^  .09  +  (7x+16.1)» 

From  —  are  derived  the  values  of  apparent  capacity, 

Xi 


2  tt/x/ 

and  plotted  in  Fig.  230  for  values  of  r  and  x  respectively  vaiying 
from  0  to  22  ohms. 

As  seen,  with  neither  additional  resistance  nor  reactance  in 
series  to  the  condenser,  the  apparent  capacity  with  this  generator 
wave  is  84  mf.,  or  4.2  times  the  true  capacity,  and  gradually 
decreases  with  increasing  series  resistance,  to  C  =  27.5  mf. 
=  1.375  times  the  true  capacity  at  r  =  13.2  ohms,  or  -Ar  the 
true  capacity  reactance.  With  r  =  132  ohms,  or  with  an  additional 
resistance  equal  to  the  condensive  reactance,  C  =  20.5  mf.  or 
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only  2.5  per  cent  in  excess  of  the  true  capacity  Co,  and  at  r  =  «, 
C  =  20.3  mf.  or  1.5  per  cent  in  excess  of  the  true  capacity. 

With  reactance  x,  but  no  additional  resistance,  r,  in  series,  the 
apparent  capacity,  C,  rises  from. 4.2  times  the  true  capacity  at 
X  =  0,  to  a  maximum  of  5.03  times  the  true  capacity,  or 
C=  100.6  mf.  at  X  =  0.28,  the  condition  of  resonance  of  the  fifth 
harmonic  then  decreases  to  a  minimum  of  27  mf.,  or  35  per  cent 


OAPAomr  Co—  20  mf  in  ciRcurr  of  generator 

f -  E    (1  -  0. 1  -  0.08  -  0.06)  OF  IMPEDANCE 
Zj"0.3-6nj„  WITHREeiflTANCE    T  d) 
OR  REACTANCE  X    (ID  IN  6ERIEB 
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in  excess  of  the  true  capacity,  rises  again  to  60.2  mf.,  or  3.01 
times  the  true  capacity  at  a:  =  9.67,  the  condition  of  resonance 
with  the  third  haxmonic,  and  finally  decreases,  reaching  20  mf., 
or  the  true  capacity  at  x  =  132,  or  an  inductive  reactance  equal 
to  the  condensive  reactance,  then  increases  again  to  20.2  mf.  at 


X  =     00. 


This  rise  and  fall  of  the  apparent  capacity  is  within  certain 
Umits  independent  of  the  magnitude  of.  the  higher  harmonics  of 
the  generator  wave  of  e.m.f.,  but  merely  depends  upon  their 
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presence.  That  is,  with  such  a  reactance  connected  in  series  as 
to  cause  resonance  with  one  of  the  higher  hannonics,  the  increase 
of  apparent  capacity  is  approximately  the  same,  whatever  the 
value  of  the  harmonic,  whether  it  equals  25  per  cent  of  the  fimda- 
mental  or  less  than  5  per  cent,  provided  the  resistance  in  the 
circuit  is  negligible.  The  only  effect  of  the  amplitude  of  the 
higher  harmonic  is  that  when  it  is  small  a  lower  resistance  makes 
itself  felt  by  reducing  the  increase  of  apparent  capacity  below 
the  value  it  would  have  were  the  amplitude  greater. 

It  thus  follows  that  the  true  capacity  of  a  condenser  cannot 
even  approximately  be  determined  by  measuring  volts  and 
amperes  if  there  are  any  higher  harmonics  present  in  the  generator 
wave,  except  by  inserting  a  very  large  resistance  or  reactance 
in  series  to  the  condenser. 

368.  Sd  Example:  An  alternating-current  generator  of  the 
wave, 

Eo  =  2000  [1,  +  0.12.  -  0.235  -  0.13,], 

and  of  synchronous  impedance, 

Zo  =  0.3- 5  n/n, 

feeds  over  a  line  of  impedance, 

Zi  =  2-4njn, 
a  synchronous  motor  of  the  wave, 

E^  =  2250[(cos^  +  jisin^)  +  0.24  (cos3e  +  /.sin  35)], 
and  of  synchronous  impedance, 

Zj  =  0.3- 6  n/n. 
The  total  impedance  of  the  system  is  then, 

Z  =  Zo  +  Zi  +  Z,  =  2.6  - 15  njn, 
thus  the  current, 

Z 

2000 -2250  cos  g- 2250  j>in  5    240  - 540 cos  3  5-540/8  sin  3 0 

2.6-15j\  "^  2.6-45/3 

460 260 

2.6  -75/5      2.6  -lOSjV 
=  (a,*  +  ]W)  +  (a,'  +  73^3")  +  (V  +  iW)  +  W  +  W)] 
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where 

a,'  =  22.5  -  25.2  cos  <?  +  146  sin  d, 

o,»  =  .306  -  0.69  cos  3  <?  +  11.9  an  3  9, 

V  =  0.213, 

a,'  =-0.061, 

Oi»»  =  130  - 146  cos  <?  -  25.2  sin  6, 

o,"  =  5.3  -  11.9  cos  3  fl  -  0.69  sin  3  0, 

a,"  =  -6.12, 

a,"  =  -2.48, 
or,  absolute, 

first  harmonic, 

third  harmonic, 

fifth  harmonic, 
seventh  harmonic. 


Oi  =  ^V'+ai"*, 


a,  =  Va,'*+a,»', 
a,  =  6.12, 
a,  =  2.48, 


/  =  VoT  +  oT+V  +  V ; 
while  the  total  current  of  higher  harmonics  is 


/,  =  V  Oj»  +  V  +  V- 
The  true  input  of  the  sjmchronous  motor  is 

P*  =  [E,iy 
=  (2250  Oi»  cos  tf + 2250  Oi"  sin  <?)  +  (540  a,»  cos  3  tf + 540  0,"  sin  3  fl 

=  Pi'  +  P,' 
Pj»  =  2250  (a,»  cos  <?  +  o,"  sin  6), 
is  the  power  of  the  fundamental  wave, 

P,»  =  540  (o,»  cos  3  d  +  a  «  sin  3  <?), 
the  power  of  the  third  harmonic. 
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The  fifth  and  seventh  harmonics  do  not  give  any  power,  since 
they  are  not  contained  in  the  synchronous  motor  wave.  Sub- 
stituting now  diJBferent  numerical  values  for  (?,  the  phase  angle 
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Fig.  231.  —  Synchronous  Motor. 


between  generator  e.m.f.  and  synchronous  motor  counter  e^m.f., 
corresponding  values  of  the  currents,  /,  /q,  and  the  powers,  P*, 
Pi*,  Pj^  are  derived.    These  are  plotted  in  Pig.  231  with  the 
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total  current,  /,  as  abscissas.  To  each  value  of  the  total  current, 
/,  correspond  two  values  of  the  total  power,  P*,  a  positive  value 
plotted  as  Curve  I  —  synchronous  motor  —  and  a  negative 
value  plotted  as  Curve  II  —  alternating-current  generator—. 
Curve  III  gives  the  total  current  of  higher  frequency,  /©,  Curve 
IV  the  difference  between  the  total  current  and  the  current  of 
fundamental  frequency,  /  —  /i,  in  percentage  of  the  total  current, 
/,  and  V  the  power  of  the  third  harmonic,  P,*,  in  percentage  of 
the  total  power,  P^ 

Curves  III,  IV,  and  V  correspond  to  the  positive  or  synchro- 
nous motor  part  of  the  power  curve,  P*.  As  seen,  the  increase  of 
current  due  to  the  higher  harmonics  is  small,  and  entirely  dis- 
appears at  about  180  amperes.  The  power  of  the  third  harmonic 
is  positive,  that  is,  adds  to  the  power  of  the  synchronous  motor 
up  to  about  140  amperes,  or  near  the  maximum  output  of  the 
motor,  and  then  becomes  negative. 

It  follows  herefrom  that  higher  harmonics  in  the  e.m.f.  waves 
of  generators  and  synchronous  motors  do  not  represent  a  mere 
waste  of  current,  but  may  contribute  more  or  less  to  the  output  of 
the  motor.  Thus  at  75  amperes  total  current,  the  percentage  of 
increase  of  power  due  to  the  higher  harmonic  is  equal  to  the 
increase  of  current,  or  in  other  words  the  higher  harmonics 
of  current  do  work  with  the  same  efficiency  as  the  fundamental 
wave. 

359.  Uh  Example:  In  a  small  three-phase  induction  motor, 
the  constants  per  delta  circuit  are 

primary  admittance  Y  =  0.002  +  0.03  j, 

self-inductive  impedance      Z^  =Z^  =  0.6  —  2.4  j,  : 

and  a  sine  wave  of  e.m.f.,  e^  =  110  volts,  is  impressed  upon  the 
motor. 

The  power  output,  P,  current  input  /„  and  power-factor  p,  as 
fimction  of  the  sUp  s,  are  given  in  the  first  columns  of  the  follow- 
ing table,  calculated  in  the  manner  as  described  in  the  chapter  on 
Induction  Motors. 

To  improve  the  power-factor  of  the  motor  and  bring  it  to 
unity  at  an  output  of  500  watts,  a  condenser  capacity  is  required 
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giving  4.28  amperes  leading  current  at  110  volts,  that  is,  neglect- 
ing the  power  loss  in  the  condenser,  capacity  susceptance 

In  this  case,  let  /,  =  current  input  into  the  motor  per  delta 
circuit  at  slip  s,  as  given  in  the  following  table. 

The  total  current  supplied  by  the  circuit  with  a  sine  wave  of 
impressed  e.m.f.  is 

/'  =  /.-4.28y, 

and  herefrom  the  power-factor  =  ^   ,  . ,  given  in  the 

total  current 

second  columns  of  the  table. 

Jf  the  impressed  e.m.f.  is  not  a  sine  wave  but  a  wave  of  the 
shape, 

Eo  =  €o  (li  +  0.12s  -  0.235  -  0.134,), 

to  give  the  same  output,  the  fundamental  wave  must  be  the 
same:  e^  =110  volts,  when  assuming  the  higher  harmonics  in 
the  motor  as  wattless,  that  is, 

E,  =  110,  +  13.23  -  25.35  -  14.7,  =  6o  +  E,\ 

where  ^o'  =  13.23  -  25.35  -  14.7, 

=  component  of  impressed  e.m.f .  of  higher  frequency. 

The  efifective  value  is 

Eo  =  114.5  volts. 
The  condenser  admittance  for  the  general  alternating  wave  is 

Yc  =-  0.039  njn. 

Since  the  frequency  of  rotation  of  the  motor  is  very  small 
compared  with  the  frequency  of  the  higher  harmonics,  as  total 
impedance  of  the  motor  for  these  higher  harmonics  can  be 
assumed  the  stationary  impedance,  and  by  neglecting  the  resist- 
ance we  have 

Z*  =  -  njn  (Xo  +  Xj)  =  -  4.8  njn. 
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The  exciting  admittance  of  the  motor,  for  these  higher  har- 
monics, is,  by  neglecting  the  conductance. 


n  n 

and  the  higher  harmonics  of  counter  e.m.f., 

2 
Thus  we  have, 

current  input  in  the  condenser, 

I^  =EoY,  =-4.28y,-1.54/,  +  4.93j;  +4.02/,; 

high-frequency  component  of  motor-impedance  current, 

^' =  0.92  J. -1.06/,- 0.44  ;V; 

high-frequency  component  of  motor-exciting  current, 

^r»  =  -^  =  0.07  u  -  0.08  u  -  0.03  jV: 

thus,  total  high-frequency  component  of  motor  current, 

Io'  =  ^+E^Y'  =  0.99  u  -  1.14  h  -  0.47  j,, 
and  total  current,  without  condenser, 

/o  =  /a  +  lo'  =  /,  +  0.99  u  -  1.14  h  -  0.47  y„ 

with  condenser, 

I==  Is+  U'-Ic  =  Is- 4.28  j\  - 0.55 u  +  3.79 /,  +  3.55 /,; 

and  herefrom  the  power-factor. 

In  the  following  table  and  in  Fig.  232  are  given  the  values  of 
current  and  power-factor:  — 

I.  With  sine  wave  of  e.m.f.,  of  110  volts,  and  no  condenser. 

II.  With  sine  wave  of  e.m.f.,  of  110  volts,  and  with  condenser. 

III.  With  distorted  wave  of  e.m.f.,  of  114.5  volts,  and  no  condenser. 

IV.  With  distorted  wave  of  e.m.f.,  of  114. 5  volts,  and  with  condenser. 
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TABLE. 


II. 


III. 


IV. 


M 

P 

'/. 

U 

V 

7^ 

V 

h 

V 

T- 

P 

0 

0 

.24+  3.10/ 

3.1 

7.8 

1.2 

20 

3.5 

6.6 

5.2 

4.4 

01 

160 

1.73+  3.16; 

3.6 

48 

2.1 

84 

3.9 

43 

5.5 

31 

02 

320 

3.32+  3.47/ 

4.8 

69 

3.4 

97.2 

5.1 

64 

6.1 

54 

035 

500 

6.16+   4.28/ 

6.7 

77 

5.2 

100 

6.9 

72.5 

7.2 

68 

05 

660 

6.95+  5.4/ 

8.8 

79 

7.0 

98.7 

8.9 

76 

8.6 

77 

07 

810 

8.77+   7.3/ 

11.4 

77 

9.3 

94.5 

11.5 

73.5 

10.6 

80 

10 
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10.1  +  9.85/ 

14.1 

71.5 

11.5 

87 

14.2 

68 

12.6 

77 

13 

900 

10.45+11.45/ 

15.5 

67.5 

12.7 

82 

15.6 

64.5 

13.7 

73 

15 

890 

10.75+12.9/ 

16.8 

64 

13.8 

78 

16.9 

61 

14.7 

70 

The  curves  II  and  IV  with  condenser  are  plotted  in  dotted 
lines  in  Fig.  232.    As  seen,  even  with  such  a  distorted  wave  the 
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Fig.  232. 


current  input  and  power-factor  of  the  motor  are  not  much 
changed  if  no  condenser  is  used.  When  using  a  condenser  in 
shunt  to  the  motor,  however,  with  such  a  wave  of  impressed 
e.m.f.  the  increase  of  the  total  current,  due  to  higher-frequency 
currents  in  the  condenser,  is  greater  than  the  decrease,  due  to  the 
compensation  of  lagging  currents,  and  the  power-factor  is 
actually  lowered  by  the  condenser,  over  the  total  range  of  load 
up  to  overload,  and  especially  at  light  load. 
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Where  a  compensator  or  transformer  is  used  for  feeding  the 
condenser,  due  to  the  internal  self-inductance  of  the  compensa- 
tor, the  higher  harmonics  of  current  are  still  more  accentuated, 
that  is,  the  power-factor  still  more  lowered. 

In  the  preceding  the  energy  loss  in  the  condenser  and  com- 
pensator and  that  due  to  the  higher  harmonics  of  current  in  the 
motor  has  been  neglected.  The  effect  of  this  energy  loss  is  a 
slight  decrease  of  efficiency  and  corresponding  increase  of  power- 
factor.  The  power  produced  by  the  higher  harmonics  has  also 
been  neglected;  it  may  be  positive  or  negative,  according  to  the 
index  of  the  harmonic,  and  the  winding  of  the  motor  primary. 
Thus,  for  instance,  the  effect  of  the  triple  harmonic  is  negative  in 
the  quarter-phase  motor,  zero  in  the  three-phase  motor,  etc.; 
altogether,  however,  the  effect  of  these  harmonics  is  small. 

360.  Uh  Example:  In  the  constant  potential-constant-current 
transformation,  discussed  in  Chapter  X,  the  effect  of  the  dis- 
tortion of  the  wave  of  impressed  e.m.f.,  e©,  is  to  be  investigated. 

A.    T-Connection  or  Resonating  Circuit. 

Assuming  the  same  denotation  as  in  §  69,  we  have,  for  the  nth 
harmonic: 

primary  inductive  reactance, 

Zo  =-jnxo; 
secondary  inductive  reactance, 

Zi  =-ynXi; 
condensive  reactance, 

n 

when  neglecting  the  energy  losses  in  the  reactances, 
load 

Z  =r(l-j»A) 

therefore,  also  for  the  nth  harmonic. 
E  =r(l-/nA)  7, 

Ei=E  +  Z^I 

=  (r{l-ink)-jnxi]I, 
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and  also 


?.  -i^.: 

hence, 

and 

,        n[r(l-ynA;)-jnii]  , 

hence, 

jxo  -  jri'Xi  +  nr  (1  -  jnk)  ,  _ 

J?o  = 

=  E, 

+  ^/o 

s 

=  {[r(l- 

-  jnA)  -  jnxi]  -  n  [/x,  -  /n'x,  +  nr  (1  -  jnA)] }  / 

=  {■ 

-(n' 

-  1)  r  (1  -  j»A;)  +  /ni.  (n'  - 1)  -  /nx, }  /  ; 

hence, 

/ 

J?. 

nxo 

-  nx,  (n»  -  1)  -  y  (n'  - 1)  r  (1  -  jnA;) 

Ji?. 

nxo  -  {n^  -  1)  [n  (x^  +  At)  -  jr]  ' 
hence,  approximately,  for  higher  values  of  n, 

n'  (Xi  +  At) 

that  is,  for  larger  values  of  n,  (  =  0,  or  the  higher  harmonics  in 
the  current  wave  disappear. 

Herefrom,  by  substituting  in  the  preceding  equations,  the 
supply  current,  /©,  the  condenser  current,  / 1,  their  respective 
e.m.fs.,  etc.,  are  derived. 

It  is  then,  in  general  expression: 

If  «^ 

^0=  X  (^«  +  J'^^***)  "^  impressed  e.m.f., 

J   ^  A jn  {en  +  jnen^) 

T^  nXo  —  (n'  —  1)  [n  (x^  +  At)  -  jr] 

^  i  (gp  +  ?V)      j    y^  in  (en  +  /^n^)^ 

a:©  3    ^'  (^1  +  ^)  ' 

the  equation  of  the  secondary  current. 
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For  instance,  let 

^0=6600  { li- 0.20,- 0.15,  +  0.06,  +  0.25 j,} 
=  constant-impressed  e.m.f. 
or,  absolute, 

eo  =  6600  VI  +  0.20*  +  0.15'  +  0.06^  +  0.25» 
=  6600  X  1.062 
=  7010  volts, 

and  choosing  the  same  values  as  before,  in  §  73, 

Xo  =  880  ohms, 
Xj  =  508  ohms, 
7^=  930  ohms, 
k  =0.4; 

it  is,  substituting, 

J      ^,,  .  60.03  +  48.8/3  +  8.0  75-1.2;, 
^=^-^^+ 508  +  0.4r ' 

or,  absolute. 


t=v/: 


eO.y  +  48.8'  +  8.0^  +  1.2' 
(508  +  0.4  ry 


J^-         604600 


=  V7.5'  + 


(508  +  0.4  ry 
hence,  at  no-load, 

i  =  7.5  X  1.00021 
and,  at  full  load, 

r  =  930, 

i  =  7.5  X  1.00003. 

That  is,  the  current  wave  is  as  perfect  a  sine  wave  as  possible, 
regardless  of  the  distortion  of  the  impressed  e.m.f.,  which,  for 
instance,  in  the  above  example,  contains  a  third  harmonic  of  32 
per  cent.  Or  in  other  words,  in  the  T-connection  or  the  resonat- 
ing circuit,  all  harmonics  of  e.m.f.  are  wiped  out  in  the  current 
wave,  and  this  method  indeed  offers  the  best  and  most  conven- 
ient means  of  producing  perfect  sine  waves  of  current  from  any 
shape  of  e.m.f.  waves. 


z. 

=  .y|. 

z 

=  r(l  -ync)', 

/, 

~      2      ' 

(. 
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361.  B.    Monoq/dic  Square. 

Assuming  the  same  denotation  as  in  S  75,  we  have  jfor  the  nth 
harmonic : 
inductive  reactance, 

Z2  =  — jnxoj 

condensive  reactance, 


load, 
currents, 

and 
e.ra.fs., 

and  ZI  =ZJi  -ZJ^^; 

hence,  substituting,  we  have 

r  {l-jnk)I  =  /xof—  +  niX 
thus, 

?.-it-e-»)-^^»)i' 

then,  combining,  we  obtain 

4.1)+.a-,»*4-i)-'|/S(n.i)'-(„-J)-| 
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and 


,?.(n  +  i) 


2a:o-jr(l-ynA;)^n~^ 

jEo  (n^  +  1) 
2  nxo  —  /r  (n^  —  1)  (1  ~  jnkY 
and  herefrom  /o,  I^,  1 2,  etc. 
Approximately,  for  higher  values  of  n,  and  for  high  loads,  r, 

nkr 

That  is,  the  higher  harmonics  of  current  decrease  proportionally 
to  their  order,  at  heavy  loads  —  that  is,  large  values  of  r.  For 
hght  loads,  however,  or  small  values  of  r,  and  in  the  extreme  case, 
at  no-load,  or  r  =  0,  it  is 

2nXo 
and,  approximately, 

'      2xo  ' 

That  is,  the  current  is  increased  proportional  to  the  order  of 
the  harmonics,  or  in  other  words,  at  no-load,  in  the  monocyclic 
square,  the  higher  harmonics  of  impressed  e.m.fs.  produce 
increased  values  of  the  higher  harmonics  of  current,  that  is,  the 
wave-shape  distortion  is  increased  the  more,  the  higher  the  har- 
monics. 

In  general  expression: 

If  * 

^0  =  X  (^~  +  J**^^')  ^  impressed  e.m.f., 

^  ^  y^         in  (n^  +  1)  (en  +  ?>/) 

T  2  nXo  -  jnr{n^  -  1)  (1  -  jntUc)  ' 

and  herefrom  /o,  /i,  1 27  ^tc. 
For  instance,  let 

Eo  =  6600  {li  -  0.20,  +  0.25  j,  -  0.15,  +  0.06,} 
=  constant-impressed  e.m.f., 
or,  absolute, 

60  =  7010  volts, 
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and,  choosing  the  same  values  as  in  S  77, 

Xo  =880  ohms, 
r"    =930  ohms, 
k    =0.4; 
it  is,  substituted, 

(2.5  +  2  /,)  6600 25,740 

•  5280-(9.6  +  8 j)r      8800-  (48  +  24 j> 

19,800 . 

"^  12,320  -  (134.4  +  48j)r' 

herefrom  follows, 

at  no-load,  r  =  0, 

/  =  7.5  -  (3.12  +  2.5  J,)  -  2.92  +  1.61,. 

That  is,  at  no-load,  the  secondary  current  contains  excessive 
higher  harmonics,  for  instance,  a  third  harmonic. 


V3.12*  +  2.5»  =  4.0,  or  53.3  per  cent  of  the  fundamental. 
Absolute,  the  no-load  current  is 


i  =  V7.5»  +  3.12»  +  2.5'  +  2.92'  +  1.6P  =  9.13  amperes. 

At  full  load,  or  r  =  930,  it  is 

/  =  7.5  +  (2.18  -  1.07  ja)  +  (0.51  -  0.32  /,)  -  (0.14  -  0.06  jV) ; 

that  is,  at  full  load,  the  harmonics,  while  still  intensified,  are  less 
than  at  no-load,  and  decrease  with  their  order,  n,  more  rapidly. 
The  absolute  value  is 

i  =  \/7.5»  +  2.18'  +  1.07'  +  0.51'  +  0.32'  +  0.14'  +  0.06* 
=  7.91  amperes. 

Instead  of  7.5  amperes,  the  value  which  the  current  would  have 
at  all  loads  if  no  higher  harmonics  were  present,  the  higher  har- 
monics of  impressed  e.m.f.  raise  the  ciurent  to  9.13  amperes,  or 
by  21.7  per  cent  at  no-load,  and  to  7.91  amperes,  or  by  2.1  per 
cent  at  full  load,  while  the  impressed  e.m.f.  is  increased  by  6.2 
per  cent  by  its  higher  harmonics. 
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It  follows  also  that  the  constant-current  regulation  of  the  sys- 
tem is  seriously  impaired,  and  between  no-load  and  full  load  the 
current  decreases  from  9.13  to  7.91  amperes,  or  by  15.4  per  cent, 
which  as  a  rule  is  too  much  for  an  arc  circuit. 

362.  It  follows  herefrom : 

While  the  7-connection  of  transformation  from  constant 
potential  to  constant  current  suppresses  the  higher  harmonics  of 
impressed  e.m.f .  and  makes  the  constant  current  a  perfect  sine 
wave>  the  monocyclic  square  intensifies  the  higher  harmonics  so 
that  the  higher  harmonics  of  impressed  e.m.f.  appear  at  greatly 
increased  intensity  in  the  constant-current  wave.  The  increase 
of  the  higher  harmonics  is  different  for  the  different  harmonics 
and  for  different  loads,  and  the  distortion  of  wave-shape  pro- 
duced hereby  is  far  greater  at  no-load,  and  the  constant  current 
regulation  of  the  system  is  thereby  greatly  impaired,  and  at  load 
the  distortion  is  less,  and  very  high  harmonics  are  fairly  well 
suppressed,  and  the  operation  of  an  arc  circuit  so  feasible. 

Assuming,  then,  that  in  the  monocyclic  square  of  constant- 
potential,  constant-current  transformation,  with  a  distorted 
wave  of  impressed  e.m.f.,  we  insert  in  series  to  the  monocyclic 
square  into  the  main  circuit,  (o?  two  reactances  of  opposite  sign, 
which  are  equal  to  each  other  for  the  fundamental  frequency, 

X 

that  is,  a  condensive  reactance,  Z^^  +  /— ,  and  an  inductive 

n 

reactance,  Z^  =  —  jnx^.  Then  for  the  fundamental,  these  two 
reactances  together  offer  no  resultant  impedance,  but  neutralize 
each  other,  and  the  only  drop  of  voltage  produced  by  them  is 
that  due  to  the  small  loss  of  power  in  them.  At  the  nth  har- 
monic, however,  the  resultant  reactance  is 

Z,+  Z,  =-yx,(n  +  i)' 

or,  approximately, 

--yx,n, 

and  two  such  impedances  so  obstruct  the  higher  harmonics,  the 
more,  the  higher  their  order  while  passing  the  fundamental  sine 
wave. 

Such  a  pair  of  equal  reactances  of  opposite  sign  so  can  be  called 
a  '^VHive  screen." 
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Further  problems  for  investigation  by  the  student  then  are: 

(1)  The  investigation  of  the  effect  of  the  distortion  of  the  wave 
of  impressed  e.m.f.  on  the  constant  current,  with  other  trans- 
forming devices,  and  also  the  reverse  problem,  the  investigation 
of  the  effect  of  the  distortion  of  the  constant-current  wave,  as 
caused  by  an  arc,  on  the  system  of  transformation. 

(2)  What  must  be  the  value,  Xj,  of  the  reactance  of  a  wave 
screen,  to  reduce  the  wave-shape  distortion  of  the  secondary 
current  in  the  monocyclic  square  to  the  same  percentage  as  the 
distortion  of  the  impressed  e.m.f.  wave,  or  to  any  desired  per- 
centage, or  to  reduce  the  variation  of  the  constant  current  with 
the  load,  as  due  to  the  wave-shape  distortion,  below  a  given 
percentage? 

(3)  Determination  of  efficiency  and  regulation  in  the  mono- 
cyclic square  with  interposed  wave  screen,  x,,  assuming  again 
3  per  cent  loss  in  the  inductances,  1  per  cent  loss  in  the  capacities, 
and  choosing  Xj  so  as  to  fill  given  conditions,  regarding  wave- 
shape distortion;  or  regulation,  or  efficiency,  etc. 


CHAPTER   XXXII. 

GENERAL  POLYPHASE  SYSTEMS. 

363,  A  polyphase  system  is  an  alternating-current  system  in 
which  several  e.m.fs.  of  the  same  frequency,  but  displaced  in 
phase  from  each  other,  produce  several  currents  of  equal  fre- 
quency, but  displaced  phases. 

Thus  any  polyphase  system  can  be  considered  as  consisting 
of  a  number  of  single  circuits,  or  branches  of  the  polyphase  sys- 
tem, which  may  be  more  or  less  interlinked  with  each  other. 

In  general  the  investigation  of  a  polyphase  system  is  carried 
out  by  treating  the  single-phase  branch  circuits  independently. 

Thus  all  the  discussions  on  generators,  synchronous  motors, 
induction  motors,  etc.,  in  the  preceding  chapters,  apply  to  single- 
phase  systems  as  well  as  polyphase  systems,  in  the  latter  case 
the  total  power  being  the  sum  of  the  powers  of  the  individual  or 
branch  circuits. 

If  the  polyphase  sjrstem  consists  of  n  equal  e.m.fs.  displaced 

from  each  other  by    of  a  period,  the  system  is  called  a  symmet- 
rical system,  otherwise  an  unsymTnetrical  system. 

Thus  the  three-phase  system,  consisting  of  three  equal  e.m.fs. 
displaced  by  one-third  of  a  period,  is  a  symmetrical  system.  The 
quarter-phase  system,  consisting  of  two  equal  e.m.fs.  displaced 
by  90°,  or  one-quarter  of  a  period,  is  an  imsymmetrical  system. 

364.  The  power  in  a  single-phase  system  is  pulsating;  that  is, 
the  watt  curve  of  the  circuit  is  a  sine  wave  of  double  frequency, 
alternating  between  a  maximum  value  and  zero,  or  a  negative 
maximum  value.  In  a  polyphase  system  the  watt  curves  of  the 
different  branches  of  the  system  are  pulsating  also.  Their  sum, 
however,  or  the  total  power  of  the  system,  may  be  either  con- 
stant or  pulsating.  In  the  first  case,  the  system  is  called  a 
balanced  system,  in  the  latter  case  an  unbalanced  system. 

The  three-phase  system  and  the  quarter-phase  system,  with 
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685 


equal  load  on  the  different  branches,  are  balanced  systems;  with 
unequal  distribution  of  load  between  the  individual  branches 
both  systems  become  unbalanced  systems, 

The  different  branches  of  a  polyphase  system  may  be  either 
independent  from  each  other,  that  is,  without  any  electrical 
interconnection,  or  they  may  be  interlinked  with  each  other.    In 


SnnnnnmnrDE- 
o  t 


Fia.  233. 

the  first  case  the  polyphase  sj^em  is  called  an  independent 
system,  in  the  latter  case  an  interlinked  system. 

The  three-phase  system  with  star-connected  or  ring-connected 
generator,  as  shown  diagrammatically  in  Figs.  233  and  234,  is  an 
interlinked  system. 

The  four-phase  system  as  derived  by  connecting  four  equi- 


Fia.  234. 


distant  points  of  a  continuous-current  armature  with  four 
collector  rings,  as  shown  diagrammatically  in  Fig.  235,  is  an 
interlinked  system  also.  The  four-wire,  quarter-phase  system 
produced  by  a  generator  with  two  independent  armature  coils, 
or  by  two  single-phase  generators  rigidly  connected  with  each 
other  in  quadrature,  is  an  independent  system.  As  interlinked 
system,  it  is  shown  in  Fig.  236,  as  star-connected,  four-phase 
system. 
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366.  Thus,  polyphase  S3rstems  can  be  subdivided  into: 

Symmetrical  systems  and  unsynmietrical  systems. 

Balanced  systems  and  unbalanced  systems. 

InterUnked  systems  and  independent  systems. 

The  only  polyphase  systems  which  have  found  practical  appli- 
cation are: 

The  three-phase  system,  consisting  of  three  e.m.fs.  displaced  by 
one-third  of  a  period,  is  used  exclusively  as  interlinked  system. 


FiQ.  235. 
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The  quarter-phase  sjrstem,  consisting  of  two  e.m.fs.  in  quad- 
rature, and  used  with  four  wires,  or  with  three  wires,  which  may 
be  either  an  interlinked  system  or  an  independent  system. 

The  six-phase  system,  consisting  of  two  three-phase  systems 
in  opposition  to  each  other,  and  derived  by  transformation  from 
a  three-phase  system,  in  the  alternating  supply  circuit  of  large 
synchronous  converters. 

The  inverted  three-phase  system,  consisting  of  two  e.m.fs.  dis- 
placed from  each  other  by  60°,  and  derived  from  two  phases  of  a 
three-phase  system  by  transformation  with  two  transformers, 
of  which  the  secondary  of  one  is  reversed  with  regard  to  its 
primary  (thus  changing  the  phase  difference  from  120°  to  180° 
— 120°  =  60°)  finds  a  limited  appUcation  in  low-tension  dis- 
tribution. 
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SYMMETRICAL  POLYPHASE  SYSTEMS. 

366.  If  all  the  e.m.fs.  of  a  polyphase  system  are  equal  in 
intensity  and  differ  from  each  other  by  the  same  angle  of  differ- 
ence of  phase,  the  system  is  called  a  symmetrical  polyphase 
system. 

Hence,  a  synmietrical  n-phase  system  is  a  system  of  n  e.m.fs. 

of  equal  intensity,  differing  from  each  other  in  phase  by  -  of  a 

period: 

ei  =-Bsin^; 


£^sin 


•  •       /„     2(n-l)w\ 


The  next  e.m.f.  is,  again, 

ei  =  B  sin  0?  -  2  ;r)  =E  sin  p. 

In  the  polar  diagram  the  n  e.m.fs.  of  the  symmetrical  n-phase 
system  are  represented  by  n  equal  vectors,  following  each  other 
under  equal  angles. 

Since  in  symbolic  writing  rotation  by  -  of  a  period,  or  angle 

2n  .     ^ 

— ,  is  represented  by  multiplication  with 

2;r  ,.  .    2;r 

cos h  7  sin =  £, 

n  n 

the  e.m.fs.  of  the  synmietrical  polyphase  sjrstem  are 

^; 
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_/       2;r  ,    .  .    27r\       „ 

^(cos 1-  J  sin  — )  =^€; 

'  \        n  n  J       ' 

-Elcos  —  +  7  8in — )  =E^\ 

•  \        n  n  /       • 

^(cos  — ^ —  +  7  sin— ^^ ^J  =  Ee^K 

•  \  n  n        /       • 

The  next  e.m.f.  is  again, 

^  (cos  2  ;r  +  y  sin  2n)  =  Ee^  =  E. 

Hence,  it  is 

2n       .  .    2n        »,- 

€  =  cos h  7  sm —  =  Vl.  * 

n  n 

Or  in  other  words: 

In  a  symmetrical  n^phase  system  any  e.m.f.  of  the  system  is 
expressed  by 

€^E] 

where  t  =  VT. 

367.  Substituting  now  for  n  different  values,  we  get  the 
different  symmetrical  polyphase  systems,  represented  by 

f^rr  2;r        .   .    2  tt 

where  €  =  vl  =  cos 1-  7  sm — • 

n  n 

(1)  n  =  1    €  =  1     ^'E  ^E, 
the  ordinary  single-phase  system. 

(2)  n  =  2    e  =  -  1    e*JB  =  ^  and  -^. 

Since  —  JE  is  the  return  of  ^,  n  =  2  gives  again  the  single- 
phase  system.    • 

(3)n=3    €  =cos— +  jsin— = ^ 
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The  three  e.m.fs.  of  the  three-phase  system  are 

Consequently  the  three-phase  system  is  the  lowest  symmetrical 
polyphase  system. 

(4)   n  =  4,    €  =  cos—  +  J  sin—  =  /,  e"  =  —  1,  e*  =  —  j. 

The  four  e.m.fs.  of  the  four-phase  system  are, 

eE=E,    jE,     -E,     -jE. 
They  are  in  pairs  opposite  to  each  other, 
E  and  -  E]    jE  and  -  jE. 

Hence  can  be  produced  by  two  coils  in  quadrature  with 
each  other,  analogous  as  the  two-phase  system,  or  ordinary 
alternating  current  system,  can  be  produced  by  one  coil. 

Thus  the  symmetrical  quarter-phase  system  is  a  four-phase 
system. 

Higher  systems  than  the  quarter-phase  or  four-phase  system 
have  not  been  very  extensively  used,  and  are  thus  of  less  practical 
interest.  A  symmetrical  six-phase  system,  derived  by  trans- 
formation from  a  three-phase  system,  has  found  appUcation  in 
synchronous  converters,  as  offering  a  higher  output  from  these 
machines,  and  a  synunetrical  eight-phase  system  proposed  for 
the  same  purpose. 

368.  A  characteristic  feature  of  the  synmietrical  n-phase  sys- 
tem is  that  under  certain  conditions  it  can  produce  a  rotating 
m.m.f  of  constant  intensity. 

If  n  equal  magnetizing  coils  act  upon  a  point  under  equal 
angular  displacements  in  space,  and  are  excited  by  the  n  e.m.fs. 
of  a  sjrmmetrical  n-phase  system,  a  m.m.f.  of  constant  intensity 
is  produced  at  this  point,  whose  direction  revolves  synchronously 
with  uniform  velocity. 

Let 

nf  =  number  of  turns  of  each  magnetizing  coil. 

E  =  effective  value  of  impressed  e.m.f. 

/   =  effective  value  of  current. 
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Hence, 
^  =n'l  =  effective  m.m.f.  of  one  of  the  magnetizing  coils. 
Then  the  instantaneous  value  of  the  m.m.f.  of  the  coil  acting 

in  the  direction, ,  is 

n 

2id\ 


/,  =  tFv/2sin(^-?^) 
=  n'/\/2sin(/?-?^). 


The  two  rectangular  space  components  of  this  m.m.f.  are 

//  =  /iOOS  — 


=  n'l  V2  cos sm  {/? ) , 

n        \         n  I 


and  //'  =  ]i  sin 

n 


=  n'l  v2  sm sm (^ ) • 

n        \         n  / 

Hence  the  m.m.f.  of  this  coil  can  be  expressed  by  the  symbolic 
formula 

/T    /rr  .     /^      2  7ri\/       2  id       .   .    2  thX 

/t  =  n'/ v2sm  \p )  (cos h  ?  sm J- 

\         n  I  \       n  n  I 

Thus  the  total  or  resultant  m.m.f.  of  the  n  coils  displaced  under 
the  n  equal  angles  is 

/  =  X*7i=n7x/2X^sin(^~— j(cos— +  jsm— I 

or,  expanded, 

/r    /s  <  .    r.^   /      ,2;ri       ,  .    27d       2ni\ 
f  =n7  v2  Jsm/?2iM^^s ^■  J  sm —  cos 1 

^A  /  .    27d       27d      .  .  ,27n\) 

—cos p  2ji [sm cos f-  ism^ —  ){  • 

^  \       n  n  n  / ) 
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It  is,  however, 

_  2  TTl       *  .     .      2  TTl  2  TTl  ,   /-      .  4  TTt    ,      .    .     4  7ri\ 

cos* h  7 sin cos —  =  ill  +  cos h  jsin ) 

n       ^         n  n  \  n        *        n  / 

=  i(i  +  e*0, 

,    2  Tti         2  Tti  ,    ,  .  ^2  iti      7  A  4  TTl      .  .    4  ttA 

sm cos h  7  sin' =  ^  { 1  —  cos 7  sin ) 

n  n'  n       2\  n'  n/ 


'I  (1-^0; 


and,  since 


X««**=o,      2)*«^*=o» 


.      nn7\/2,.    ^      . 
It  IS,  / (gmfi  -  J  C08i9); 

or,  /  =— =(smi9-jcosi9) 

«-^(sin^-/cosi9); 
v2 

the  symbolic  expression  of  the  m.m.f .  produced  by  the  n  circuits 
of  the  symmetrical  w-phase  system,  when  exciting  n  equal  mag- 
netizing coils  displaced  in  space  under  equal  angles. 
The  absolute  value  of  this  m.m.f.  is 

r   =  ■ 


\/2      \/2  2 

71 

Hence  constant  and  equal  — =.  times  the  efifective  m.m.f.  of 
n  ^2 

each  coil  or-  times  the  maximum  m.m.f.  of  each  coil. 

The  phase  of  the  resultant  m.m.f.  at  the  time  represented  by 
the  angle  ^  is 

tan  6  =  —  cot  P;  hence  d  =  ^  —  - . 

That  is,  the  m.m.f.  produced  by  a  symmetrical  Ti^phase  system 
revolves  with  constant  intensity,  , 

J?      ^ 
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and  constant  speed,  in  synchronism  with  the  frequency  of  the 
system;  and,  if  the  reluctance  of  the  magnetic  circuit  is  constant, 
the  magnetism  revolves  with  constant  intensity  and  constant 
speed  also,  at  the  point  acted  upon  sjrmmetrically  by  the  n  m.m.fs. 
of  the  n-phase  system. 

This  is  a  characteristic  feature  of  the  synmietrical  polyphase 
system. 

369.  In  the  three-phase  system,  n  =  3,  2^  =  1.5  ^maxf  where 
^max  is  the  maximum  m.m.f.  of  each  of  the  magnetizing  coils. 

In  a  symmetrical  quarter-phase  system,  n  =  4,  F  =2  W^ax, 
where  ^max  is  the  maximum  m.m.f.  of  each  of  the  four  magnet- 
izing coils,  or,  if  only  two  coils  are  used,  since  the  four-phase 
m.m.fs.  are  opposite  in  phase  by  two,  F  =  ^max,  where  ^max  is 
the  maximimi  m.m.f.  of  each  of  the  two  magnetizing  coils  of  the 
quarter-phase  system. 

While  the  quarter-phase  system,  consisting  of  two  e.m.fs. 
displaced  by  one-quarter  of  a  period,  is  by  its  nature  an  unsym- 
metrical  sj^tem,  it  shares  a  number  of  features  —  as,  for  instance, 
the  ability  of  producing  a  constant-resultant  m.m.f.  —  with  the 
sjrmmetrical  system,  and  may  be  considered  as  one-half  of  a 
symmetrical  four-phase  system. 

Such  systems,  consisting  of  one-half  of  a  symmetrical  system, 
are  called  hemisymmetrical  systems. 


CHAPTER  XXXIV- 

BALANCED  AND   UNBALANCED   POLYPHASE  SYSTEMS. 

370.  If  an  alternating  e.m.f., 

e  =J5\/2sini9, 

produces  a  current, 

i  -/\/2sm09-<?), 

where  6  is  the  angle  of  lag,  the  power  is 

p  =  6i  =  2  5/  sin  ^  sin  09  -  0) 

=  ^/ (costf-cos  (2/9-<?)), 

and  the  average  value  of  power, 

P  ^  EI  CO&  0. 

Substituting  this,  the  instantaneous  value  of  power  is  found  as 

cos  (2  /?  -  0)) 


pi       cos(2/?-<?)\ 

V  COS  tf  / 


Hence  the  power,  or  the  flow  of  energy,  in  an  ordinary  single- 
phase,  alternating-current  circuit  is  fluctuating,  and  varies  with 
twice  the  frequency  of  e.m.f.  and  current,  unlike  the  power  of  a 
continuous-current  circuit,  which  is  constant, 

If  the  angle  of  lag,  0  =  0,  it  is, 

p  =P(l-cos2i9); 

hence  the  flow  of  energy  varies  between  zero  and  2  P,  where  P  is 
the  average  flow  of  energy  or  the  effective  power  of  the  circuit, 
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If  the  current  lags  or  leads  the  e.m.f.  by  angle  <?,  the  power 
varies  between 

P(l---i-)andpfl+  -V), 

\  cos  ^  /  \  CGSdJ 

that  is,  becomes  negative  for  a  certain  part  of  each  half-wave. 
That  is,  for  a  time  dming  each  half-wave,  energy  flows  back  into 
the  generator,  while  dming  the  other  part  of  the  half-wave  the 
generator  sends  out  energy,  and  the  difference  between  both  is 
the  effective  power  of  the  circuit. 
Ue  =  90°,  it  is 

p  =  -  JS?/  sm  2  ^; 

that  is,  the  effective  power  P  =  0,  and  the  energy  flows  to  and 
fro  between  generator  and  receiving  circuit. 

Under  any  circumstances,  however,  the  flow  of  energy  in  the 
single-phase  system  is  fluctuating,  at  least  between  zero  and  a 
maximum  value,  frequently  even  reversing. 

371.  If  in  a  polyphase  system 

ej,  62,  e, =  instantaneous  values  of  e.m.f.; 

^>  hf  tsj  •  •  •  '  ==  instantaneous  values  of  current  pro- 
duced thereby, 

the  total  power  in  the  sjrstem  is 

p  =  ejti  +  e^ta  +  e,ia  +  . . . . 

The  average  power  is 

P  =  EJi  cos  0t  +  EJ^  cos  ^3  + 

The  polyphase  system  is  called  a  balanced  system,  if  the  flow 
of  energy 

p  =  Cjii  +  ejij  +  63!,  +  . . .  . 

is  constant,  and  it  is  called  an  unbalanced  system  if  the  flow  of 
energy  varies  periodically,  as  in  the  single-phase  system;  and  the 
ratio  of  the  minimum  value  to  the  maximum  value  of  power  is 
called  the  batance-factor  of  the  system. 
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Hence  in  a  single-phase  system  on  non-inductive  circuit, 
that  is,  at  no-phase  displacement,  the  balance-factor  is  zero; 
and  it  is  negative  in  a  single-phase  system  with  lag^g  or 
leading  current,  and  becomes  equal  to  —  1  if  the  phase  displace- 
ment is  90°  —  that  is,  the  circuit  is  wattless. 

372.  Obviously,  in  a  poljrphase  system  the  balance  of  the 
system  is  a  fimction  of  the  distribution  of  load  between  the 
different  branch  circuits. 

A  balanced  system  in  particular  is  called  a  polyphase  system, 
whose  flow  of  energy  is  constant,  if  all  the  circuits  are  loaded 
equally  with  a  load  of  the  same  character,  that  is,  the  same  phase 
displacement. 

373.  All  the  symmetrical  systems  from  the  three-phase  system 
upward  are  balanced  systems.  Many  unsymmetrical  systems 
are  balanced  systems  also. 

(1)  Three-phase  system: 
Let 

e^  =E  \/2  sin  fi,  and  i^  ==  /  v^sin  09  -  0), 

e^^E  \/2"sin  09  - 120),         h  =  /  v^sin  {§-0  -  120), 

e,  =^>/2'sin(^-240),         i,  =  /  \/2  sin  09  -  »  -  240), 

be  the  e.m.fs.  of  a  three-phase  system  and  the  currents  pro- 
duced thereby. 
Then  the  total  power  is 

p^2EI  {sin^sinO?-^)  +  sin  0?  -  120)  sin  (^  -  <?  -  120) 
+  sin  (^-240)  sm  (^-5-240)} 

^  3  EI  cos  6  =  P,  or  constant. 

Hence  the  symmetrical  three-phase  system  is  a  balanced 
system. 

(2)  Quarter-phase  system: 

Let    e^  =-E  \/2  sin  p,        i,  =  /  N/2'sin  09  -  d), 
e,  =  £?  \/2  cos  fi,        ij  =  /  \/2  cos  09  -  ^) 
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be  the  e.m.fs.  of  the  quarter-phase  system,  and  the  currents  pro- 
duced thereby. 

This  is  an  unsymmetrical  system,  but  the  instantaneous  value 
of  power  is 

p  =^2El  {smiSsinOS-^)  +  cos /9 cos  09-^)} 
=  2  -B/  cos  ^  =  P,  or  constant. 

Hence  the  quarter-phase  system  is  an  unsymmetrical  balanced 
system. 

(3)  The  symmetrical  7^-phase  system,  with  equal  load  and 
equal  phase-displacement  in  all  n  branches,  is  a  balanced  system. 
For,  let 

et=  E  \/2  sin^S  -  ?^^  =  e.m.f.; 

Xi=  I  V^sin  [B  —  O j  =  current; 

the  instantaneous  value  of  power  is 

n 

^El\^i  cos^-J*  cos(2^-tf-— V; 

or  p  =  nEI  cos  ^  =  P,  or  constant. 

374.  An  unbalanced  polyphase  system  is  the  so-called  inverted 
three-phase  system,*  derived  from  two  branches  of  a  three-phase 
system  by  transformation  by  means  of  two  transformers,  whose 
secondaries  are  connected  in  opposite  direction  with  respect  to 
their  primaries.  Such  a  system  takes  an  intermediate  position 
between  the  Edison  three-wire  system  and  the  three-phase  system. 
It  shares  with  the  latter  the  polyphase  feature,  and  with  the 
Edison  three-wire  system  the  feature  that  the  potential  difference 

*  Also  called  "  polyphase  monocyclic  system,"  since  the  e.m.f.  triangle  is 
similar  to  that  usual  in  the  single-phase  monocyclic  system. 
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between  the  outside  wires  is  higher  than  between  middle  wire 
and  outside  wire. 

By  such  a  pair  of  transformers  the  two  primary  e.m.fs.  of  120° 
displacement  of  phase  are  transformed  into  two  secondary  e.m.fs., 
differing  from  each  other  by  60°.    Thus  in  the  secondary  circuit 


Fig.  237.  —  Single-phase,  Non-inductive  Circuit. 

the  difference  of  potential  between  the  outside  wires  is  VS  times 
the  difference  of  potential  between  middle  wire  and  outside  wire. 
At  equal  load  on  the  two  branches,  the  three  currents  are  equal, 
and  differ  from  each  other  by  120°,  that  is,  have  the  same  relative 
proportion  as  in  a  three-phase  system.    If  the  load  on  one 


Fig.  238.  — Single-phase,  60°  Lag. 

branch  is  maintained  constant,  while  the  load  of  the  other  branch 
is  reduced  from  equality  with  that  in  the  first  branch  down  to 
zero,  the  current  in  the  middle  wire  first  decreases,  reaches  a 

minimum  value  of  — -  =  .866  of  its  original  value,  and  then 

increases  again,  reaching  at  no-load  the  same  value  as  at  full 
load. 
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The  balance  factor  of  the  inverted  three-phase  system  on  non- 
inductive  load  is  0.333. 


Fig.  239.  —  Quarter-phaae,  Non-inductive  Oireuit. 


FiQ.  240.  —  Quarter-phase,  60^  Lag. 


Fig.  241.  — Three-phase,  Non-inductive  Circuit. 


376.  In  Figs. 237  to  244  are  shown  the  e.m.fs.,as  e  and  currents 
as  i  in  full  lines,  and  the  power  as  p  in  dotted  lines,  for  balance- 
factor,  0;  balance-factor,  —0.333;  balance-factor,  +  1;  balance- 
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factor,  +  1;    balance-factor,  +  1;  balance-factor,  +  1;  balance- 
factor,  +  0.333,  and  balance-factor,  0. 

376.  The  flow  of  energy  in  an  alternating-current  system  is  a 
most  important  and  characteristic  feature  of  the  system,  and  by 
its  nature  the  systems  may  be  classified  into: 


Fig.  243.  —  Inverted  Three-phase,  Non-inductive  Circuit. 


Monocyclic  systems  j  or  systems  with  a  balance-factor  zero  or 
negative. 

Polycyclic  systems,  with  a  positive  balance-factor. 

Balance-factor  —  1  corresponds  to  a  wattless  single-phase 
circuit,  balance-factor  zero  to  a  non-inductive  single-phase 
circuit,  balance-factor  +  1  to  a  balanced  polyphase  system. 
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377.  In  polar  coordinates  the  flow  of  energy  of  an  alternating 
current  system  is  represented  by  using  the  instantaneous  value 
of  power  as  radius  vector,  with  the  angle,  p,  corresponding  to 
the  time  as  amplitude,  one  complete  period  being  represented  by 
one  revolution. 

In  this  way  the  power  of  an  alternating-current  S5r8tem  is 
represented  by  a  closed  S3rmmetrical  curve,  having  the  zero  point 
as  quadruple  point.    In  the  monocycUc  systems  the  zero  point  is 


Fig.  244.  —  Inverted  Three-phafle,  60**  Lag. 


quadruple  nodal  point;  in  the  poly  cyclic  systems  quadruple 
isolated  point. 

Thus  these  curves  are  sextics. 

Since  the  flow  of  energy  in  any  single-phase  branch  of  the 
alternating-current  system  can  be  represented  by  a  sine  wave  of 
double  frequency, 

/       sin(2^-m^ 
^  V  cos»        / 

the  total  flow  of  energy  of  the  system  as  derived  by  the  addition 
of  the  powers  of  the  branch  circuits  can  be  represented  in  the 
form 

p=P(l  +  £  sin  (2/? -So)). 
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This  is  a  wave  of  double  frequency  also,  with  e  as  amplitude 
of  fluctuation  of  power. 

This  is  the  equation  of  the  power  characteristics  of  the  system 
in  polar  coordinates. 

378.  To  derive  the  equation  in  rectangular  coordinates  we 
introduce  a  substitution  which  revolves  the  system  of  coordinates 

by  an  angle,  7^,  so  as  to  make  the  symmetry  axes  of  the  power 

characteristic  the  coordinate  axes. 


hence, 
substituted, 

or,  expanded, 

(x»  +  j/»)»-P»  (a?  +  j/»  +  2  ixyy  =  0, 

the  sextic  equation  of  the  power  characteristic. 
Introducing 

a  =  (1  +  e)  P  =  maximum  value  of  power, 

6  =  (1  —  e)  P  ==  minimum  value  of  power; 
we  have 

a+b 


P  = 


e  = 


2     ' 
a  — 6 


a  +  b' 
hence,  substituted,  and  expanded, 

(a?  +  j/=)»-  i  \a  (X  +  yy  +  b  (x-j/)»p  =  0, 

the  equation  of  the  power  characteristic,  with  the  main  power 

axes,  a  and  6,  and  the  balance-factor,  -  • 

a 
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It  is  thus : 

Single-phase,    non-inductive     circuit,     p  =  P  (1  +  sin  2  &), 
6=0,    a  =  2  P, 

(a?  +  fy-F'ix  +  yy  =0,     -  =  0. 

a 

Single-phase  circuit,  60°  lag:  p  =  P  (1  +  2  sin  2  ^),    b  =  —P, 
a  =  +3P, 

(x'  +  t/»)'-P»(x'  +  j/»  +  4xy)»=0,     ^  =  -i 

Single-phase  circuit,  90°  lag:        p  =  ^/  sin  2  d, 
b=-EI,       a  =  +EI, 

(a?  +  fy - 4  (^7)' rr»y^      ;^=  -  1- 
Three-phase  non-inductive  circuit,  p  =  P,    b  =1,    a  =  1, 

a?  +  y» -P»  =  0,  circle.      -  =  +  1. 

a 

Three-phase  circuit,  60*^  lag,  p  =  P,      b  =1,    a  =  1, 
aj2  +  j^  -  pa  =  0,  circle.     -  =  +  1. 

Quarter-phase  non-inductive  circuit,  p  =  P,    6=1,    a  =  1, 
a?  +  t/»-P«  =0,  circle.      -=+1. 

Quarter-phase  circuit,  60^  lag,    p  "=  Pj    6=1,    a  =  1, 
a^  +  t/»  -  P*  =0,  circle.    ~  =+  1. 
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Inverted  three-phase  non-inductive  circuit, 

P=/'(l  +  5^),   l-iP.   «.|P, 

(i?  +  y)'-P'(a?  +  j'  +  xj))'-0.     --+i. 

Inverted  three-phase  circuit  60°  lag,    p  =  jP  (1  +  sin  2  d), 
6=0,    a  =2P, 

(x»  +  t/2)»-.p»(x  +  j/)*=0.     ^=0. 

a  and  b  are  called  the  main  power  axes  of  the  alternating- 
current  system,  and  the  ratio,  -,  is  the  balance-factor  of  the 
system.  ^ 


Figs.  245  and  246.  —  Power  Characteristic  of  Siiurle-phase  System, 
at  0**  and  60*»  Lag. 

379.  As  seen,  the  flow  of  energy  of  an  alternating-current 
system  is  completely  characterized  by  its  two  main  power  axes, 
a  and  b. 

The  power  characteristics  in  polar  coordinates,  corresponding 
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to  the  Figs.  237,  238,  243  and  244  are  shown  in  Fig3.  245,  246, 
247  and  248. 


FiGB.  247  and  248.     Power  Characteristio  of  Inverted  Three-phase 
System,  at  0''  and  60°  Lag. 

The  balanced  quarter-phase  and  three-phase  systems  give  as 
polar  characteristics  concentric  circles. 


CHAPTER  XXXV. 

INTERLINKED  POLYPHASE  SYSTEMS. 

380.  In  a  polyphase  system  the  different  circuits  of  dis- 
placed phases,  which  constitute  the  system,  may  either  be 
entirely  separate  and  without  electrical  connection  with  each 
other,  or  they  may  be  connected  with  each  other  electrically, 
so  that  a  part  of  the  electrical  conductors  are  in  common  to  the 
different  phases,  and  in  this  case  the  system  is  called  an  inter- 
linked polyphase  system. 

Thus,  for  instance,  the  quarter-phase  system  will  be  called  an 
independent  system  if  the  two  e.m.fs.  in  quadrature  with  each 
other  are  produced  by  two  entirely  separate  coils  of  the  same, 
or  different,  but  rigidly  connected,  armatures,  and  are  Connected 
to  foinr  wires  which  energize  independent  circuits  in  motors 
or  other  receiving  de\dces.  If  the  quarter-phase  system  is 
derived  by  connecting  four  equidistant  points  of  a  closed- 
circuit  drum  or  ring-wound  armature  to  the  four  collector  rings, 
the  system  is  an  interlinked  quarter-phase  system. 

Similarly  in  a  three-phase  system.  Since  each  of  the  three 
currents  which  differ  from  each  other  by  one-third  of  a  period 
is  equal  to  the  resultant  of  the  other  two  currents,  it  can  be 
considered  as  the  return  circuit  of  the  other  two  currents,  and 
an  interlinked  three-phase  system  thus  consists  of  three  wires 
conveying  currents  differing  by  one-third  of  a  period  from  each 
other,  so  that  each  of  the  three  currents  is  a  common  return  of 
the  other  two,  and  inversely. 

381.  In  an  interlinked  polyphase  system  two  ways  exist  of 
connecting  apparatus  into  the  system. 

1.  The  star  connection,  represented  diagrammatically  in 
Fig.  249.     In  this  connection  the  n  circuits,  excited  by  currents 

differing  from  each  other  by  -  of  a  period,  are  connected  with 

n 

their  one  end  together  into  a  neutral  point  or  common  con- 

655 


666  ALTERNATING-CURRENT  PHENOMENA. 

nection,  which  may  either  be  grounded,  or  connected  with  other 
corresponding  neutral  points,  or  insulated. 

In  a  three-phase  system  this  connection  is  usually  called  a  Y 
connection,  from  a  similarity  of  its  diagrammatical  representa- 
tion with  the  letter  F,  as  shown  in  Fig.  233. 

2.  The  ring  amnection,  represented  diagrammatically  in 
Fig.  250,  where  the  n  circuits  of  the  apparatus  are  connected 
with  each  other  in  closed  circuit,  and  the  comers  or  points  of 
connection  of  adjacent  circuits  connected  to  the  n  lines  of  the 
polyphase  system.    In  a  three-phase  system  this  connection  is 
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Fig.  249. 


called  the  delta  (A)  connection,  from  the  similarity  of  its  dia- 
grammatic representation  with  the  Greek  letter  delta,  as  shown 
in  Fig.  233o 

In  consequence  hereof  we  distinguish  between  star-connected 
and  ring-connected  generators,  motors,  etc.,  or  in  three-phase 
systems  F-connected  and  A-connected  apparatus. 

382.  Obviously,  the  polyphase  system  as  a  whole  does  not 
differ,  whether  star  connection  or  ring  connection  is  used  in  the 
generators  or  other  apparatus;  and  the  transmission  line  of  a 
symmetrical  n-phase  system  always  consists  of  n  wires  carrying 
current  of  equal  strength,  when  balanced,  differing  from  each 
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other  in  phase  by  -  of  a  period.    Since  the  line  wires  radiate 

from  the  n  terminals  of  the  generator,  the  lines  can  be  con- 
sidered as  being  in  star  connection. 

The  circuits  of  all  the  apparatus,  generators,  motors,  etc., 
can  either  be  connected  in  star  connection,  that  is,  between  one 
line  and  a  neutral  point,  or  in  ring  connection,  that  is,  between 
two  adjacent  lines. 

In  general  some  of  the  apparatus  will  be  arranged  in  star 


Fig.  250. 

connection,   some  in   ring  connection,   as  the  occasion  may 
require. 

383.  In  the  same  way  as  we  speak  of  star  connection  and 
ring  connection  of  the  circuits  of  the  apparatus,  the  terms  star 
potential  and  ring  potential,  star  current  and  ring  current,  etc., 
are  used,  whereby  as  star  potential  or  in  a  three-phase  circuit 
Y  potential,  the  potential  difference  between  one  of  the  lines 
and  the  neutral  point,  that  is,  a  point  having  the  same  difiference 
of  potential  against  all  the  lines,  is  understood;  that  is,  the 
potential  as  measured  by  a  voltmeter  connected  into  star  or  Y 
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connection.  By  ring  or  delta  potential  is  understood  the 
difference  of  potential  between  adjacent  lines,  as  measured  by 
a  voltmeter  connected  between  adjacent  lines,  in  ring  or  delta 
connection. 

In  the  same  way  the  star  or  Y  current  is  the  current  in  a 
circuit  from  one  line  to  a  neutral  point;  the  ring  or  delta  cur- 
rent, the  current  in  a  circuit  from  one  line  to  the  next  line. 

The  current  in  the  transmission  line  is  always  the  star  or  Y 
current,  and  the  potential  difference  between  the  line  wires,  the 
ring  or  delta  potential. 

Since  the  star  potential  and  the  ring  potential  differ  from 
each  other,  apparatus  requiring  different  voltages  can  be  con- 
nected into  the  same  polyphase  mains,  by  using  either  star  or 
ring  connection. 

884.  If  in  a  generator  with  star-connected  circuits,  the  e.m.f. 
per  circuit  =  E,  and  the  common  connection  or  neutral  point 
is  denoted  by  zero,  the  potentials  of  the  n  terminals  are 

E,  eE,  ^E  .  .  .  .  e""-' E; 
or  in  general,  €^E, 

at  the  i**"  terminal,  where, 

t  =  0, 1,  2  .  .  .  .  n  —  1,  €  =  cos h  J  sm  —  =  VI. 

n  n 

Hence  the  e.m.f.  in  the  circuit  from  the  i***  to  the  k^  terminal 

E^  =  e^E-e'E  =  (e^-eO^- 

The  e.m.f.   between  adjacent  terminals  i  and  t  +  1  is 

(£»■-»-* -eO^  =  ei(e-l)E. 

In  a  generator  with  ring-connected  circuits,  the  e.m.f.  per 
circuit  .  „ 

is  the  ring  e.m.f.,  and  takes  the  place  of 

e^(e-l)E; 
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while  the  e.m.f.  between  terminal  and  neutral  point,  or  the 
star  e.m.f.,  is 

Hence  in  a  star-connected  generator  with  the  e.m.f.  E  per 
circuit,  it  is: 

star  e.m.f.,  e*  E, 

ring  e.m.f.,  e^  (e  —  l)  E, 

e.m.f.  between  terminal  i  and  terminal  kj  (e*  —  e*)  E. 

In  a  ring-connected  generator  with  the  e.m.f.,  E,  per  circuit, 
it  is 

star  e.m.f., -E. 

e-1  •' 

ring  e.m.f.,  e*\B, 

e.m.f.  between  terminals  i  and  k, E. 

In  a  star-connected  apparatus,  the  e.m.f.  and  the  current 
per  circuit  have  to  be  the  star  e.m.f.  and  the  star  current.  In 
a  ring-connected  apparatus  the  e.m.f.  and  current  per  circuit 
have  to  be  the  ring  e.m.f.  and  ring  current. 

In  the  generator  of  a  symmetrical  polyphase  system,  if 

£*  E  are  the  e.m.fs.  between  the  n  terminals  and  the  neutral 
point,  or  star  e.m.fs. 

/»■==  the  currents  issuing  from  terminals  i  over  a  line  of  the 
impedance,  Z»-  (including  generator  impedance  in  star  con- 
nection), we  have 

potential  at  end  of  line  i, 

s'E-ZJ,, 

and  difiference  of  potential  between  terminals  k  and  i 

where  /^  is  the  star  current  of  the  system,  Z^  the  star  impedance. 
The  ring  potential  at  the  end  of  the  line  between  terminals  i 
and  k  is  Eg^,  and 
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If  now  In,  denotes  the  current  from  terminal  i  to  terminal  fc, 
and  Zn,  impedance  of  the  circuit  between  terminal  i  and  ter- 
minal k,  where 

it*  =  "-  Ikxj 

we  have  En,.  =  Zif,  1^,. 

li  lio  denotes  the  current  in  the  circuit  from  terminal  i  to  a 
ground  or  neutral  point,  and  Zio  is  the  impedance  of  this  circuit 
between  terminal  i  and  neutral  point,  it  is 

386.  We  have  thus,  by  Ohm's  law  and  Kirchhoff's  law: 

If  €*E  is  the  e.m.f.  per  circuit  of  the  generator,  between  the 
terminal,  i,  and  the  neutral  point  of  the  generator,  or  the  star 
e.m.f. 

Ii=  the  current  at  the  terminal,  i,  of  the  generator,  or  the 
star  current. 

Z^  =  the  impedance  of  the  line  connected  to  a  terminal,  i,  of 
the  generator,  including  generator  impedance. 

Ei  =  the  e.m.f.  at  the  end  of  hne  connected  to  a  terminal,  i, 
of  the  generator. 

Eik  =  the  difference  of  potential  between  the  ends  of  the 
lines,  i  and  k. 

Iik==^  the  current  from  line  i  to  hne  A. 

Z^jfc  =  the  impedance  of  the  circuit  between  Hues  i  and  A;. 

lioi  I  too  .  .  .  .  =  the  current  from  line  i  to  neutral  points 
0,  00,  .' .  .  . 

Ziof  Zioo  .  .  .  .  =  the  impedance  of  the  circuits  between 
line  i  and  neutral  points  0,  00,  ...  . 

Then: 

(1)      ^i*    =  —  Ejci,         /ijfc     =  —    Iki        ^ik    =  ^ki)         IfO    ="-   1 919 

Zio  =  ^oi,  etc. 

(2)  Ei   =e»  E  -ZJi. 

(3)  Ei     =  Ziol to   ~  ^iool too   =    .    .    .    . 

(4)  Ea=E,- Ei  =  (ei -e<)E-  (Z,I^ - Z,/ J. 

(5)  Eik  =  Zitlnc. 

(6)  /.•  =  X*  /«. 
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(7)  If  the  neutral  point  of  the  generator  does  not  exist,  as  in 
ring  connection,  or  is  insulated  from  the  other  neutral  points; 


n 

X*  ^,ioo=Oy  etc. 


Where  0,  00,  etc.,  are  the  different  neutral  points  which  are 
insulated  from  each  other. 

If  the  neutral  point  of  the  generator  and  all  the  other  neutral 
points  are  grounded  or  connected  with  each  other,  we  have, 

«  n 

X*    ^"^    X*(Iio+    Iioo+   '    '    '    .) 
n  n 

^^     *  to     *     ^^     *•  too     I     •    •    •    • 

T    *         T    ' 

If  the  neutral  point  of  the  generator  or  other  neutral  points 
are  grounded,  the  system  is  called  a  grounded  system.  If 
the  neutral  points  are  not  grounded,  the  system  is  an  insu- 
lated polyphase  system,  and  an  insulated  polyphase  system 
with  equalizing  return,  if  all  the  neutral  points  are  connected 
with  each  other. 

(8)  The  power  of  the  polyphase  system  is 


P  =^i  e^  Eli  cos  di  at  the  generator, 

n        n 

P  =  Vi  2)a  EifJik  COS  dik  in  the  receiving  circuits. 


0^      i 


CHAPTER    XXXVI. 

TRANSFORMATION  OF   POLYPHASE   SYSTEMS. 

386.  In  transforming  one  polyphase  system  into  another 
polyphase  system,  it  is  obvious  that  the  primary  system  must 
have  the  same  flow  of  energy  as  the  secondary  system,  neglect- 
ing losses  in  transformation,  and  that  consequently  a  balanced 
system  will  be  transformed  again  into  a  balanced  system,  and 
an  unbalanced  system  into  an  unbalanced  system  of  the 
same  balance-factor,  since  the  transformer  is  not  able  to 
store  energy,  and  thereby  to  change  the  nature  of  the  flow 
of  energy.  The  energy  stored  as  magnetism  amounts  in  a  well- 
designed  transformer  only  to  a  very  small  percentage  of  the 
total  energy.  This  shows  the  futility  of  producing  symmetrical 
balanced  polyphase  systems  by  transformation  from  the 
unbalanced  single-phase  system  without  additional  apparatus 
able  to  store  energy  efficiently,  as  revolving  machinery,  etc. 

Since  any  e.m.f.  can  be  resolved  into,  or  produced  by,  two 
components  of  given  directions,  the  e.m.f.  of  any  polyphase 
system  can  be  resolved  into  components  or  produced  from 
components  of  two  given  directions.  This  enables  the  trans- 
formation of  any  polyphase  system  into  any  other  polyphase 
system  of  the  same  balance-factor  by  two  transformers  oiJy. 

387.  Let  E^,  E^,  J?,.  ...  be  the  e.m.fs.  of  the  primary 
system  which  shall  be  transformed  into 

E^,  E^',  ^s' .  .  .  .  the  e.m.fs.  of  the  secondary  system. 

Choosing  two  magnetic  fluxes,  *  and  *,  of  different  phases, 
as  magnetic  circuits  of  the  two  transformers,  which  generate 

the  e.m.fs.;  e  and  e,  per  turn,  by  the  law  of  parallelogram  the 
e.m.fs.,  E^,  ^2>  •  •  •  •  can  be  resolved  into  two  components, 

E^  and  E^,  E^  and  E^,  ....  of  the  phases,  e  and  e. 
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Then 

£i,  £?j,  ....  are   the   counter   e.m.fs.   which   have   to   be 
generated  m  the  primary  circuits  of  the  first  transformer; 

E^,  J?j,  .  .  .  .  the  counter  e.m.fs.  which  have  to  be  generated 
in  the  primary  circuits  of  the  second  transformer. 

Hence 

-Jy-:-   ....  are  the  numbers  of  turns  of  the  primary  coils 
€     e 

of  the  first  transformer. 
Analogously 

-=^ ;  -^  .  .  .  .  are  the  number  of  turns  of  the  primary  coils  in 
e       e 

the  second  transformer. 

In  the  same  manner  as  the  e.m.fs.  of  the  primary  sjrstem 

have  been  resolved  into  components  in  phase  with  e  and  e,  the 
e.m.fs.  of  the  secondary  system,  J?/,  E2',  ....  are  produced 

from   components,  E/  and  £/,  E/  and  £/....  in  phase 

with  e  and  e,  and  give  as  numbers  of  secondary  turns,  — 

.  .  in  the  first  transformer; 
^j  ^   ....  in  the  second  transformer. 


That  means  each  of  the  two  transformers,  m  and  m,  con- 
tains in  general  primary  turns  of  each  of  the  primary  phases, 
and  secondary  turns  of  each  of  the  secondary  phases.  Loading 
now  the  secondary  polyphase  system  in  any  desired  manner, 
corresponding  to  the  secondary  currents,  primary  currents  will 
exist  in  such  a  manner  that  the  total  flow  of  energy  in  the 
primary  polyphase  system  is  the  same  as  the  total  flow  of 
energy  in  the  secondary  system,  plus  the  loss  of  power  in  the 
transformers. 


e 

e 

E?, 

e7 
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388.  As  an  instance  may  be  considered  the  transformation 
of  the  symmetrical  balanced  three-phase  system, 

Esinp,    ^sin  09-120),    Ssm  09-240), 

in  an  unsymmetrical  balanced  quarter-phase  system, 

£'sin^,    J?' sin  09 -90). 

Let  the  magnetic  flux  of  the  two  transformers  be  chosen  in 
quadrature 

4>  cos  i9  and  4>  cos  09  -  90). 

Then  the  e.m.fs.  generated  per  turn  in  the  transformers  are 

6  sin  ^  and  e  sin  09  —  90) ; 

hence,  in  the  primary  circuit  the  first  phase,  £?  sin  ^,  will  give,  in 

E 
the  first  transformer,  —primary  turns;  in  the  second  transformer, 

0  primary  turns.        ^ 

The  second  phase,  J?  sin  09  — 120),  will  give,  in  the   first 

—  E 
transformer,  -^ —    primary  turns;  in  the  second  transformer, 

ExV3     ^/       ^ 
pnmary  turns. 

Z  6 

The  third  phase,  ^  sin  09  —  240),  will  give,  in  the  first  trans- 

—  E                                                                 -^  E  y  v^3 
former,  -^ —  primary  turns;  in  the  second  transformer, Cl 

primary  turns. 
In  the  secondary  circuit  the  first  phase,  E^  sin  fi,  will  give  in 

E' 
the  first  transformer:  —  secondary  turns;  in  the  second  trans- 
former: 0  secondary  turns. 
The  second  phase:  E^  sin  09  —  90)  will  give  in  the  first  trans- 

E" 

former:   0   secondary   turns;   in  the   second   transformer,    — 

secondary  turns.  ^ 

Or,  if 

E  =  5000,    E'  =100,    e  =  10. 

PRIMARY..  SECONDARY. 

lit.  M.  td.      Itt.      M.     FbMe. 

First  transformer  +500     -  250     -  250    10      0 

Second  transformer  0+433-433      0    10    turns. 
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That  means: 

Any  balanced  polyphase  system  can  be  transformed  by  two 
transformers  only,  without  storage  of  energy,  into  any  other  bal- 
anced polyphase  system. 

Or  more  generally  stated: 

Any  polyphase  system  can  be  transformed  by  two  transformers 
only,  without  storage  of  energy,  into  any  other  polyphase  system 
of  the  same  balance  factor. 


Some  of  the  more  common  methods  of  transformation 
between  polyphase  systems  are: 

1.  The  deUorY  connection  of  transformers   between  three- 


TRTifTRTi 


rwi 


Fig.  251. 


phase  systems,  shown  in  Fig.  251.  One  side  of  the  transformers 
is  connected  in  delta,  the  other  in  Y.  This  arrangement  becomes 
necessary  for  feeding  four-wire  three-phase  secondary  distribu- 
tions. The  Y  connection  of  the  secondary  allows  the  bringing 
out  of  a  neutral  wire,  while  the  delta  connection  of  the  primary 

i 

nnn  run 
T 

FiQ.  252. 

» 

maintains  the  balance,  in  regard  to  the  voltage  between  the 
ptiases  at  unequal  distribution  of  load. 
The  delta-y  connection  of  step-up  transformers  is  frequently 
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used  in  long-distance  transmissions,  to  allow  grounding  of  the 
high-potential  neutral.  Under  certain  conditions — which  there- 
fore have  to  be  guarded  against  —  it  is  liable  to  induce  excessive 
voltages  by  resonance  with  the  Une  capacity. 

The  reverse  thereof,  or  the  Y-ddta  connection,  is  in  general 
not  permissible,  since  it  gives  what  has  been  called  a  "floating 
neutral;"  the  three  primary  Y  voltages  do  not  remain  even 
approximately  constant,  at  unequal  distribution  of  load  on  the 
secondary  delta,  but  the  primary  voltage  corresponding  to  the 
heavier  loaded  secondary,  and,  therefore,  also  the  corresponding 
secondary  voltage,  collapses.  Thereby  the  common  connection 
of  the  primary  shifts  towards  one  comer  of  the  e.m.f.  triangle, 
away  from  the  center  of  the  triangle,  and  may  even  fall  outside 
of  the  triangle.  As  result  thereof  the  secondary  triangle  becomes 
very  greatly  distorted  even  at  moderate  inequality  of  load,  and 
the  system  thus  loses  all  ability  to  maintain  constant  voltage  at 
unequal  distribution  of  load,  that  is,  becomes  inoperative.  In 
high-potential  systems  in  this  case  excessive  voltages  may  be 
induced  by  resonance  with  the  line  capacity. 

For  instance,  if  only  one  phase  of  the  secondary  trian^e  is 
loaded,  the  other  two  unloaded,  the  primary  current  of  the 
loaded  phase  must  return  over  the  other  two  transformers, 
which,  at  open  secondaries,  act  as  very  high  reactances,  thus 
limiting  the  current  and  consuming  practically  all  the  voltage, 
and  the  loaded  primary,  and  thus  its  secondary,  receive  prac- 
tically no  voltage. 

y-delta  connection  is  feasible  only  if  the  secondary  load  is 
balanced,  as  induction  —  or  synchronous  motors,  or  if  the  pri- 
mary neutral  is  connected  with  the  generator  neutral  or  the 
secondary  neutral  of  step-up  transformers  in  which  the  primaries 
are  connected  in  delta,  and  the  unbalanced  current  can  return 
over  the  neutral.  If  with  F-delta  connection,  in  addition  to  an 
unbalanced  load,  the  secondary  carries  polyphase  motors,  the 
motors  take  different  currents  in  the  different  phases,  so  that 
the  total  current  is  approximately  the  same  in  all  three  phases. 
That  is,  the  motors  act  as  phase  converters,  and  so  partially 
restore  the  balance  of  the  system. 

2.  The  delta-delta  connection  of  transformers  between  three- 
phase  systems,  in  which  primaries  as  well  as  secondaries  are 
connected  in  the  same  manner  as  the  primaries  in  Fig.  251. 
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Since  in  this  sjrstem  each  phase  is  transformed  by  a  separate 
transformer,  the  voltages  of  the  system  remain  balanced  even  at 
unbalanced  load,  within  the  limits  of  voltage  variation  due  to 
the  internal  self-inductive  impedance  (or  short-circuit  impedance) 
of  the  transformers  —  which  is  small,  while  the  exciting  imped- 
ance (or  open-circuit  impedance)  of  the  transformers,  which 
causes  the  unbalancing  in  the  F-delta  connection  above  dis- 
cussed is  enormous. 

3.  Y  —Y  connection  of  transformers  between  three-phase 
systems.  Primaries  and  secondaries  connected  as  the  second- 
aries in  Fig.  251. 

In  this  case,  if  the  neutral  is  not  fixed  by  connection  with  a 
fixed  neutral,  either  directly  or  by  grounding  it,  the  neutral  also 
is  floating,  and  so  abnormal  voltages  may  be  produced  between 
the  lines  and  the  neutral,  without  appearing  in  the  voltages 
between  the  Unes,  and  may  lead  to  disruptive  effects,  or  to 
overheating  of  the  transformers,  so  that  it  is  not  safe  to  use  this 
connection  without  fixing  the  neutral. 

Where  in  transformer  connections  in  polyphase  systems,  a 
neutral  or  common  connection  of  the  transformers  exists,  care 
must,  therefore,  be  taken  to  have  this  neutral  a  fixed  voltage 
point,  irrespective  of  the  variation  of  the  load  or  its  distribution, 
which  may  occur;  otherwise  harmful  phenomena  may  result 
from  a  "floating"  or  "unstable"  neutral. 

In  connections  (2)  and  (3),  the  secondary-e.m.f.  triangle  is  in 
phase  with  the  primary-e.m.f .  triangle,  while  in  (1)  it  is  displaced 
therefrom  by  30^.  Therefore,  even  if  the  voltages  are  equal,  con- 
nection (1)  cannot  be  operated  in  parallel  with  (2)  or  (3),  but  (2) 
and  (3)  can  be  operated  in  parallel  with  each  other,  and  with  the 
connections  (4)  and  (5),  provided  that  the  voltages  are  correct. 

4.  The  V  connection  or  open  delta  connection  of  transformers 
between  three-phase  systems,  consists  in  using  two  sides  of 
the  triangle  only,  as  shown  in  Fig.  252.  This  arrangement 
has  the  disadvantage  of  transforming  one  phase  by  two  trans- 
formers in  series,  hence  is  less  efficient,  and  is  liable  to  unbal- 
ance the  system  by  the  internal  impedance  of  the  transformers. 
It  is  convenient  for  small  powers  at  moderate  voltage,  since  it 
requires  only  two  transformers,  but  is  dangerous  in  high  poten- 
tial circuits,  being  liable  to  produce  destructive  voltages  by  its 
electrostatic  unbalancing. 
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5.  The. warn  and  teaser,  or  T  connection  of  transformers 
between  three-phase  S3rstems,  is  shown  in  Pig.  253.    One  of 

V3 

the  two  transformers  is  womid  for  -^  times  the  voltage  of  the 

other  (the  altitude  of  the  equilateral  triangle),  and  connected 
with  one  of  its  ends  to  the  center  of  the  other  transformer. 
From  the  point  one-third  inside  of  the  teaser  transformer,  a 
neutral  wire  can  be  brought  out  in  this  connection. 

6.  The  monocyclic  connectiony   transforming  between  three- 
phase  and  inverted  three-phase  or  polyphase  monocyclic,  by 


Y 


\ 
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Fig.  263. 


two  transformers,  the  secondary  of  one  being  reversed  regard- 
ing its  primary,  as  shown  in  Fig.  254. 

7.  The  L  connection  for  transformation  between  quarter-phase 
and  three-phase  as  described  in  the  example,  paragraph  357. 


Fig.  254. 

8.  The  T  connection  of  transformation  between  quarter-phase 
and  three-phase,  as  shown  in  Fig.  255.  The  quarter-phase 
sides  of  the  transformers  contain  two  equal  and  independent 
(or  interlinked)  coils,  the  three-phase-  sides  two  coils  with  the 

V3 
ratio  of  turns,  1  -s-  -— - ,  connected  in  T. 
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9.  The  dovble  delta  connection  of  transformation  from  three- 
phase  to  six-phase,  shown  in  Fig.  256.  Three  transformers, 
with  two  secondary  coils  each,  are  used,  one  set  of  secondary 
coils  connected  in  delta,  the  other  set  in  delta  also,  but  with 
reversed  terminals,  so  as  to  give  a  reversed  e.m.f.  triangle. 
These  e.m.fs.  thus  give  topographically  a  six-cornered  star. 

10.  The  double  Y  connection  or  diametrical  connection  of 
transformation  from  three-phase  to  six-phase,  shown  in  Fig.  257. 


ooL, 
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Fig.  266. 


It  is  analogous  to    (7),  the  delta  connection    merely   being 

replaced  by  the  Y  connection.    The  neutrals  of  the  two  Y's 

may  be  connected  together  and  to  an  external  neutral  if  desired. 

The  primaries  in  9  and  10  may  be  connected  either  delta  or 
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Y,  and  in  the  latter  case  a  floating  neutral  must  be  guarded 
against. 

11.  The  double  T  connection  of  transformation  from  three- 
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phase  to  six-phase,  shown  in  Fig.  257.  Two  transformers  are 
used  with  two  secondary  coils  which  are  T-connected,  but  one 
with  reversed  terminals.  This  method  also  allows  a  second- 
ary neutral  to  be  brought  out. 

390.  Transformation  with  a  change  of  the  balance-factor  of 
the  system  is  possible  only  by  means  of  apparatus  able  to  store 
energy,  since  the  difference  of  energy  between  primary  and 
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Fig.  267. 


secondary  circuit  has  to  be  stored  at  the  time  when  the 
secondary  power  is  below  the  primary,  and  returned  during  the 
time  when  the  primary  power  is  below  the  secondary.    The 
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most  efficient  storing  device  of  electric  energy  is  mechanical 
momentum  in  revolving  machinery.  It  has,  however,  the  dis- 
advantage of  requiriing  attendance;  fairiy  efficient  also  are  con- 
densive  and  inductive  reactances,  but,  as  a  rule,  they  have  the 
disadvantage  of  not  ^ving  constant  potential. 


CHAPTER    XXXVII. 

EFFICIENCY  OF  SYSTEMS. 

391.  In  electric  power  transmission  and  distribution, 
wherever  the  place  of  consumption  of  the  electric  energy  is 
distant  from  the  place  of  production,  the  conductors  which 
carry  the  current  are  a  sufficiently  large  item  to  require  con- 
sideration, when  deciding  which  system  and  what  potential  is 
to  be  used. 

In  general,  in  transmitting  a  given  amoimt  of  power  at  a 
given  loss  over  a  given  distance,  other  things  being  equal,  the 
amount  of  copper  required  in  the  conductors  is  inversely  pro- 
portional to  the  square  of  the  potential  used.  Since  the  total 
j)ower  transmitted  is  proportional  to  the  product  of  current  and 
e.m.f.,  at  a  given  power,  the  current  will  vary  inversely  pro- 
portionally to  the  e.m.f.,  and  therefore,  since  the  loss  is  pro- 
portional to  the  product  of  current-square  and  resistance,  to 
give  the  same  loss  the  resistance  must  vary  inversely 
proportional  to  the  square  of  the  current,  that  is,  proportional 
to  the  square  of  the  e.m.f.;  and  since  the  amount  of  copper  is 
inversely  proportional  to  the  resistance,  other  things  being 
equal,  the  amount  of  copper  varies  inversely  proportional  to  the 
square  of  the  e.m.f.  used. 

This  holds  for  any  system. 

Therefore  to  compare  the  different  systems,  as  two-wire 
single-phase,  single-phase  three-wire,  three-phase  and  quarter- 
phase,  equality  of  the  potential  must  be  assumed. 

Some  S3rstems,  however,  as,  for  instance,  the  Edison  three- 
wire  system,  or  the  inverted  three-phase  system,  have  different 
potentials  in  the  different  circuits  constituting  the  system,  and 
thus  the  comparison  can  be  made  either  — 

1st.  On  the  basis  of  the  maximum  potential  difference  between 
any  two  conductors  of  the  system;  or 

2nd.  On  the  basis  of  the  maximum  potential  difference  between 
any  conductor  of  the  system  and  the  ground;  or 
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3rd.  On  the  basis  of  the  minimum  potential  difference  in 
the  system,  or  the  potential  difference  per  circuit  or  phase  of 
the  system. 

In  low-potential  circuits,  as  secondary  networks,  where  the 
potential  is  not  limited  by  the  insulation  strain,  but  by  the 
potential  of  the  apparatus  connected  into  the  system,  as  incan- 
descent lamps,  the  proper  basis  of  comparison  is  equality  of  the 
potential  per  branch  of  the  system,  or  per  phase. 

On  the  other  hand,  in  long-distance  transmissions  where  the 
potential  is  not  restricted  by  any  consideration  of  apparatus 
suitable  for  a  certain  maximum  potential  only,  but  where  the 
limitation  of  potential  depends  upon  the  problem  of  insulating 
the  conductors  against  disruptive  discharge,  the  proper  com- 
parison is  on  the  basis  of  equality  of  the  maximum  difference 
of  potential;  that  is,  equal  maximum  dielectric  strain  on  the 
insulation. 

In  this  case,  the  comparison  voltage  may  be  either  the  j)oten- 
tial  difference  between  any  two  conductors  of  the  system,  or  it 
may  be  the  potential  difference  between  any  conductor  of  the 
system  and  the  ground,  depending  on  the  character  of  the 
circuit. 

The  dielectric  stress  is  from  conductor  to  conductor,  or 
between  any  two  conductors,  in  a  system  which  is  insulated 
from  the  ground,  as  is  mostly  the  case  in  medium  voltage  over- 
head transmissions,  and  frequently  in  underground  cables. 

In  an  ungrounded  cable  system,  in  which  all  the  conductors 
are  enclosed  in  the  same  cable,  the  insulation  stress  is  mainly 
from  conductor  to  conductor,  and  this  therefore  is  the  basis  of 
comparison.  But  even  in  an  underground  cable  system  with 
grounded  neutral,  as  very  commonly  used,  a  direct  path  exists 
from  conductor  to  conductor  inside  of  the  cables,  for  a  disrup- 
tive voltage,  and  the  comparison  of  systems,  therefore,  has 
to  be  made,  in  this  case,  on  the  basis  of  maximum  potential 
difference  between  conductors  as  well  as  between  conductor  and 
ground. 

In  an  ungrounded  overhead  system,  the  disruptive  stress  is 
from  conductor  to  ground  and  back  from  ground  to  conductor. 
If  the  system  is  of  considerable  extent  —  as  is  the  case  where 
high  voltages  of  serious  disruptive  strength  have  to  be  con- 
sidered —  the  neutral  of  the  system  is  maintained  at  approxi- 
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mate  ground  potential  by  the  capacity  of  the  system,  and  the 
normal  voltage  stress  from  conductor  to  groimd  therefore  is  that 
from  conductor  to  neutral,  that  is,  the  same  as  in  a  system  with 
grounded  neutral,  and  the  basis  of  comparison  then  would 
appear  to  be  the  voltage  from  line  to  ground,  and  not  between 
lines.  Since,  however,  one  conductor  of  the  system  may  tem- 
porarily ground,  if  it  is  required  to  maintain  operation  even  with 
one  conductor  of  the  system  grounded,  the  voltage  between  con- 
ductors must  be  the  basis  of  comparison,  since  with  one 
conductor  grounded,  the  disruptive  stress  between  the  other 
conductors  and  ground  is  the  potential  difference  between  the 
conductors  of  the  system. 

In  an  overhead  system  with  groimded  neutral,  frequently 
used  for  transmission  systems  of  very  high  voltage,  or  in  general 
in  a  grounded  system,  the  disruptive  stress  is  that  due  to  the 
potential  difference  between  conductor  and  groimd  or  neutral, 
and  this  then  is  the  basis  of  comparison. 

In  moderate-potential  power  circuits,  in  considering  the 
danger  to  life  from  live  wires  entering  buildings  or  otherwise 
accessible,  the  comparison  on  the  basis  of  maximum  potential 
also  appears  appropriate. 

Thus  the  comparison  of  different  sjrstems  of  long-distance 
transmission  at  high  potential  or  power  distribution  for  motors 
is  to  be  made  on  the  basis  of  equality  of  the  maximum  difference 
of  potential  existing  in  the  system;  the  comparison  of  low- 
potential  distribution  circuits  for  Ughting  on  the  basis  of 
equality  of  the  minimum  difference  of  potential  between  any 
pair  of  wires  connected  to  the  receiving  apparatus. 

392.  1st.  Comparison  on  the  basis  of  equality  of  the  minimum 
difference  of  potential,  in  low-potential  lighting  circuits: 

In  the  single-phase,  altemating-cmrent  circuit,  if  6  =  e.m.f., 
i  =  cmrent,  r  =  resistance  per  line,  the  total  power  is  =  ei,  the 
loss  of  power,  2  iV. 

Using,  however,  a  three-wire  system:  the  potential  between 
outside  wires  and  neutral  being  given  equal  to  e,  the  potential 
between  the  outside  wires  is  equal  to  2  e,  that  is,  the  distribution 
takes  place  at  twice  the  potential,  or  only  one-fourth  the  copper 
is  needed  to-transmit  the  same  power  at  the  same  loss,  if,  as  it 
is  theoretically  possible,  the  neutral  wire  has  no  cross-section. 
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If,  however,  the  neutral  wire  is  made  of  the  same  cross- 
section  as  each  of  the  outside  wires,  three-eighths  as  much 
copper  as  in  the  two-wire  system  is  needed;  if  the  neutral  wire 
is  one-half  the  cross-section  of  each  of  the  outside  wires,  five- 
sixteenths  as  much  copper  is  needed.  Obviously,  a  single- 
phase,  five-wire  system  will  be  a  system  of  distribution  at  the 
potential,  4  6,  and  therefore  require  only  one-sixteenth  of  the 
copper  of  the  single-phase  system  in  the  outside  wires;  and  if 
each  of  the  three  neutral  wires  is  of  one-half  the  cross-section 
of  the  outside  wires,  seven-sixty-fourths  or  10.93  per  cent  of  the 
copper. 

Coming  now  to  the  three-phase  system  with  the  potential,  c, 
between  the  Unes  as  delta  potential,  if  t  =  the  current  per  line 

or  Y  current,  the  current  from  Une  to  line  or  delta  current  =  -^-: 

and  since  three  branches  are  used,  the  total  power  is— =-^=ei'  V3 

v3 
Hence  if  the  same  power  has  to  be  transmitted  by  the  three- 
phase  system  as  with  the  single-phase  system,  the  three-phase 

line  current  must  be  ij  =  — =. ;  where  i  =  single-phase  current, 

v3 

r  =  single-phase  resistance  per  line,  at  equal  power  and  loss: 

hence  if  r^  =  resistance  of  each  of  the  three  wires,  the  loss  per 

wire  is  tVrj  =  —^ ,  and  the  total  loss  is  iVj,  while  in  the  single- 
o 

phase  system  it  is  2  iV.  Hence,  to  get  the  same  loss,  it  must  be: 
r^  =  2  r,  that  is,  each  of  the  three  three-phase  Unes  has  twice  the 
resistance  —  that  is,  half  the  copper  of  each  of  the  two  single- 
phase  lines;  or  in  other  words,  the  three-phase  system  requires 
three-fourths  as  much  copper  as  the  single-phase  system  of  the 
same  potential. 

Introducing,  however,  a  fourth  or  neutral  wire  into  the  three- 
phase  system,  and  connecting  the  lamps  between  the  neutral 
wire  and  the  three  outside  wires  —  that  is,  in  Y  connection  — 
the  potential  between  the  outside  wires  or  delta  potential  will  be 
=  e  X  VS,  since  the  Y  potential  =  e,  and  the  potential  of  the 
system  is  raised  thereby  from  e  to  6  VS;  that  is,  only  one-third 
as  much  copper  is  required  in  the  outside  wires  as  before  —  that 
is  one-fourth  as  much  copper  as  in  the  single-phase  two-wire 
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system.  Making  the  neutral  of  the  same  cross-section  as  the 
outside  wires,  requires  one-third  more  copper,  or  one-third 
—  33.3  per  cent  of  the  copper  of  the  single-phase  system;  making 
the  neutral  of  half  cross-section,  requires  one^ixth  more,  or 
5^  =  29.17  per  cent  of  the  copper  of  the  single-phase  system. 
The  system,  however,  now  is  a  four-wire  system. 

The  independent  quarter-phase  system  with  four  wires  is 
identical  in  efficiency  to  the  two-wire,  single-phase  system, 
since  it  is  nothing  but  two  independent  single-phase  systems  in 
quadrature. 

The  four-wire,  quarter-phase  system  can  be  used  as  two 
independent  Edison  three-wire  systems  also,  deriving  there- 
from the  same  saving  by  doubUng  the  potential  between  the 
outside  wires,  and  has  in  this  case  the  advantage,  that  by  inter- 
linkage,  the  same  neutral  wire  can  be  used  for  both  phases,  and 
thus  one  of  the  neutral  wires  saved. 

In  this  case  the  quarter-phase  system  with  common  neutral 
of  full  cross-section  requires  -fy  or  31.25  per  cent,  the  quarter- 
phase  system  with  common  neutral  of  one-half  cross-section 
requires  ^y  or  28.125  per  cent  of  the  copper  of  the  two-wire, 
single-phase  system. 

In  this  case,  however,  the  system  is  a  five-wire  sjrstem,  and 
as  such  far  inferior  to  the  five-wire,  single-phase  system. 

Coming  now  to  the  quarter-phase  system  with  common  return 
and  potential  e  per  branch,  denoting  the  current  in  the  outside 
wires  by  t'a,  the  current  in  the  central  wire  is  I'a  \/2 ;  and  if  the 
same  current  density  is  chosen  for  all  three  wires,  as  the  condition 
of  maximum  efficiency,  and  the  resistance  of  each  outside  wire 

T 

denoted  by  r,,  the  resistance  of  the  central  wire  =  — ~_,  and  the 

loss  of  power  per  outside  wire  is  iaVj,  in  the  central  wire  — ^ 

V2 

=  tj^Tj  V2 ;  hence  the  total  loss  of  power  is  2  tjVj  +  t^Vj  V2 
=  tjVj  (2  +  V2).  The  power  transmitted  per  branch  is  i^, 
hence  the  total  power,  2  i^e.    To  transmit  the  same  power  as  by 

a  single-phase  system  of  power,  ei,  it  must  be  ij  =  - ;  hence  the 

iVj  (2  +  V2)      ,,.         , .    ,        ,    „  ,      , 
loeS; bmce  this  loss  shall  be  the  same  as  the  loss, 
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(2  +  \/2) 
2  tV,  in  the  single-phase  system,  it  must  be  2  r  = r^, 

8r  ^ 

or  fj  =  y^ .    Therefore  each  of  the  outside  wires  must  be 

2  +  \/2 

— r times  as  large  as  each  single-phase  wire,  the  central 

o 

wire  V2  times  larger;  hence  the  copper  required  for  the  quarter- 
phase  system  with  common  return  bears  to  the  copper  required 
for  the  single-phase  system  the  relation, 

2  (2  +  V2)  .  (2  +  V2)  \/2  ,  ,             3  +  2V2      ,        _. 
8 + 8 ^^'    ^"^^    g—  -1,  =72.9 

per  cent  of  the  copper  of  the  single-phase  system. 
Hence  the  quarter-phase  system  with  common  return  saves 

2  per  cent  more  copper  thaii  the  three-phase  system,  but  is 

inferior  to  the  single-phase  three-wire  sjrstem. 
The  inverted  three-phase  system,  consisting  of  two  e.m.fs. 

e  at  60°  displacement,  and  three  equal  currents  i,  in  the  three 

lines  of  equal  resistance  r j,  ^ves  the  output  2  ei^,  that  is,  com- 

pared  with  the  single-phase  system,  1*3=  -.    The  loss  in  the 

three  lines  is  3  tjVg  =  i  tVa-  Hence,  to  give  the  same  loss,  2  iV, 
as  the  single-phase  system,  it  must  be  fg  =  f  r,  that  is,  each  of 
the  three  wires  must  have  three-eighths  of  the  copper  cross- 
section  of  the  wire  in  the  two-wire  single-phase  system;  or  in 
other  words,  the  inverted  three-phase  system  requires  nine- 
sixteenths  of  the  copper  of  the  two-wire  single-phase  system. 

Thus  if  a  given  power  has  to  be  transmitted  at  a  given  loss, 
and  a  given  minimum  potential,  as  for  instance  110  volts  for 
lighting,  the  amount  of  copper  necessary  is: 


2  Wires: 

Single-phase  system. 

100.0 

3  Wires: 

Edison  three-wire  single-pha«e  system. 

neutral  full  section. 

37.5 

Edison  three-wire  single-phase  system, 

neutral  half-section. 

31.25 

Inverted  three-phase  system, 

56.25 

Quarter-phase  system  with  common 

return. 

72.9 

Three-phase  system, 

75.0 
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4  Wires:  Three-phase,    with   neutral-wire   full 

section,  33.3 

Three-phase,  with  neutral-wire  half- 
section,  29.17 

Independent  quarter-phase  system,  100.0 

5  Wires:  Edison  five-wire,  single-phase  system, 

full  neutral,  15.625 

Edison  five-wire,  single-phase  system, 

half-neutral,  10.93 

Pour-wire,  quarter-phase,  with  com- 
mon-neutral full  section,  31.25 
Four-wire,  quarter-phase,  with  com- 
mon-neutral half-section,  28.125 

We  see  herefrom,  that  in  distribution  for  lighting  —  that  is. 
with  the  same  minimum  potential,  and  with  the  same  number 
of  wires  —  the  single-phase  system  is  superior  to  any  poly- 
phase system. 

The  continuous-current  system  is  equivalent  in  this  com- 
parison to  the  single-phase  alternating-current  system  of  the 
same  effective  potential,  since  the  comparison  is  made  on  the 
basis  of  efifective  potential,  and  the  power  depends  upon  the  effec- 
tive potential  also. 

393.  Comparison  on  the  Basis  of  Equality  of  the  Maximum 
Difference  of  Potential  between  any  two  Conductors  of  the  System, 
in  Long-Distance  Transmission,  Power  Distribviion,  etc. 

Wherever  the  potential  is  so  high  as  to  bring  the  question  of 
the  strain  on  the  insulation  into  consideration,  or  in  other  cases, 
to  approach  the  danger  limit  to  life,  the  proper  comparison  of 
different  systems  is  on  the  basis  of  equality  of  maximum  poten- 
tial in  the  system. 

Hence  in  this  case,  since  the  maximum  potential  is  fixed, 
nothing  is  gained  by  three-  or  five-wdre,  Edison  systems. 
Thus,  such  systems  do  not  come  into  consideration. 

The  comparison  of  the  three-phase  system  with  the  single- 
phase  system  remains  the  same,  since  the  three-phase  system 
has  the  same  maximum  as  minimum  potential;  that  is: 

The  three-phase  system  requires  three-fourths  of  the  copper 
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of  the  single-phase  system  to  transmit  the  same  power  at  the 
same  loss  over  the  same  distance. 

The  four-wire,  quarter-phase  system  requires  the  same  amount 
of  copper  as  the  single-phase  system,  since  it  consists  of  two 
single-phase  systems. 

In  a  quarter-phase  system  with  common  return,  the  potential 
between  the  outside  wires  is  V2  times  the  potential  per  branch, 
hence  to  get  the  same  maximum  strain  on  the  insulation  —  that 
is,  the  same  potential,  e,  between  the  outside  wires  as  in  the 

single-phase  system  —  the  potential  per  branch  will  be— i:,  hence 

the  current  i^  =  —=. ,  if  i  equals  the  current  of  the  single-phase 

V2 

system  of  equal  power,  and  i^  V2  =  i  will  be  the  current  in  the 
central  wire. 

Hence,  if  r^  =  resistance  per  outside  wire,  — ^  =  resistance  of 

V2 

central  wire,  and  the  total  loss  in  the  system  is 

2 1>.  +  '-^  =  tVr.  (2  +  V2)  =  r-V,  ^^^^ • 

Since  in  the  single-phase  system,  the  loss  =  2  tV,  it  is 

4r 

That  is,  each  of  the  outside  wires  has  to  contain  — - — 

4 

times  as  much  copper  as  each  of  the  single-phase  wires.    The 

2  +  \^2     - 

central   wires   have    to    contain V2   times   as  much 

4  _ 

2(2  +  v^)     2+>/2    - 
copper;  hence  the  total  system  contains  -^ — H — v2 

times   as   much   copper   as   each   of   the   single-phase  wires; 

.3  +  2  V2 
that  is, times  the  copper  of  the  single-phase  system. 

Or,  in  other  words, 

A    quarter-phase    system    with    common    retiun    requires 

3  +  2  \/2 

=  1.457  times  as  much  copper  as  a  single-phase 
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system  of  the  same  maximmn  potential;  same  power,  and  same 
loss. 

Since  the  comparison  is  made  on  the  basis  of  equal  maximum 
potential,  and  the  maximum  potential  of  an  alternating  system  is 
V2  times  that  of  a  continuous-current  circuit  of  equal  effective 
potential,  the  alternating  circuit  of  effective  potential,  e,  com- 
pares with  the  continuous-current  circuit  of  potential  e  V2, 
which  latter  requires  only  half  the  copper  of  the  alternating 
system. 

This  comparison  of  the  alternating  with  the  continuous- 
current  system  is  not  proper  however,  since  the  continuous- 
current  potential  may  introduce,  besides  the  electrostatic  strain, 
an  electrolytic  strain  on  the  dielectric  which  does  not  exist  in 
the  alternating  system,  and  thus  may  make  the  action  of  the  con- 
tinuous-current potential  on  the  insulation  more  severe  than 
that  of  an  equal  alternating  potential.  Besides,  self-induction 
having  no  effect  on  a  steady  current,  continuous-current  circuits 
as  a  rule  have  a  self-induction  far  in  excess  of  any  alternating 
circuit.  During  changes  of  current,  as  make  and  break,  and 
changes  of  load,  especially  rapid  changes,  there  are  consequently 
generated  in  these  circuits  e.m.fs.  far  exceeding  their  normal 
potentials.  At  the  voltages  which  came  under  consideration, 
the  continuous  current  is  usually  excluded  to  begin  with. 

Thus  we  get: 
.   If  a  given  power  is  to  be  transmitted  at  a  given  loss,  and  a 
given  maximum  difference  of  potential  in  the  system,  that  is, 
with  the  same  strain  on  the  insulation,  the  amount  of  copper 
required  is: 

2  Wires:  Single-phase  system,  100.0 

[Continuous-current  S3rstem,  50.0] 

3  Wires:  Three-phase  system,  75.0 

Quarter-phase  system,   with  com- 
mon return,  145.7 

4  Wires:  Independent  Quarter-phase  system,         100.0 

Hence  the  quarter-phase  system  with  common  return  is 
practically  excluded  from  long-distance  transmission. 
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394.  In  a  different  way  the  same  comparative  results  between 
single-phase,  three-phase,  and  quarter-phase  systems  can  be 
derived  by  resolving  the  systems  into  their  single-phase 
branches. 

The  three-phase  system  of  e.m.f.,  e,  between  the  lines  can  be 
considered  as  consisting  of  three  single-phase  circuits  of  e.m.f., 

— z'  and  no  return,  the  single-phase  sjrstem  of  e.m.f.,  6,  between 
lines  as  consisting  of  two  single-phase  circuits  of  e.m.f.,-,  and 

no  return.    Thus,  the  relative  amount  of  copper  in  the  two 
systems  being  inversely  proportional  to  the  square  of  e.mi., 

bears  the  relation f — )  •  ( -)  =3:4;  that  is,  the  three-phase 

system  requires  75  per  cent  of  the  copper  of  the  single-phase 
system. 

The  quarter-phase  system  with  four  equal  wires  requires  the 
same  copper  as  the  single-phase  system,  since  it  consists  of 
two  single-phase  circuits.  Replacing  two  of  the  four  quarter- 
phase  wires  by  one  wire  of  the  same  cross-section  as  each  of  the 
wires  replaced  thereby,  the  current  in  this  wire  is  V2  times  as 
large  as  in  the  other  wires,  hence,  the  loss  is  twice  as  large  — 
that  is,  the  same  as  in  the  two  wires  replaced  by  this  common 
wire,  or  the  total  loss  is  not  changed  —  while  25  per  cent  of  the 
copper  is  saved,  and  the  sjrstem  requires  only  75  per  cent  of  the 
copper  of  the  single-phase  system,  but  produces  V2  times  as 
high  a  potential  between  the  outside  wires.  Hence,  to  give 
the  same  maximum  potential,  the  e.m.fs.  of  the  system  have  to 
be  reduced  by  VJ,  that  is,  the  amount  of  copper  doubled,  and 
thus  the  quarter-phase  syatem  with  common  return  of  the  same 
cross-section  as  the  outside  wires  requires  150  per  cent  of  the 
copper  of  the  single-phase  system.  In  this  case,  however,  the 
current  density  in  the  middle  wire  is  higher,  thus  the  copper  not 
used  most  economically,  and  transferring  a  part  of  the  copper 
from  the  outside  wires  to  the  middle  wire,  to  bring  all  three 
wires  to  the  same  current  density,  reduces  the  loss,  and  thereby 
reduces  the  amount  of  copper  at  a  given  loss,  to  145.7  per  cent 
of  that  of  a  single-phase  system. 


EFFICIENCY  IN  SYSTEMS,  681 

396.  Comparison  on  the  basis  of  equality  of  the  maximum 
difference  of  potential  between  any  conductor  of  the  system  and 
the  ground,  in  long-distance,  threer-phase  transmissions  with 
grounded  neutral,  single-phase  systems  with  ground  return,  etc. 

A  system  may  be  grounded  by  grounding  its  neutral  point, 
for  the  purpose  of  maintaining  constant-potential  difference 
between  the  conductors  and  ground,  without  carrying  any 
current  through  the  ground,  or  the  ground  may  be  used  as 
return  conductor.  In  either  case  the  system  can  be  considered 
as  consisting  of  and  resolved  into  as  many  single-phase  systems 
with  ground  return,  as  there  are  overhead  conductors,  and  with 
zero  resistance  in  the  ground. 

It  immediately  follows  herefrom,  that  the  copper  eflSciency 
of  such  a  system  is  the  same  as  that  of  a  single-phase  system 
with  ground  return,  of  the  same  voltage  as  exists  between  con- 
ductor and  ground  of  the  sjrstem  under  consideration.  If  then 
all  the  overhead  conductors  have  the  same  potential  difference 
against  ground,  as  is  the  case  in  a  three-phase  or  quarter-phase 
system  with  grounded  neutral,  a  single-phase  system  with 
grounded  neutral,  or  quarter-phase  system  with  common  ground 
return  of  both  phases,  the  copper  efficiency  is  the  same.   That  is : 

All  grounded  systems,  whether  with  grounded  neutral  or 
with  ground  return,  have  the  same  copper  efficiency,  provided 
that  all  the  overhead  conductors  have  the  same  potential  differ- 
ence against  ground. 

Hence: 

The  three-phase  system  with  groimded  neutral  has  no  supe- 
riority over  the  sin^e-phase  or  the  quarter-phase  system  with 
grounded  neutral,  in  copper  efficiency.  The  advantage  of  the 
three-pha.se  system  —  which  causes  its  practically  universal 
use  —  over  the  single-phase  system  is  the  greater  usefulness 
of  polyphase  power,  the  advantage  over  the  quarter-phase  sys- 
tem is  the  use  of  three  conductors,  against  four  with  the 
quarter-phase  system. 

No  saving  in  copper  results  from  the  use  of  the  ground  (of 
zero  resistance)  as  return  circuit,  but  a  single-phase  or  quarter- 
phase  system  with  ground  return,  at  equal  dielectric  strain  on 
the  insulation,  requires  the  same  amount  of  copper  as  a  system 
with  grounded  neutral,  but  has  a  greater  self-induction,  due  to 
the  greater  distance  between  conductor  and  return  conductor 


682  ALTERNATING-<:URRENT  PHENOMENA. 

or  ground,  and  has  the  objection  of  establishing  current  through 
the  ground  and  so  disturbing  neighboring  circuits,  by  electro- 
magnetic and  electrostatic  induction. 

The  apparent  saving  in  copper,  in  the  single-phase  system,  by 
replacing  one  of  the  conductors  by  the  ground  as  return,  there- 
fore is  a  fallacy.  By  doing  so,  the  potential  difference  of  the 
other  conductors  against  ground  becomes  twice  what  it  would 
be  with  two  conductors  and  grounded  neutral,  and  at  the  same 
potential  difference  between  conductors.  That  is,  the  single- 
phase  system  with  ground  return  requires  the  same  insulation 
as  a  single-phase  system  with  grounded  neutral,  of  twice 
the  voltage,  and  then  requires  the  same  copper.  A  saving 
results  only  in  the  number  of  insulators  required,  etc.  Only 
where  the  amount  of  power  is  so  small  that  mechanical  strength, 
and  not  power  loss,  determines  the  size  of  the  conductor,  a 
saving  results  by  replacing  one  of  the  conductors  by  the  ground. 

The  high-tension,  direct-current  system,  whether  insulated, 
or  with  grounded  neutral,  or  with  ground  return,  appears  equal 
in  copper  efficiency  to  a  single-phase  system  of  the  same  char- 
acter (insulated,  or  with  grounded  neutral,  or  with  ground 
return)  and  of  the  same  effective  voltagei,  that  is,  with  a  sine 
wave  of  a  maximum  voltage  y/2  times  that  of  the  direct  current. 
Due  to  the  different  character  of  unidirectional  electric  stress  of 
the  direct-current  system,  from  the  alternating  stress,  a  general 
comparison  of  the  system  by  a  numerical  factor  appears  hardly 
feasible. 


CHAPTER   XXXVIII. 

THREE-PHASE  SYSTEM. 

396.  With  equal  load  of  the  same  phase  displacement  in  all 
three  branches,  the  symmetrical  three-phase  system  offers' no 
special  featm^es  over  those  of  three  equally  loaded  single-phase 
systems,  and  can  be  treated  as  such;  since  the  mutual  reactions 
between  the  three  phases  balance  at  equal  distribution  of  load, 
that  is,  since  each  phase  is  acted  upon  by  the  preceding  phase  in 
an  equal  but  opposite  manner  as  by  the  following  phase. 

With  unequal  distribution  of  load  between  the  different 
branches,  the  voltages  and  phase  differences  become  more  or 
less  unequal.  These  unbalancing  effects  are  obviously  maxi- 
mum if  some  of  the  phases  are  fully  loaded,  others  unloaded. 

Let  E  =  e.m.f.  between  branches  1  and  2  of  a  three-phaser. 
Then 

e  E  =  e.m.f.  between  2  and  3, 
^E  =  e.m.f.  between  3  and  1; 


where 
Let 


2 


Zi,  Zj,  Zj  =  impedances  of  the  lines  issuing  from  generator 
terminals  1,  2,  3, 

and  Fi,  F,?  Y^  =  admittances   of  the  consumer  circuits  con- 
nected between  lines  2  and  3, 3  and  1, 1  and  2. 

If  then, 

/ 1,  /  2,  /  8>  are  the  currents  issuing  from  the  generator  termi- 
nals into  the  lines,  it  is, 

/i+  /»+  U  =0.  (1) 
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If,  //,  //,  /,'  =  currents  through  the  admittances,  Fj,  Fj,  7,, 
from  2  to  3,  3  to  1,  1  to  2,  it  is, 

/i  =  /.'-//,  or, /,  +  //-//=:0 

/,  =  //-//,  or, /,+  //-//  =  0  (2) 

/.  =  //-//,or,/,+  //-//=0 

These  three  equations   (2)   added,   give   (1)   as  dependent 
equation. 
At  the  ends  of  the  lines  1,  2,  3,  it  is: 

£/=^,-Z,/,  +  Z./,  (3) 

the  differences  of  potential,  and: 

U=E,'Y,  (4) 

the  currents  in  the  recdver  circuits. 

These  nine  equations  (2),  (3),  (4),  determine  the  nine  quan- 
tities: U,  I„  7„  //,  //,  /,',  E/,  E,',  E,'. 

Equations  (4)  substituted  in  (2)  ^ve: 

U  =  E,'Y,-E/Y, 

I,=  E/Y,-E;Y,  (5) 

I,=  E/Y,-E/Y, 
These  equations  (5)  substituted  in  (3),  and  transposed,  ^ve: 
since       E^  ==  eE 

E^  =  s^  E     as  e.m.fs.  at  the  generator  terminals. 
J?j  =  E 
s  E-E,'il  +  Y^Z,  +  Y,Z,)  +  E/Y^,  +  E,'Y^,  =  0 
^E  -  E/  (1  +  Y^,  +  y^,)  +  E/Y^,  +  E,'Y,Z,  =  0        (6) 
E  -  E/  (1  +  y,Zi  +  r,Z,)  +  E,'Y,Z,  +  E,'Y^^  =  0 

as  three  linear  equations  with  the  three  quantities,  E/,  E/,  Eg. 
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Substituting  the  abbreviations: 

--(i+r,z,+y,z.),  Y^„  y^, 

K  =  Y,z„  -(i+F^.+y^,),  y^. 

Y,z„  Y^„   -(i+y^,+y^,) 

■e,     YA,  Y^, 

K,=   e\  -(i+y^,+y^,),   Y^, 

A,  Y^„  -(1+y^^+y^,) 

■-(i+y,z,+y,z,),   «,   y^, 

Y^z„  1,   -(i+y^,+y^,)  J 

|--(i+y^z,+y,z,),  y^., 


we  have: 


-(i+y^,+y^.),   .' 


-•  J 


^*-  K   \ 


r,_Y,EK, 
''~     K 
r,_Y»EK, 

r,_Y,EK, 


K 

Y,K,-Y,K,E 

K 
Y,K,-Y^JE 

K 
Y,K,-Y,K,E 

K 


(7) 


(8) 


(9) 


(10) 
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/.  +  i,   +  /,  =  0  J 


(11) 


397.  Specul  Cases. 

A.    Balanced  System. 

Y,=Y,=Y,=Y 
Z^  =  Zf  =  Zf  =  z. 

Subetituting  this  in  (6),  and  transposing: 


El  =  sE 


E,  =  e'E 


E, 

=  E 

// 

sEY 

1  +  3YZ 

// 

eEY 

1  +  3rz 

// 

EY 

1  + 

ZYZ\ 

m  = 

e;  = 

u  = 
1.  = 
/.  = 


tE 


i  +  syz 

^E 

1  +  3yz 

E 
1  +  3YZ 

e*(s-l)EY 

1  +  3YZ 
(e  - 1)  EY 
1  +  SYZ 
e  (e  -  1)  EY 
1  +  3YZ 


(12) 


The   equations   of   the   sjmimetrical   balanced   three-phase 

system. 

B.    One  circuit  loaded,  two  unloaded. 

y,  =r,  =0,   F,  =  r, 

Zi  =  2,  =  Z,  =  Z. 

Substituted  in  equations  (6) : 
s  E  -  E^'  +  E^'YZ'=  0 
^E-Et'  +  E/YZ^  0 
^  -  ^/  (1  +  2  YZ)  =  0,  loaded  branch, 
hence: 

g{e+  (1  +  2€)YZ\ 
1  +  2YZ 


unloaded  branches. 


I^i'  = 


E{e^  +  {1+2^)YZ} 
• '  1  +  2YZ 


e;  = 


E 


1  +  2YZ 


unloaded; 


loaded; 


all  three 
e.m.fs. 
unequal,  and  (13) 
of  unequal 
phase  angles. 
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/.  =- 


1  +  2YZ 

EY 

1  +  2  rz 

EY 


(13) 


(13) 


1+  2  yz 

/.  =0 

C.    Tiw  circuits  loaded,  one  unloaded. 
Y,=  Y,=  Y,    r,=  o. 

Substituting  this  in  equations  (6),  it  is 

^E-Et'  (1+  2YZ)  +  Ei'YZ  =  OJ 

;B  -  JE?/  +  (£?/  +  ^,0  FZ  =  0    unloaded  branch. 

or,  since 

{E/  +  E,')  =-E/; 

E-E,'-B/YZ  =0, 

E 


thus, 


^'-iTYz' 

Es{l  +  {2+e)YZ\ 

•  *        1  +  iYZ  +  3Y*Z* 

•  *        1  +  4  FZ  +  3  F'Z» 


loaded  branches. 


^ 


1  +  YZ 


unloaded  branch. 


(14) 


As  seen,  with  unsymmetrical  distribution  of  load,  all  three 
branches  become  more  or  less  unequal,  and  the  phase  displace- 
ment between  them  unequal  also. 


CHAPTER   XXXIX. 

QUARTER-PHASE  SYSTEM. 

398.  In  a  three-wire  quarter-phase  system,  or  quarter-phase 
system  with  common  return-wire  of  both  phases,  let  the  two 
outside  terminals  and  wires  be  denoted  by  1  and  2,  the  middle 
wire  or  conmion  return  by  0. 

It  is  then, 

J^i  =  JE    =  e.m.f.  between  0  and  1  in  the  generator. 
E2  =  jE  =  e.m.f.  between  0  and  2  in  the  generator* 

Let/i  and  1 2  =  currents  in  1  and  in  2, 
/o  =  current  in  0, 

Zj  and  Z2  =  impedances  of  Unes  1  and  2, 
Zq  =  impedance  of  line  0, 

Yi  and  Y2  =  admittances  of  circuits  0  to  1,  and  0  to  2, 
//  and  I/=  currents  in  circuits  0  to  1,  and  0  to  2, 
E/  and  E/  =  potential  differences  at  circuit  0  to  1,  and 
0  to'2. 
it  is  then,  /i+  ^  +  /o  =0,) 

or,  /o=-(/t  +  /3);i  ^^^ 

that  is,  /o  is  common  return  of  /j  and  /,. 

Further,  we  have  : 
E,'  ^  E  -  UZ,  +  /.Z,  ^  E  -U  (^.  +  ^.)  -  l^^X  ,,, 

and  /,  =  YJS,' 

1 2    ^   Y2E2 

'u=-(y,e/  +  yje,') 

Substituting  (3)  in  (2),  and  expanding, 

„.^  p i  +  F^,+r^o(i-j) 

• »         •   (1  +  F,Zo+  Y,Z,)  (1  +  Y^o+  Y,Z,)  -  Y.Y^i 


(3) 


M-i  =  m 


n-r,z,+y,Zo  (!+;•) 


(1  +  FiZ,+  F.Z.)  (1  +  F^o+  F^,)  -  YJ^i 
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(4) 
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Hence,  the  two  e.m.fs.  at  the  end  of  the  line  are  unequal  in 
magnitude,  and  not  in  quadrature  any  more. 

389.  Special  Cases: 

A.  Balanced  System. 
Z,='Z^^  Z; 

Z-  ^• 

Substituting  these  values  in  (4),  gives: 

l  +  \/2-y 


1  + 


E*  =  E 


E 


V2 


YZ 


1  +  V2  (1  +  V2)  YZ+{l  +  V2)  Y'Z' 

1  +  (1.707  -  0.707  f)  YZ 
1  +  3.414  YZ  +  2.414  Y^Z* 


W 


jE 
=  jE 


V2 


1  +  V2il  +  V2)  YZ  +  {1  +  V2)  Y'Zi 

1  +  (1.707  +  0.707  j)  YZ 
1  +  3.414  YZ  +  2.414  Y'Z' 


(5) 


Hence,  the  balanced  quarter-phase  system  with  common 
return  is  unbalanced  with  regard  to  voltage  and  phase  relation, 
or  in  other  words,  even  if  in  a  quarter-phase  system  with  common 
return  both  branches  or  phases  are  loaded  equally,  with  a  load 
of  the  same  phase  displacement,  nevertheless  the  system  becomes 
unbalanced,  and  the  two  e.m.fs.  at  the  end  of  the  line  are  neither 
equal  in  magnitude,  nor  in  quadrature  with  each  other. 


B.  0 

^ne  branch  loaded,  one  unloaded. 
Zi  =Zt  =  z, 

(o) 

y.  =0,    y3  =  y, 

(b) 

Y,=Y,    y,  =0. 
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Substituting  these  values  in  (4),  ^ves : 
,1  +\/2-j 


1  +  YZ- 


(a)      je;/=^ 


V2 


1  +  YZ 


E 


=  E 


1- 


1  +  V2 
J 


i  +  ^+Yz 


1-- 


j 


2.414   + 


1.414 


E,'  =  7^ 


1  +  rz 


1  +  V2 
V2 

1 


1  +  1.707  YZ 


(6) 


(6)        E/  =  E 


1  +  YZ 


E 


l  +  YZ 


1  +  a/2 
V2 
1 
1  +  1.707  YZ 

1  +  V2  +  / 


E,'  =  jE- 


1  +  YZ 


V2 

1  +  V2 

V2 


1  + 


J 


1  +  \/2  + 


V2 
YZ 


1+- 


J 
2.414  + 


1.414 

rz 


(7) 
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These  two  e.mis.  are  unequal,  and  not  in  quadrature  with 
each  other. 

But  the  values  in  case  (a)  are  different  from  the  values  in  case 
(6). 

That  means: 

The  two  phases  of  a  three-wire,  quarter-phase  system  are 
unsymmetrical,  and  the  leading  phase,  1,  reacts  upon  the  lagging 
phase,  2,  in  a  different  manner  than  2  reacts  upon  1. 

It  is  thus  undesirable  to  use  a  three-wire,  quarter-phase  system, 
except  in  cases  where  the  line  impedances,  Z,  are  negligible. 

In  all  other  cases,  the  four-wire,  quarter-phase  system  is 
preferable,  which  essentially  consists  of  two  independent  single- 
phase  circuits,  and  is  treated  as  such. 

Obviously,  even  in  such  an  independent  quarter-phase  system, 
at  unequal  distribution  of  load,  unbalancing  effects  may  take 
place. 

If  one  of  the  branches  or  phases  is  loaded  differently  from  the 
other,  the  drop  of  voltage  and  the  shift  of  the  phase  will  be 
different  from  that  in  the  other  branch;  and  thus  the  e.m  fs.  at 
the  end  of  the  lines  will  be  neither  equal  in  magnitude,  nor  in 
quadrature  with  each  other. 

With  both  branches,  however,  loaded  equally,  the  system 
remains  balanced  in  voltage  and  phase,  just  like  the  three-phase 
system  under  the  same  conditions. 

Thus  the  four-wire,  quarter-phase  system  and  the  three-phase 
system  are  balanced  with  regard  to  voltage  and  phase  at  equal 
distribution  of  load,  but  are  liable  to  become  unbalanced  at 
unequal  distribution  of  load;  the  three-wire,  quarter-phase 
system  is  unbalanced  in  voltage  and  phase,  even  at  equal  dis- 
tribution of  load. 


CHAPTER   XL. 

BALANCED  SYMMETRICAL  POLYPHASE   SYSTEMS. 

400.  In  most  applications  of  polyphase  systems  the  system  is 
a  balanced  symmetrical  system,  or  as  nearly  balanced  as  possible. 
That  is,  it  consists  of  n  equal  e.m.fs.  displaced  in  phase  from 

each  other  by  -  period,  and  producing  equal  currents  of  equal 
n 

phase  displacement  against  their  e.m.fs.  In  such  systems,  each 
e.m.f.  and  its  current  can  be  considered  separately  as  con- 
stituting a  single-phase  system,  that  is,  the  polyphase  system 
can  be  resolved  into  n  equal  single-phase  systems,  each  of  which 
consists  of  one  conductor  of  the  polyphase  system,  with  zero 
impedance  as  return  circuit.  Hereby  the  investigation  of  the 
polyphase  system  resolves  itself  into  that  of  its  constituent 
single-phase  system. 

So,  for  instance,  the  polyphase  system  shown  in  Fig.  249,  at 
balanced  load,  can  be  considered  as  consisting  of  the  equal 
single-phase  systems:  0  —  1;  0  —  2;  0  —  3;  .  .  .  0  — n,  each 
of  which  consists  of  one  conductor,  1,  2,  3, .  .  .  n,  and  the  return 
conductor,  0.  Since  the  sum  of  all  the  currents  equals  0,  there 
is  no  current  in  conductor  0,  that  is,  no  voltage  is  coasumed  in 
this  conductor;  this  is  equivalent  to  assuming  this  conductor 
as  of  zero  impedance.  This  common  return  conductor,  0,  since  it 
carries  no  current,  can  be  omitted,  as  is  usually  the  case.  With 
star  connection  of  an  apparatus  into  a  polyphase  system,  as  in 
Fig.  241,  the  impedance  of  the  equivalent  single-phase  system 
is  the  impedance  of  one  conductor  or  circuit;  if,  however,  the 
apparatus  is  ring  connected,  as  shown  diagrammatically  in  Fig. 
242,  the  impedance  of  the  ring-connected  part  of  the  circuit 
has  to  be  reduced  to  star  connection,  in  the  usual  manner  of 
reducing  a  circuit  to  another  circuit  of  different  voltage,  by  the 

ratio 

nng  voltage  ^ 

star  voltage ' 

602 
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or,  as  these  voltages  are  usually  called  in  a  three-phase  system, 

delta  voltage 


c  = 


Y  voltage 


That  is,  all  ring  voltages  are  divided,  all  ring  currents  multiplied 
with  c;  all  ring  impedances  are  divided,  all  ring  admittances 
multiplied  with  the  square  of  the  ratio,  c*. 

For  instance,  if  in  a  three-phase  induction  motor  with  delta- 
connected  circuits,  the  impedance  of  each  circuit  is 

Z  =r  —  jXj 

and  the  voltage  impressed  upon  the  circuit  terminals  E,  and 
the  motor  is  supplied  over  a  line  of  impedance,  per  line  wire, 

Zq  =  To  -  JXo, 

the  motor  impedance,  reduced  to  star  connection,  or  F  impedance, 
is 

r~jx      1  ,       .  . 

and  the  impressed  voltage,  reduced  to  Y  circuit, 

E'  =^> 

and  the  total  impedance  of  the  equivalent  single-phase  circuit 
is  therefore 

Zo  +  Z'  =(ro-yxo)  +  gCr-jx). 

Inversely,  however,  where  this  appears  more  convenient,  all 
quantities  may  be  reduced  to  ring  or  delta  connection,  or  one 
of  the  ring  connections  considered  as  equivalent  single-phase 
circuit,  of  impedance 

Z  +  c^Zo  =  (r-jx)  +  3  (ro-y^o). 

Since  the  line  impedances,  Une  currents  and  the  voltages 
consumed  in  the  Unes  of  a  polyphase  system  are  star,  'or  (in  a 
three-phase  system)  Y  quantities,  it  usually  is  more  convenient 
to  reduce  all  quantities  to  Y  connection,  and  use  one  of  the 
y-circuits  as  the  equivalent  single-phase  circuit. 
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401.  As  an  example  may  be  considered  the  calculation  of  a 
long-distance  transmission  line,  delivering  10,000  kw.,  three- 
phase  power  at  60  cycles,  80,000  volts  and  90  per  cent 
power-factor  at  100  miles  from  the  generating  station,  with 
approximately  10  per  cent  loss  of  power  in  the  transmission 
Une,  and  with  the  line  conductors  arranged  in  a  triangle  6  feet 
distant  from  each  other. 

10,000  kw.  total  power  deUvered  gives  3,333  kw.  per  line  or 
single-phase  branch  (Y  power). 

3,333  kw.  at  90  per  cent  power-factor  gives  3,700  kv-amp. 

80.000  volts  between  the  lines  gives  80,000  -^  V3  =  46,100 
volts  from  line  to  neutral,  or  per  single-phase  circuit. 

3,700  kv-amp.  per  circuit,  at  46,100  volts,  gives  80  amperes 
per  line. 

10  per  cent  loss  gives  333  kw.  loss  per  line,  and  at  80  amperes, 
this  gives  a  resistance  per  line, 

333,000  -^  80^  =  52  ohms, 

or,  0.52  ohms  per  mile. 

The  nearest  standard  size  of  wire  is  No.  0  B.  &  S.,  which 
has  a  resistance  of  0.52  ohms,  and  a  weight  of  1680  pounds  per 
mile. 

Choosing  this  size  of  wire  so  requires  for  the  300  miles  of  line 
conductor,  300  X  1680  =  500,000  pounds  of  copper. 

At  0.52  ohms  per  mile,  the  resistance  per  transmission  line  or 
circuit  of  100  miles  length,  is 

r  =  52  ohms. 

The  inductance  of  wire  No.  0,  with  d  =  0.325  inches 
diameter,  and  6  feet  =  72  inches  distance  from  the  return 
conductor,  is  calculated  from  the  formula  of  line  inductance* 
as,  2.3  mil-henrys  per  mile;  hence,  per  circuit, 

L  =  0.23  henry, 

and  herefrom  the  reactance, 

X  =2nfL 
=  88  ohms. 

*  "  Theoretical  Elements  of  Electrical  Engineering,'^  Second  or  Third  Edi- 
tion, Section  I,  §7,  instance  1. 
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The  capacity  of  the  transmission  line  may  be  calculated 
directly,  or  more  conveniently  it  may  be  derived  from  the 
inductance.  If  C  is  the  capacity  of  the  circuit,  of  which  the 
inductance  is  L,  then 

1 


4\/LC 


is  the  fundamental  frequency  of  oscillation,  or  natural  period, 
that  is,  the  frequency  which  makes  the  length,  I,  of  the  line  a 
quarter-wave  length. 

Since  the  velocity  of  propagation  of  the  electric  field  is  the 
velocity  of  Ught,  v,  with  a  wave-length,  4  Z,  the  number  of  waves 
per  second,  or  frequency  of  oscillation  of  the  line,  is 


'.-n 

and  herefrom  then  follows: 

V          1        * 

or. 

i-1 

hence,  for 

I 

=  100  nules, 

V 

=  186,000  miles  per  second, 

L 

=  0.23  henry. 

C 

=  1.26  mf. 

and  the  capacity  susceptance, 

b  =2;r/C  =  475xlO-«. 

*  Or,  if  M  ^  permeability,  «c  »  dielectric  constant  of  the  medium  surround- 
ing the  conductor,  it  is 

V 


4  iVfjue 

V        /m^ 
hence.  T^^LC' 
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Representing,  as  approximation,  the  line  capacity  by  a  con- 
denser shunted  across  the  middle  of  the  line, 
We  have,  impedance  of  half  the  line, 

Z  =J-y|=26-44yohms. 

Choosing  the  voltage  at  the  receiving  end  as  zero  vector, 

6  =  46,100  volts, 

at  90  per  cent  power-factor  and  therefore  43.6  per  cent  induct- 
ance factor,  the  current  is  represented  by 

/  =80(0.9-0.436/)  =72-35/. 
This  gives: 

Voltage  at  receiver  circuit,  e  =  46,100  volts; 

current  in  receiver  circuit,  /  =  72  +  35  j  amp.; 

impedance  voltage  of  half  the  Une,  ZI  =  3410  —  2260  j  volts. 

Hence,  the  condenser  voltage,  E^  =  e  +  ZI  =  49,510  —  2260  j 
volts; 

and  the  condenser  current,  —  jbE^  =  —  1.1  —  23.8  j  amp.; 

hence,  the  total,  or  generator  current,  /g  =  /  —  jbE^  =  70.9+ 
11.2  J  amp. 

The  impedance  voltage  of  the  other  half  of  the  line,  ZI^  = 
2330 -2830  J  volts; 

hence,  the  generator  voltage,  Eo=  E^  +  ZI^  =  51,840  —  5090  / 
volts; 

and  the  phase  angle  of  the  generator  current, 
tan^,  =^  =  0.158;    5,^9.0° 

The  phase  angle  of  the  generator  voltage, 

^)0Q0 
tane,=-^j^= -0.098;    (?,  =  -5.60; 

the  lag  of  the  generator  current,  0^  =^0^  —  0^  =  14.6®; 
hence  the  power-factor  at  the  generator,  cos  0^  =  96.7  per  cent. 
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And  the  power  output,  S[I,  ej  •=  10,000  kw.; 
the  power  input,  3[I^,  EJ  =  11,190  kw.; 
the  efficiency  =  89.35  per  cent.; 
the  volt-ampere  output,  Sie  ^  11,110  kv-amp.; 
the  volt-ampere  input,  3  i^e^  ==  11,220  kv-amp.; 
ratio:  ==  99.02  per  cent. 

And  the  absolute  values  are . 

receiver  current,  i  =  80  amp.; 

receiver  voltage,  e  =  46,100  X  V3  =  80,000  volts; 

generator  current,  ^  =  71.8  amp.; 

generator  voltage,  Co  =  52,100  xVs  =  90,000  volts; 

voltage  drop  in  line,  =11.1  per  cent. 

402.  Balanced  polyphase  systems  thus  can  be  calculated  as 
single-phase  systems,  and  this  has  been  done  in  many  preced- 
ing chapters,  as  in  those  on  the  induction  machines,  synchro- 
nous machines,  etc.,  that  is,  apparatus  which  is  usually 
operated  on  polyphase  circuits. 

Only  in  dealing  with  those  phenomena  which  are  resultants 
of  all  the  phases  of  the  polyphase  system,  in  the  resolution  of 
the  polyphase  system  into  its  constituent  single-phase  systems 
the  effective  value  of  the  constant  has  to  be  used,  which  cor- 
responds to  the  resultant  efifect.  This,  for  instance,  is  the  case 
in  calculating  the  magnetic  field  of  the  induction  machine  — 
which  is  energized  by  the  combination  of  all  phases  —  or  the 
armature  reaction  of  synchronous  machines,  etc. 

For  instance,  in  the  induction  machine,  from  the  generated 
e.m.f.,  e, —  in  Chapter  XIX — the  magnetic  flux  of  the  machine  is 
calculated,  and  from  the  magnetic  flux  and  the  dimensions  of  the 
magnetic  circuit:  length  and  section  of  air-gap,  and  length  and 
section  of  the  iron  part,  follows  the  ampere-turns  excitation,  that 
is,  the  ampere  turns,  Fqj  required  to  produce  the  magnetic  flux. 

The  resultant  m.m.f.  of  m  equal  magnetizing  coils  displaced 

in  position  by  —  cycle,  energized  by  m  equal  currents  of  an 
m 

w-phase  system.  Is  given  by  paragraph  361  as 

„      nml 
V2 
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where 

/  =  current  per  phase,  or  per  magnetizing  coil, 
n  =  number  of  turns  per  coil, 
m  =  number  of  phases. 

The  exciting  current  per  phase  required  to  produce  the  result- 
ing m.m.f.,  Fq,  therefore,  is 

nm    ' 
hence,  for  a  thtee-phase  system, 

and  for  a  quarter-phase  system,  with  two  coils  in  quadrature, 

ny/2 
In  the  investigation  of  the  armature  reaction  of  synchronous 
machines,  Chapter  XXII,  the  armature  reaction  of  an  ?n-phase 
machine  is,  by  paragraph  361, 

r  = — —  9 

V2 
where 

m  =  number  of  phases, 

n©  =  number  of  turns  per  phase,  effective,  that  is,  allow- 
ing for  the  spread  of  the  turns  over  an  arc  of  the 
periphery  in  machines  of  distributed  winding, 
/  =  current  per  phase, 

and  when,  in  Chapter  XXII,  the  armature  reaction  is  given  by n/, 
the  number  of  effective  timis,  n,  is,  accordingly,  for  a  polyphase 
alternator, 

m 

hence,  in  a  three-phase  machine, 

n  =  ^  =  1.5noV2; 

in  a  quadrature-phase  machine, 
n  =  no  V2. 
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ALGEBRA  OF  COMPLEX  IMAGINARY  QUANTITIES. 

INTRODUCTION. 

403.  The  system  of  numbers,  of  which  the  science  of  algebra 
treats,  finds  its  ultimate  origin  in  experience.  Directly  derived 
from  experience,  however,  are  only  the  absolute  integral  num- 
bers; fractions,  for  instance,  are  not  directly  derived  from  expe- 
rience, but  are  abstractions  expressing  relations  between  different 
classes  of  quantities.  Thus,  for  instance,  if  a  quantity  is  divided 
in  two  parts,  from  one  quantity  two  quantities  are  derived, 
and  denoting  these  latter  as  halves  expresses  a  relation,  namely, 
that  two  of  the  new  kinds  of  quantities  are  derived  from,  or  can 
be  combined  to  one  of  the  old  quantities. 

404.  Directly  derived  from  experience  is  the  operation  of 
counting  or  of  numeration, 

a,    a  +  1,    a  +  2,    a  +  3  .  .  .  . 

Counting  by  a  given  number  of  integers, 

1  +  1  +  1...  +  1  =c 

a  +  ' — — s '         , 

b  mtegers 

introduces  the  operation  of  additum,  as  multiple  counting, 

a  +  6  =  c. 

It  is  a  +  b  =b  +  a; 

that  is,  the  terms  of  addition,  or  addenda,  are  interchangeable. 
Multiple  addition  of  the  same  terms, 

a+a  +  o+  .  .  .  +a  =  c 

b  equal  numbers 
701 
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introduces  the  operation  of  miUliplication, 

a  xb  =  c. 
It  is  a  Xb  =b  Xa, 

that  is,  the  terms  of  multiplication,  or  factors,  are  interchange- 
able. 
Multiple  multipUcation  of  the  same  factors, 

aXaXaX  .  .  .  Xa  =c, 
b  equal  numbers 

introduces  the  operation  of  invdidion, 

Since  a^  is  not  equal  to  6*, 

the  terms  of  involution  are  not  interchangeable. 

406.  The  reverse  operation  of  addition  introduces  the  opera- 
tion of  stibtractian. 
If  a  +  6  =  c, 

it  is  c  —  6  ==  a. 

This  operation  cannot  be  carried  out  in  the  system  of  absolute 
numbers,  if 

b  >  c. 

Thus,  to  make  it  possible  to  carry  out  the  operation  of  sub- 
traction under  any  circumstances,  the  system  of  absolute  num- 
bers has  to  be  expanded  by  the  introduction  of  the  negative 
number, 

-a  =  (-l)xa, 

where  ( ^  1)  is  the  negative  unit. 

Thereby  the  system  of  numbers  is  subdivided  in  the  positive 
and  negative  numbers,  and  the  operation  of  subtraction  possible 
for  all  values  of  subtrahend  and  minuend.  From  the  definition 
of  addition  as  multiple  numeration,  and  subtraction  as  its  inverse 
operation,  it  follows, 

c-(-6)  =  c  +  6, 

thus:  (-1)  X  (-1)  =  1; 

that  is,  the  negative  unit  is  defined  by  (  —  1)*  =  1, 
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406.  The  reverse  operation  of  multiplication  introduces  the 
operation  of  division. 

If  a  Xb  =c, 

it  IS  r-  =  a. 

0 

In  the  system  of  integral  numbers  this  operation  can  only  be 
carried  out  if  6  is  a  factor  of  c. 

To  make  it  possible  to  carry  out  the  operation  of  division 
imder  any  circumstances,  the  system  of  integral  numbers  has  to 
be  expanded  by  the  introduction  of  the  fraction, 


c 


ix} 


where  -  is  the  integer  fraction,  and  is  defined  by 


(0 


X6  =1. 


407.  The  reverse  operation  of  involution  introduces  two  new 
operations,  since  in  the  involution, 

a^=c, 
the  quantities  a  and  b  are  not  reversible. 
Thus  y/c  =  a,  the  evoliUion, 

loga  c  =b,  the  logarithmaiion. 
The  operation  of  evolution  of  terms,  c,  which  are  not  complete 
powers,  makes  a  fiuiiher  expansion  of  the  system  of  numbers 
necessary,  by  the  introduction  of  the  irrationai  number  (endless 
decimal  fraction),  as  for  instance, 

V2  =  1.414213.  .  . 

408.  The  operation  of  evolution  of  negative  quantities,  c, 

with  even  exponents,  6,  as  for  instance, 

h' — 
V -a, 

makes  a  fiuiiher  expansion  of  the  system  of  numbers  necessary, 
by  the  introduction  of  the  imaginary  unit 

Thus  yf^  =  -^"^  X  y/a, 

where;  V  — 1  is  denoted  by  j. 


704  ALTERNATING-CURRENT  PHENOMENA, 

Thus,  the  imaginary  unit,  j,  is  defined  by 

By  addition  and  subtraction  of  real  and  imaginary  units, 
compound  numbers  are  derived  of  the  form, 

a  +  jb, 

which  are  denoted  as  complex  imaginary  numbers. 

No  further  system  of  numbers  is  introduced  by  the  operation 
of  evolution. 

The  operation  of  logarithmation  introduces  the  irrational 
and  imaginary  and  complex  imaginary  numbers  also,  but  no 
further  system  of  numbers. 

409.  Thus,  starting  from  the  absolute  integral  numbers  of 
experience,  by  the  two  conditions: 

1st.  Possibility  of  carrying  out  the  algebraic  operations  and 
their  reverse  operations  under  all  conditions, 

2d.  Permanence  of  the  laws  of  calculation, 
the  expansion  of  the  system  of  numbers  has  become  necessary,  into 

positive  and  negative  numbers, 

integral  numbers  and  fractions, 

rational  and  irrational  numbers, 

real  and  imaginary  numbers  and  complex  imaginary  numbers. 

Therewith  closes  the  field  of  algebra,  and  all  the  algebraic 
operations  and  their  reverse  operations  can  be  carried  out 
irrespective  of  the  values  of  terms  entering  the  operation. 

Thus  within  the  range  of,  algebra  no  further  extension  of  the 

system  of  numbers  is  necessary  or  possible,  and  the  most  general 

number  is  ,    - 

a  +  jb, 

where  a  and  6  can  be  integers  or  fractions,  positive  or  negative, 
rational  or  irrational. 

Any  attempt  to  extend  the  system  of  numbers  beyond  the 
complex  quantity,  leads  to  numbers,  in  which  the  factors  of  a 
product  are  not  interchangeable,  in  which  one  factor  of  a  prod- 
uct may  be  zero  without  the  product  being  zero,  etc.,  and 
which  thus  can  not  be  treated  by  the  usual  methods  of  algebra, 
that  is,  are  extra-algebraic  numbers.  Such  for  instance  are  the 
double  frequency  vector  products  of  Chapter  XV. 
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Algebraic  Operations  with  Complex  Imaginary 
Quantities. 

410.  Definition  of  imaginary  unit: 

j'  =  -1. 

Complex  imaginary  number: 

A  =a  +  jb. 


Substituting: 

a  =  r  cos  p, 

b  =  r  sin  ^, 

it  is 

A  =r  (cos  P  +  j  sin  p), 

where 

r  =Va^  +  b\ 

b   • 
tan  i9  =  -  > 
a 

r  ==  vector, 

P  =  amplitude  of  complex  imaginary  number,  A. 
Substituting: 

cos  j5  =• 


sin^  = 


2 


2j 
it  is  A  =r€^^ 


where  s  =  lim  ( 1  +  - )    =  2/  T 


X  2  X3  X  .  .  .    Xk 
is  the  basis  of  the  natural  logarithms. 
Conjugate  numbers  are  called : 

a  +  jb  =r  (cos  p  +  j  sin  P)  =  re*'^, 
and  a-jb^r  (cos[~i9]+/sin[~/?])=r  (cos/?-j8in/9)  =  r€"'^ 
it  is  (a  +  j6)  (a  -  /6)  =  a»  +  6^  =  r». 
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Associate  numbers  are  called: 

a  +  j6  =  r  (cos  ^  +  j  sin  P)  =  r^'^, 

and      6  +  ja  =rf  cos^ -^   +ysin  - -/?  n=re  *      ^ 


it  is 

(o  +  jb)  (6  +  ;o)  =  J  (o»  +  6*) 

=  ir'. 

If 

a  +   ;6  =  a'  +  jV, 

it  is 

6  =6'. 

If 

a  +  jb=0; 

it  is 

0=0, 
&  =0. 

411.  Addition  and  Svbtraction: 

(o  +  jb)  ±  (a'  +  jV)  =  (o  ±  o')  +  J  (&  ±  V). 

Midtijdication: 

(a  +  jb)  (a'  +  jV)  =  (oo'  -660  +  j  (ai/ +  ba'); 

or    r  (cosi9  +  janfi)  Xt^  (coa^  +  jam^)  =  n^  (cos  [  ^9  +  ^] 
+  J  sin  [9  +  ^]); 

or      re''»  Xr'e''^  =  rr'c'<''+'»'>. 

Division: 

Expansion  of  complex  imaginary  fraction,  for  rationaliza- 
tion of  denominator  or  numerator,  by  multiplication  with  the 
conjugate  quantity: 

a  +  jb_  (a  +  jb)  {af-jV)       (oo^  +  660  +iQ>af-ab') 
at  +  jb'~  (a'  +  jV)  (o'  -  j60  cP  +  6'» 

^  (o  +  ;-6)(o-/6) o»  +  6» 

(o'  +  yV)  (o  -  ;6)       ifxa'  +  W)  +  j  {ai/ -  ba!) ' 
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r'  (cos  j9'  +  J  sin  /y;     /         "^ 

(o  +  j6)»  =  \r  (cosi9  +  j8in/9)}»  =  {re*}» 
=  r"  (cos  n^  +  /  sin  n^)  =  r"^ ; 

Va+  jb  =  ^r  (cos ^  +  jwa.fi!)  =  >/re*^ 
=  ■^rfcos- +  J  sin-j  =  ^re'*. 

412.  Roots  of  the  Unit: 
>/T  =  +  l,     -1; 

VI  _  +  1, ^ , -, 

</r=  +  l,    -1,    +/,    -j; 

*fi     J.1   -<-l+?'^"    -l+jV3   _     -1-;V3    +1-;V3 
VI -+l,         2        '  2         '       '         2        '         2 

\n   4-1    14-0-    ,-±J-ti   +^-^'    -1  +  ?    -1-/. 

n.T  2  7rA;       ...    2  7rA;         15^     ,       ^  .   ^ 

Vl  =  cos 1-  7  sin =6  »  ,  A  =  0,  1,  2  ....  n  —  1. 

n  n 

413.  Rotation: 

In  the  complex  imaginary  plane,  multiplication  with 

n^  27r  .    .   .    27r        ^' 

Vl  =  cos 1-  7  sm  —  =  e  " 

n  n 

means  rotation,  in  positive  direction,  by  -    of    a  revolution, 

n 

multiplication  with  ( —  1)  means  reversal,  or  rotation  by  180®, 
multiplication  with  (+  j)  means  positive  rotation  by  90°, 
multipUcation  with  ( —  j)  means  negative  rotation  by  90°. 
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414.  Complex  imaginary  plane: 

While  the  positive  and  negative  numbers  can  be  represented 
by  the  points  of  a  line,  the  complex  imaginary  numbers  are 
represented  by  the  points  of  a  plane,  with  the  horizontal  axis, 
AVA,  as  real  axis,  the  vertical  axis,  B'OjB,  as  imaginary  axis. 
Thus  all 

the  positive  real  numbers  are  represented  by  the  points  of  half- 
axis  OA  towards  the  right; 

the  negative  real  numbers  are  represented  by  the  points  of  half- 
axis  OA'  towards  the  left; 

.the  positive  imaginary  numbers  are  represented  by  the  points  of 
half-axis  OB  upwards; 

the  negative  imaginary  numbers  are  represented  by  the  points  of 
half-axis  OB'  downwards; 

the  complex  imaginary  numbers  are  represented  by  the  points 
outside  of  the  coordinate  axes. 
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OSCILLATING  CURRENTS. 

INTRODUCTION. 

415.  An  electric .  current  varying  periodically  between  con- 
stant maximum  and  minimum  values  —  that  is,  in  equal  time 
intervals  repeating  the  same  values  —  is  called  an  alternating 
current  if  the  arithmetic  mean  value  equals  zero;  and  is  called  a 
pulsating  current  if  the  arithmetic  mean  value  differs  from  zero. 

Assuming  the  wave  as  a  sine  curve,  or  replacing  it  by  the 
equivalent  sine-wave,  the  alternating  current  is  characterized 
by  the  period  or  the  time  of  one  complete  cycUc  change,  and  the 
amplitude  or  the  maximum  value  of  the  current.  Period  and 
amplitude  are  constant  in  the  alternating  current. 

A  very  important  class  are  the  currents  of  constant  period, 
but  geometrically  varying  amplitude;  that  is,  currents  in  which 
the  amplitude  of  each  following  wave  bears  to  that  of  the  pre- 
ceding wave  a  constant  ratio.  Such  currents  consist  of  a  series 
of  waves  of  constant  length,  decreasing  in  amplitude,  that  is,  in 
strength,  in  constant  proportion.  They  are  called  oscillating 
currents  in  analogy  with  mechanical  oscillations  —  for  instance 
of  the  pendulum  —  in  which  the  amplitude  of  the  vibration 
decreases  in  constant  proportion. 

Since  the  amplitude  of  the  oscillating  current  varies,  con- 
stantly decreasing,  the  oscillating  current  differs  from  the  alter- 
nating current  in  so  far  that  it  starts  at  a  definite  time  and 
gradually  dies  out,  reaching  zero  value  theoretically  at  infinite 
time,  practically  in  a  very  short  time,  short  even  in  comparison 
with  the  time  of  one  alternating  half-wave.  Characteristic  con- 
stants of  the  oscillating  current  are  the  period,  T,  or  frequency, 

/  =  — ,  the  first  amplitude  and  the  ratio  of  atiy  two  successive 
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amplitudes,  the  latter  being  called  the  decrement  of  the  wave. 
The  oscillating  current  will  thus  be  represented  by  the  product 
of  a  periodic  function,  and  a  function  decreasing  in  geometric 
proportion  with  the  time.    The  latter  is  the  exponential  function, 
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FiQ.  259. 

416.  Thus,  the  general  expression  of  the  oscillating  current  is 

I  =A>^-^cos(2  7r/^-e), 

since  A^'^^  =  AfA'^  =  u"*'. 

Where  e  =  basis  of  natural  logarithms,  the  current  may  be 
expressed, 

7  =  if- w  cos  (2  ;r/^  -  »)  =  ie"*^  cos  (^  -  ff), 

where  ^  =2  7: ft;  that  is,  the  period  is  represented  by  a  complete 
revolution. 

In  the  same  way  an  oscillating  electromotive  force  will  be 
represented  by 

E  =  c-«*  cos  (^  -  e). 

Such  an  oscillating  electromotive  force  for  the  values, 

e  =  5,    a  =  0.1435  or  £-2 -a  _  o.4,    »  =  0, 

is  represented  in  rectangular  coordinates  in  Fig.  259,  and  in  polar 
coordinates  in  Fig.  260.  As  seen  from  Fig.  259,  the  oscillating 
wave  in  rectangular  coordinates  is  tangent  to  the  two  exponential 
curves, 

y  =  ±  ee-*'* 
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417.  In  polar  coordinates,  the  oscillating  wave  is  represented 
in  Fig.  260  by  a  spiral  curve  passing  the  zero  point  twice  per 
period;  and  tangent  to  the  exponential  spiral, 


-a* 


y  =  ±ee 

The  latter  is  called  the  envelope  of  a  system  of  oscillating 
waves  of  which  one  is  shown  separately,  with  the  same  constants 
as  Figs.  259  and  260,  in  Fig.  261.    Its  charlSrCteristic  feature  is: 


Fig.  260. 

The  angle  which  any  concentric  circle  makes  with  the  curve 

y  =  ee""**,  is 

dy 
tan  a  =  —77  =  —  a, 
yd<f> 

which  is,  therefore,  constant;  or,  in  other  words:  "The  envelope 
of  the  oscillating  current  is  the  exponential  spiral,  which  is  char- 
acterized by  a  constant  angle  of  intersection  with  all  concentric 
circles  or  all  radii  vectores."  The  oscillating  current-wave  is 
the  product  of  the  sine  wave  and  the  exponential  or  loxodromic 
spiral. 

418.  In  Fig.   262  let  y  =  ee""^  represent  the  exponential 
spiral; 

let  z  =  e  cos  (<f>  —6  ) 

represent  the  sine  wave; 
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and  let  E  =  ee-«*  cos  (^  -  d) 

represent  the  oscillating  wave. 

We  have  then 

.       dE 

_  —sin  (4>—0)  — acos  {4>—ff) 

cos  (<f>  —  0) 
=  -{tan(^-e)  +4; 


;t 4- 


FiG.  261. 


Fig.  262. 


that  is,  while  the  slope  of  the  sine  wave,  z  ^  e  cos  {<f>  —  0),  is 
represented  by 

tan  y  =  —  tan  (^  —  ^), 

the  slope  of  the  exponential  spiral,  y  =  ee"^,  is 

tan  a  =  —  a  =»  constant, 
that  of  the  oscillating  wave,  E  =  ee''*^  cos  (^  —  ^),  is 

tan  /?  =  -  {tan  (^  -  ^)  4-  a}. 

Hence,  it  is  increased  over  that  of  the  alternating  sine-wave 
by  the  constant,  a.  The  ratio  of  the  amplitudes  of  two  conse- 
quent periods  is 

^-^  E-'        • 
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A  is  called  the  numerical  decrement  of  the  oscillating  wave, 
a  the  exponential  decrement  of  the  oscillating  wave,  a  the  angu- 
lar decrement  of  the  oscillating  wave.  The  oscillating  wave  can 
be  represented  by  the  equation, 

J5;=.efi-***"*cos(^-e). 

In  the  example  represented  by  Figs.  259  and  260,  we  have 
A  =  0.4,  a  =0.1435,  a  =  8.2^. 

Impedance  and  Admittance, 

419.  In  complex  imaginary  quantities,  the  alternating  wave, 

z  =  e  cos  (^  —  0), 

is  represented  by  the  ssnnbol, 

E=  e  (cos 0  +  ]smO)  =  e^  +  jej. 

By  an  extension  of  the  meaning  of  this  ssnnbolic  expression, 
the  oscillating  wave,  E=ee''*^coa  (<f>  —  0),  can  be  expressed 
by  the  symbol, 

E=  e  (cos  0  +  j sin  0)  dec  a=  (e^  +  je^  dec  a, 

where  a  =  tan  a  is  the  exponential  decrement,  a  the  angular 
decrement,  e'^"**  the  numerical  decrement. 

Inductance. 

420.  Let  r  =  resistance,  L  =  inductance,  and  x  =»  2  nfL  = 
reactance. 

In  a  circuit  excited  by  the  oscillating  current, 

7  =  u"°*  cos  {<f>  —  0)==  I  (cos  0  +  j  sin  0)  dec  a 
=  (ti  +  Jt'a)  dec  a, 

where        ii  =  i  cos  ^,    ij  =  i  sin  ff,    a  =  tan  a. 

We  have  then, 

the  electromotive  force  consumed  by  the  resistance,  r,  of  the 

circuit, 

Ef,  =  rl  dec  a. 
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The  electromotive  force  consumed  due  to  the  inductance,  L,  of 
the  circuit, 

Hence  E^-=^  -  xie"'^  {sin  {<f>-0)  +  a  cos  (0  -  fl) } 

xIb  ~  ^ 

= sin  (6  —  d  +  a). 

cos  a 

Thus,  in  symbolic  expression, 

xi 

E^  = 1  -  sin  {d-a)  +  j  cos  {0-a)\  dec  a 

cos  a 

=  —  XI  (a  +  j)  (cos  ^  +  y  sin  d)  dec  a; 

that  is,     ^x  =  —  xZ  (a  +  j)  dec  a. 

Hence    the    apparent    reactance    of    the    oscillating-current 
circuit  is,  in  s3rmbolic  expression, 

X=  X  (a  +  ])  dec  a. 

Hence  it  contains  a  power  component,  ax,  and  the  impedance 
is 

Z=  (r  —  X)  dec  a=lr  —  x  {a  +  ])l  dec  a  =  (r  —  ax^  jx)  dec  a. 

Capacity. 

1 


421.  Let  r  =  resistance,    C  =  capacity,    and    x^  = 

=  condensive  reactance.  In  a  circuit  excited  by  the  oscillating 
current,  /,  the  electromotive  force  consumed  due  to  the  capacity 
Cis 

or,  by  substitution, 

^xe  =  ^  Ae"""*  cos  {<f}-d)  d<f> 

X 

= ^ie"^  {sin  (0  —  w)  —  a  cos  (0  -^  ^) } 

xW^"^ 

sin  (0  — 0  — a); 


(1  +  a*)  cos  a 
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hence,  in  symbolic  expression, 

OCh 

= (a  +  j)  (cos  6  +  j  sin  S)  dec  a; 

1  +  or 

hence, 

^'c=  l::^(-^  +  J)ideca; 
that  is,  the  apparent  capacity  of  the  oscillating  circuit  is,  in 
symbolic  expression, 

C=j-J^,(-a  +  ,-)deca. 

422.  We  have  then: 
in   an   oscillating-current   circuit   of    resistance,   r,   inductive 
reactance  x,  and  condensive  reactance  x^,  with  an  exponential 
decrement  a,  the  apparent  impedance,  in  symbolic  expression, 

Z=  jr-x(a  +  y)  +^--^^(_a  +  y)jdeca 
and,  absolute, 


Admittance. 
423.  Let  I  ^  i^-a^  g^  {<l>-0)  =  current. 

Then  from  the  preceding  discussion,  the  electromotive  force 
consumed  by  resistance  r,  inductive  reactance  x,  and  con- 
densive reactance  x^,  is 

E=^ie-^\cos  (0-fi)rr~ax-— ^xJ-sin(^-«) 

=  iZae"^  cos  (0  -  «  +  d), 
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z  — 


tan  d  =• 


1  +a» 


r  —  ax 


1  +  o» 


substituting  ^  +  ^  for  6,  and  6  =  iZa  we  have 
£?=,er«*cos(0-d), 


/=  —  €-«♦  cos  {<f>-d-S) 
I  cos  5 


._.  ( COS  J         , ,      ^.      sin  J    .     , ,      ^.  > 
=  ee^^J cos  (^-fl)+ sin  {<t>-0)[\ 

hence  in  complex  quantities, 

JB  =  e  (cos  0  +  j  sin  d)  dec  a, 
-       _  ( cos  5  ,    .  sin  5 )  , 

or,  substituting, 


l  =  E 


a 

r  —  (zx  — xu 

1  +  a*  ' 

V 

Thhk—rh^^ 

X  — 


+  ]' 


1  +  a* 


hrhhh'^-Th''') 


dec  a. 


424.  Thus  in  complex  quantities,  for  oscillating  currents,  we 
have:  conductance, 


r  —  ax-- 


1+a' 


(^-rT^)'+(^--^-TT^>4 
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susceptance. 


&=.  !  +  «' 


/        ^«   V    /  o      v 

la; — z ;)  +  [r  —  ax— -x.) 

\        l+aV      \  1  +  o»  7 

admittance,  m  absolute  values, 

y  =  Vg'  +  b'  =     J  ; 

in  symbolic  expression, 

Since  the  impedance  is 
we  have 

that  is,  the  same  relations  as  in  the  complex  quantities  in  alter- 
nating-cmrent  circuits,  except  that  in  the  present  case  all  the 
constants,  r^,  Xa,  Zaj  g,  z,  y,  depend  upon  the  decrement  o. 

Circuits  of  Zero  Impedance. 

426.  In  an  oscillating-current  circuit  of  decrement  a,  of 
resistance  r,  inductive  reactance  x,  and  condensive  reactance  x^ 
the  impedance  was  represented  in  symbolic  expression  by 

^=r,-,x,=(r-ax-^,x,)-/(x-j^,) 
or  numerically  by 
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Thus  the  inductive  reactance;  x,  as  well  as  the  condensive 
reactance,  x^,  do  not  represent  wattless  electromotive  forces  as 
in  an  alternating-current  circuit,  but  introduce  power  compo- 
nents of  negative  sign, 

that  means,  in  an  osciUating-current  circuit,  the  counter  electro- 
motive force  of  self-induction  is  not  in  quadrature  behind  the 
current,  but  lags  less  than  90®,  or  a  quarter  period;  and  the 
charging  current  of  a  condenser  is  less  than  90°,  or  a  quarter 
period,  ahead  of  the  impressed  electromotive  force. 

426.  In  consequence  of  the  existence  of  negative  power 
components  of  reactance  in  an  oscillating-current  circuit,  a 
phenomenon  can  exist  which  has  no  analogy  in  an  alternating- 
current  circuit;  that  is,  under  certain  conditions  the  total 
impedance  of  the  oscillating-current  circuit  can  equal  zero: 

Z=0. 

In  this  case  we  have 

a  Xc 

f  ^ax x^  =  0 :  X =  0. 

1  +  a'  "       '         1  +  a»        ' 

substituting  in  this  equation, 

X  =2;r/L;Xc  = 


2;r/C" 
and  expanding,  we  have 

1 


a  = 


rV 


■■^-^\/*-^-i- 


21"  rHJ  2aL' 

That  is,  if  in  an  oscillating-current  circuit,  the  decrement, 

1 


o  = 


v^' 
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and  the  frequency  /  -  - — =r ,  the  total  impedance  of  the  circuit 

is  zero;  that  is,  the  oscillating  current,  when  started  once,  will 
continue  without  external  energy  being  impressed  upon  the 
circuit. 

427.  The  phjrsical  meaning  of  this  is:  If  upon  an  electric 
circuit  a  certain  amount  of  energy  is  impressed  and  then  the 
circuit  left  to  itself,  the  current  in  the  circuit  will  become  oscillat- 

ing,  and  the  oscillations  assume  the  frequency,  /  =  - — y ,    and 

the  decrement,  ^^ 

1 
a  = 


That  is,  the  oscillating  currents  are  the  phenomena  by  which 
an  electric  circuit  of  disturbed  equiUbrium  returns  to  equilibrium. 

This  feature  shows  the  origin  of  the  oscillating  currents,  and 
the  means  of  producing  such  current  by  disturbing  the  equi- 
librium of  the  electric  circuit;  for  instance,  by  the  discharge  of  a 
condenser,  by  make-and-break  of  the  circuit,  by  sudden  electro- 
static charge,  as  lightning,  etc.  ^  Obviously,  the  most  important 
oscillating  currents  are  those  in  a  circuit  of  zero  impedance, 
representing  oscillating  discharges  of  the  circuit.  Lightning 
strokes  frequently  belong  to  this  class. 

OsdUating  Discharges. 

^28.  The  condition  of  an  oscillating  discharge  is  Z  =  0, 
that  is,  

If  r  =  0,  that  is,  in  a  circuit  without  resistance,  we  have  a  =  0, 

/  =  := ;  that  is,  the  currents  are  alternating  with  no  decre- 

ment,  and  the  frequency  is  that  of  resonance. 
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,is,r>2V^, 


4  L  ^ 

If  ^^p, — r  <  0,  that  is,  r  >  2  y  ^;  a  and  /  become  imagmaiy ; 

that  is,  the  discharge  ceases  to  be  oscillatory.  An  electrical 
discharge  assumes^  oscillating  nature  only,  if  r<  2y  —  •  In 
the  case  r  ==  2  y  -  we  have  a  =  oo,  /  =0;  that  is,  the  current 

dies  out  without  oscillation. 

From  the  foregoing  we  have  seen  that  oscillating  discharges 
—  as  for  instance  the  phenomena  taking  place  if  a  condenser 
charged  to  a  given  potential  is  discharged  through  a  ^ven  curcuit, 
or  if  Ughtning  strikes  the  line  circuit  —  are  defined  by  the  equa- 
tion, Z  =0  dec  a- 

Since 

I    =  (H  +  Jh)  dec  a,  Er  =  Ir  dec  a, 

E^  ^-xl  {a  +  ])deca,    jE;^^  =  ^^-^  /  ^-a  +  j)dec  a, 

we  have  r-^ax-- ;  x-  =  0, 

1  +  a' 

Xr 
l" 

hence,  by  substitution, 

^x,  =^xl  (-a  + /)deca. 

The  two  constants,  i^  and  ij,  of  the  discharge,  are  determined  by 
the  initial  conditions  —  that  is,  the  electromotive  force  and  the 
current  at  the  time,  i  ==  0. 

429.  Let  a  condenser  of  capacity  C  be  discharged  through  a 
circuit  of  resistance  r  and  inductance  L.  Let  e  =  electro- 
motive force  at  the  condenser  in  the  moment  of  closing  the 
circuit  —  that  is,  at  the  time  <  =  0  or  0  =  0.  At  this  moment 
the  current  is  zero,  —  that  is, 

/  =  ji,,    t\  =  0. 
Since  ^x^  =  ^|  ( —  ^^  +  /)  dec  a  =  e  at  ^  =  0, 


-=^  +  -r^=o; 


we  have    ri,  Vl  +  a'  ==  e  or  ij  = 


xVT+l? 
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Substituting  this,  we  have, 

C  T 

E^=  -=L==(l-ja)  dec  a,  E^    = 7===0'  +ja)deca, 

the  equations  of  the  oscillating  discharge  of  a  condenser  of  initial 
voltage,  e. 

Since  x=2  TtfL, 

1 


a  = 


v#- 


we  have 


*     2a     2*^7^        ' 


hence,  by  substitution, 

I  =ie\j-deca,    S,  =  ;er  y  ^  dec  a. 


_  __Jlr!£_ 


the  final  equations  of  the  oscillating  discharge,  in  symbolic 
expression. 
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Oscillating^urrent  Transformer. 

430.  As  an  example  of  the  application  of  the  BymboUc 
method  of  analyzing  the  phenomena  caused  by  oscillating 
currents,  the  transformation  of  such  currents  may  be  investi- 
gated. If  an  oscillating  current  is  produced  in  a  circuit  in- 
cluding the  primary  of  a  transformer,  oscillating  currents  will 
also  exist  in  the  secondary  of  this  transformer.  In  a  trans- 
former let  the  ratio  of  secondary  to  primary  turns  be  p. 
Let  the  secondary  be  closed  by  a  circuit  of  total  resistance, 
Tj  =  r/  +  r^'',  where  r/  =  external,  r^"  =  internal,  resistance. 
The  total  inductance  Lj  =  L/  +  L^'',  where  L/  ==  external, 
Li'^  =  internal,  inductance;  total  capacity,  Cj.  Then  the  total 
admittance  of  the  secondary  circuit  is 


Yi  =  (gi  +  ]\)deca  = 


where  Xj  =  2  nfL^  =  inductive  reactance:  x^  =  ,j— r^  =  conden- 

sive  reactance.  Let  Tq  =  effective  hysteretic  resistance,  L^  = 
inductance;  hence,  x^='2  tt/Lq  =  reactance;  hence, 

Yo=go  +  A  =  -7- — —\ — 77  =  admittance 

of  the  primary  exciting  circuit  of  the  transformer;  that  is,  the 
admittance  of  the  primary  circuit  at  open  secondary  circuit. 

As  discussed  elsewhere,  a  transformer  can  be  considered  as 
consisting  of  the  secondary  circuit  supplied  by  the  impressed, 
electromotive  force  over  leads,  whose  impedance  is  equal  to 
the  sum  of  primary  and  secondary  transformer  impedance,  and 
which  are  shunt^  by  the  exciting  circuit,  outside  of  the 
secondary,  but  inside  of  the  primary  impedance. 

Let  r  =  resistance;    L  =  inductance;    C  =  capacity; 

hence, 

X  =2  TtfL  =  inductive  reactance, 

Xc  =  r— r^  =  condensive  reactance  of  the  total  primary  circuit, 
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including  the  primary  coil  of  the  transformer.  If  J5?/  =  E^'  dec  a 
denotes  the  electromotive  force  generated  in  the  secondary  of 
the  transformer  by  the  mutual  magnetic  flux,  —  that  is,  by 
the  oscillating  magnetism  interlinked  with  the  primary  and 
secondary  coil,  —  we  have  /j  =  E/Y^  dec  a  =  secondary  cur- 
rent. 

Hence,  /  /  =  p/ 1  dec  a  =  pE/Y^  dec  a  =  primary  load  current, 
or  component  of  primary  current  corresponding  to  secondary 

current.     Also,  /©=  —E/Y^  dec  a  =  primary  exciting  current; 

P  ' 
hence,  the  total  primary  current  is 

I^I,'+  I,^^  \Y^  +  fY,\  dec  a. 
P 

E ' 
E^=  -^   dec  a  =  generated  primary  electromotive  force. 

P 
Hence  the  total  primary  electromotive  force  is 

E  =  {E'  +  IZ)  dec  a  =  ^\l  +  ZY^  +  p'ZY^l  dec  a. 

p 

In  an  oscillating  discharge  the  total  primary  electromotive 
force,  ^  =  0,  —  that  is, 

l+ZY^  +  fZY,^{)] 
or,  after  substitution, 

+  p» r =  0. 

Substituting  in  this  equation,  x  =  2  nfL,  ^c'^TnPij  etc.,  we 

LTCJKj 

get  a  complex  imaginary  equation  with  the  two  constants,  a  and 
/.  Separating  this  equation  in  the  real  and  the  imaginary  parts, 
we  derive  two  equations,  from  which  the  two  constants,  o  and  /, 
of  the  discharge  are  calculated. 
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431.  If  the  exciting  current  of  the  transformer  is  negligible, 
—  that  is,  if  Yq  =  0,  the  equation  becomes  essentially  simpli- 
fied,— 

Ir  —  ax— 'Xc  ]  —j  (  X—  - — ' — ) 

l  +  p^V Li_£_±iL_i±iSZ=o; 

that  is, 

or,  combined,  — 

(r,  -  2  oa;,)  +  p*  (r  -  2  ex)  =  0, 

fi  +  p^  =  2  o  (x,  +  p»x), 
Xci  +  P*a;e  =  (1  +  a*)  (a;,  +  P*x). 
Substituting  for  x„  x,  Xj,,  Xj,  we  have 

1 


2ff/  = 


J       4  (L.  +  p'L) 
^(r. +pV)»(C.+  p»C) 


2o  (Lj  +  p'L) 


^JTjJj^    J        4  (L.  +  p'L) 
2  (L,  +  p,L)   ^  (r.+  pV)»  (C,  +  pV)        ^ 

^  =  ^'{1  +  p»Zy,}  dec  a, 
P 

/  =p^,'F,  dec  a, 
/,  =  ^i'y,  deca, 

the  equations  of  the  oscillating-current  transformer,  with  ^/  as 
parameter. 
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Adjustment  of  converter  field  for  phase  control 165 

Admittance 65 

and  reluctance 187 

exciting,  of  alternating-current  motor 468 

of  transformer 259 

experimental  determination 59 

iron-clad 187 

of  receiver  circuit 131 

oscillating  current 713,  715 

parallel  connection 59 

primary,  of  transformer 244 

variable 187 

Advance  angle  of  eddy  currents 196 

of  magnetic  hysteresis 180,  188 

of  phase,  hysteretic 236 

Air-gap  in  magnetic  circuit 190 

Algebra  of  complex  quantity 701 

a  —  hysteretic  advance  of  phase 180 

Alternating  arc 615 

as  pulsating  resistance 578 

current  generator 361 

motor,  general 465 

wave 6,  12 

Alternation  e.m.f.  of  motor 469 

Alternator 361 

armature  reactions 375 

series  operation 401 

synchronizing  power 403,  407 

Alimiinum  cell,  condensive  reactance 215 

Amplitude  of  complex  quantity 705 

of  synchronous  motor  surging 452 

of  wave 6,  20,  33 

Analysis  of  harmonics 588 

Analytic  theory  of  synchronous  motor 424 

Anti-sui^ng  devices  of  synchronous  motors 458 
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Apparatus  economy 102,  119 

Apparent  capacity,  general  wave 616 

impedance  of  transformer 249,  254,  256,  268 

power,  general  wave 611 

resistance 2 

torque  efficiency,  induction  motor 309 

Arc,  alternating 615 

characteristic 582 

power  factor 579,  584 

pulsating  resistance 578 

Armature  reaction,  alternator 362,  375 

and  self-induction  limiting  cross-currents 399 

of  synchronous  motor,  variation 449 

Associate  numbers 706 

Asymmetncal  circuits 13 

Asynchronous  generator,  «ee  Induction  generator. 

motor,  see  Induction  motor 
Average  value  of  wave 12 

Backwards  driven  general  transformer 272 

induction  machine 312 

Balanced  factor  of  polyphase  system 644,  662 

Balanced  polyphase  system 634,  643 

Bi-phase,  8ee  Quarter-phase. 

Brush  discharge 169 

Cable,  topographic  characteristic 50 

Capacity 3 

apparent,  of  general  wave 616 

of  Une 225,  230,  232 

measurement 10 

oscillating  current 714 

reactance  of  line 227 

Cascade  connection,  see  Concatenation. 

Cast  iron,  hysteresis  coefficient 181 

steel,  hysteresis  coefficient 181 

Characteristic  of  arc 582 

constant  of  induction  motor. 478 

curves  of  synchronous  motor,  413,  415,  418,  420,  427,  432,  435, 
437,  444 

magnetic 178 

Charges,  induced 169 

Chai^ng  current  of  line 227 

Choking  coil  as  reactance 151 

Circle  of  sine  wave 20 

Circuit  characteristic,  topographic 52 

factor,  general  wave 612 
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Closed  magnetio  circuit 194 

Cobalt,  hysteiesis  coefficient 181 

Coefficient  of  eddy  currents 197 

of  hysteresis 181 

Combination  of  sine  waves 22,  34,  37 

Conunon  connection,  polyphase  system 665 

Commutation  constant,  single-phase  motor 522 

current  single-phase  motor 522,  531,  538 

single-phase  motor 536 

voltage,  single-phase  motor 522 

Commutator  induction  generator 347 

motor 465,  467 

single-phase 499 

Compensated  repulsion  motor 507 

series  motor,  single-phase 606,  507 

shunt  motor. 508 

Compensating  winding,  single-phase  commutator  motor 500 

Compensation  for  lagging  currents  by  shunted  condensance 74 

for  wattless  currents 222 

single-phase  induction  motor 330 

Complex  harmonic  wave 615 

imaginary  number 704 

quantity 36 

algebra 701 

Components,  rectangular,  of  wave 33 

of  synchronous  reactance 382 

Compoimded  converter  and  phase  control 162 

Compounding  curve,  frequency  converter 275 

induction  generator  with  low  frequency  exciter 355 

Concatenation  of  induction  motors 319 

Condensance 38 

Condenser  excitation  of  induction  generator 312 

induction  motor,  single-phase 330 

reactance 5 

representing  line  capacity 226 

susceptance  of  line 227 

Condensive  reactance,  variation 214 

and  lagging  currents 74 

Conductance,  alternating-current 56 

direct-current 54 

due  to  eddy  currents 196 

effective 167,  216 

of  electrostatic  influence 214 

hysteretic 184. 

of  line 232 

parallel  connection 54 

receiver  circuit 130 
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Conductance  receiver  and  output 137 

series  connection 54 

Conductively  compensated  series  motor 506 

Conjugate  numbers 705 

Constant,  characteristic,  of  induction  motor 478 

Constant-current  by  condensive  reactance 88 

by  inductive  reactance 80 

by  monocyclic  square 97,  11 1 

by  resonating  circuit 92 

by  T  connection 95,  98 

by  two  opposite  reactances 92 

by  variable  reactance 85 

transformer 85 

transformation,  general  discussion 119 

problems 125 

Constant^potential  constant-current  transformation 78 

Constant-voltage  by  phase  control 157 

Constants  of  induction  motor 306 

of  transformer 258 

Control  of  voltage  by  shimted  susoeptance 144 

Converter,  compounded  for  phase  control 162 

and  phase  control 163 

fields,  adjustment  for  phase  control 165 

frequency 262,  275,  343 

Copper  conductor,  unequal  current  distribution 208 

Corona,  electrostatic 214 

Counter  and  consumed  e.m.f. 24 

Counter  e.m.f.  of  self-induction 169 

Crank  diagram 42 

Cross  coil,  single-phase  commutator  motor 500 

currents  between  alternators 398 

field,  repulsion  motor 513 

flux  of  transfonner 234,  263 

winding,  single-phase  conmiutator  motor 500 

Cumulative  hunting  or  suiging  of  synchronous  machines 399,  461 

Current  distribution,  unequal,  in  conductor 205 

Curves,  characteristic,  of  synchronous  motor,  413,  415,  418,  420,  427,  432, 

435,  437,  444. 

Cycle  of  hysteresis 170 

Damping  devices  on  synchronous  motors 458 

Dead  points  of  induction  motors 466 

Decrement  of  oscillation 713 

of  synchronous  motor  suiging 451 

Delta  connection,  three-phase  system 656 

current,  three-phase  system 657 

delta  connection  of  transformers 666 
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Delta,  open,  of  transfonners 667 

voltage,  three-phaae  system 657 

Y  connection  of  transformers 665 

Demagnetizing  action,  armature  current 362 

effect  of  eddy  currents 202 

Diagram  of  induction  motor 287 

sjmchronous  motor 408 

transformer 237 

Diametrical  connection  of  transformers,  six-phase 669 

Dielectric  hysteresis 211,  231 

see  a2ao  Hysteresis,  dielectric. 

phenomena  211 

power  current  of  line 231 

power  bss 211 

Direct-current  motor,  excitation  and  speed 153 

Discharge,  brush 169 

oscillating 719 

Disruptive  strength  and  time  lag 607 

Distorted  harmonics 588 

wave,  hysteresis  loss 606 

Distortion  by  third  harmonic  in  three-phase  system 502 

of  exciting  current  waves 172,  236 

of  three-phase  waves 592,  506 

of  wave  9 

and  magnetizing  current 174 

and  resonance 179 

in  ironclad  circuit 175 

Distributed  capacity  and  inductance 225 

Distribution  of  current  in  conductor,  unequal 169 

Divided  circuit,  equivalent  of  transformer 250 

Division 703 

Double  delta  connection  of  transformers,  six-phase 669 

frequency  quantities  of  general  alternating  wave  611 

vectors 217 

peaked  wave 598 

synchronous  alternator 346,  349 

T  connection  of  transformers,  six-phase 669 

Y  connection  of  transformers,  six-phase 669 

Drifting  out  of  step  of  synchronous  machines 459 

Drop  of  potential  in  synchronous  motor  line 413 

Dsrnamometer 178 

Economy  of  apparatus 102,  119 

systems 671 

Eddy  current  angle 196 

coefficient 197 

conductance 196 
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Eddy  ourrents  in  conductor 169,  195,  205,  231 

laiige 205 

power 195 

screening  or  demagnetiring  effect 202 

Effective  conductance 167,  215 

power 218 

general  wave , 611 

reactance ^ 167,  215 

of  annatuie  reaction 380 

resistance ,....,.  5,  167,  215 

measurement 9 

of  transfonner 260 

suBoeptance 168,  215 

value  of  wave 15 

polar  diagram 45 

Efficiency  of  inductive  line 142 

torque-,  induction  motor. 309 

Eickemeyer  motor 504,  506 

Eight-phase  system 639 

Electric  locking  of  induction  and  synchronous  motors 466 

Electro-dynamometer 178 

Electrolytic  cell,  9ee  Polarisation  cell. 

Electromechanical  resonance  of  sjmchronous  machines 452 

Electrostatic  capacity  of  line 230 

corona 214 

hysteresis,  see  Dielectric  hysteresis. 

induction,  dlao  see  Influence 169 

influence 231 

phenomena 211 

Ellipsis  of  no  load  of  sjmchronous  motor 430 

E.m.f.  of  alternation  of  single-phase  commutator  motor 469 

rotation  of  single-phase  commutator  motor 469 

Eneigy  and  torque 224 

component  of  reactance 558 

flow  of,  polyphase  system 643 

loss  by  hysteresis 180 

alao  see  Power. 

Epoch  of  wave 6 

Equations,  general  alternating-current  motor 471 

general  transformer 267 

of  phase  control 155 

of  synchronous  motor 425 

Equivalence  of  transformer  to  divided  circuit 250 

Equivalent  sine  wave 45,  178,  608 

of  exciting  current 176,  236 

single-phase  circuits  of  polyphase  system 692 

Escape  of  current 169,  230 
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il,  hysteresia  coefficient 181 

Evolution 703 

Excitation  and  speed,  direct-current  motor 153 

curve 11 

single-phase  induction  motor ! 328 

speed  and  phase  angle,  synchronous  motor 153 

Exciter  of  induction  generator 313 

Exciting  admittance  of  alternating-current  motor 468 

induction  motor 306 

transformer 259 

current  of  transformer 236 

in  three-phase  system 468 

impedance  of  alternating-current  motor 594 

waves 172 

distortion , 585,  589 

winding  of  single-phase  commutator  motor 500 

Exponential  term  of  commutation 555 

Field  characteristic  of  alternator 367 

coil,  single-phase  commutator  motor 500 

pulsation  as  cause  of  wave  distortion 569 

winding,  single-phase  commutator  motor 500 

Fifth  harmonic,  effect  on  wave  shape 597 

Finite  velocity  of  electromagnetic  field 231,  233 

Five-wire  quarter-phase  system,  economy 675 

single-phase  system,  economy 674 

Flat  top  wave 598 

zero  of  wave 598 

Flow  of  eneigy,  polyphase  system 643 

Foucault  currents,  also  see  Eddy  currents 169,  195 

Four-phase  system  also  see  Quarter-phase  system 635,  639 

Four-wire  quarter-phase  system,  economy 675,  678 

three-phase  system,  economy 674 

Fraction 703 

Fractional  pitch  armature  winding,  commutator  motor 503,  512 

Frequency  converter 262,  264,  275,  343,  466 

of  alternation,  commutator  motor 469 

of  rotation,  commutator  motor 469 

induction  machine 281 

of  wave 6 

secondary,  induction  machine 280,  283 

variation  in  constant-current  transformation 109 

Fundamental  wave 7 


Generator,  alternating-current 361 

induction 310 
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Generator,  repulsion 524 

General  alternating-current  motor 465 

alternating  waves 8,  608 

equations  of  alternating-current  motor 471 

transformer 262,  343 

apparent  impedance 268 

motion 272 

power 270 

wave 45 

Gramme 373 

Graphic  diagram  of  synchronous  motor 408,  440 

Grounded  neutral  and  third  harmonic  in  three-phase  system 592 

polyphase  system 673 

system,  economy 681 

Ground  return,  economy 681 

Harmonics,  analysis 7,  588 

higher 597 

of  harmonics 588 

of  magnetic  exciting  current 172,  176 

resonance  in  transmission  lines 601 

Hedgehog  transformer 236 

Hemi-symmetrical  polyphase  system 642 

Henry 19 

Higher  harmonics 7,  697 

Horizontal  component  of  wave 33 

Hunting  of  alternators,  also  see  Surging 399 

Hypocycloid,  sextic 417 

Hysteresis 168 

and  distortion  of  wave 174 

and  molecular  magnetic  friction 340 

angle 180,  188 

dielectric 213 

coefficient 181 

cycle  or  loop 170 

distorting  wave 685,  590 

dielectric 211,  231 

enei^  loss 180 

generator 338 

loop 170 

loss,  distorted  wave 606 

magnetic 231 

motor 336 

percentage  in  transformer 255 

power  current 175,  587 

Hysteretic  admittance,  dielectric 213 

advance  of  phase 180,  188 
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Hysteretic  advance  of  phase  in  transfonner 236 

conductance,  dielectric 213 

lag,  dielectric 213 

lead 180,  188 

power  current 180 

in  transformer 236 

reactance,  resistance,  susceptance,  dielectric 213 

Imaginary  nimiber 704 

power 220 

unit 703 

Impedance : 2 

apparent,  of  transformer 249,  254,  256,  268 

curve 11 

exciting,  of  alternating-current  motor 468 

experimental  detennination 59 

general  wave 609 

in  series  with  circuit 71 

measurement 9 

of  transformer  coils 245 

of  transmission  line 131 

oscillating  current 713,  715 

parallel  connection 55 

self -inductive,  of  induction  motor 306 

transformer 259 

series  connection s 55,  59 

single-phase  induction  motor 328 

symbolic  expression 37 

synchronous,  of  alternator 381 

Independent  polyphase  systems 635 

Induced  charges 169 

currents,  by  line 232 

Inductance 3,  19 

factor,  general  wave 612 

ironclad 188 

measurement 10 

mutual,  see  also  Mutual  inductance 169 

•               oscillating  current 713 

Induction,  electrostatic,  eee  cUso  Influence 169 

generator 310,  341 

power  factor 312 

synchronous,  see  Synchronous  induction  generator. 

machine 280 

primary  load  current 284 

reduction  of  secondary  to  primary  circuit 282 

resultant  m.m.f 283 

motor 269,  465,  499 
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Induction  motor,  characteristic  constant 478 

concatenation 319 

constants 306 

diagram 287 

exciting  admittance 306 

load  curves 309 

or  generator  as  reactance 151 

polyphase 473 

power 289,  308 

maximum \    293 

secondary  resistance 299 

self 'inductive  impedance 306 

single-phase,  alao  see  Single-phase  induction  motor  . .  325,  480 

speed  curves 309 

sjmchronous,  see  Synchronous  induction  motor. 

toique 222,  289,  301,  308 

efficiency 309 

maximum 293 

starting 297 

Inductive  circuit  balanced  by  condensance 76 

line  and  non-inductive  circuit 131 

maximum  output 131 

Inductively  compensated  series  motor 507 

Inductive  reactance 3,  19 

starting  devices  of  single-phase  induction  motor 327 

Influence,  electrostatic 169,  213,  231 

Input,  see  Power. 

Instantaneous  value  of  wave 12,  20 

Insulation  strain  and  wave  shape 607 

Integral  number 704 

value  of  wave 12 

Intensification  of  higher  harmonics 632 

Intensity  of  wave 20,  33 

Interference  of  circuits 209 

Interlinked  polyphase  systems 635,  655 

Internal  reactance,  percentage,  of  transformer 255 

reactions  of  alternators 376 

resistance,  percentage,  of  transformer 2^ 

Inverted  repulsion  motor 607 

three-phase  system 636,  646 

economy 676 

Involution 702 

Ironclad  admittance 187 

circuit,  distortion  of  wave 175,  585,  590 

inductance 11,  18 

Ironclosed,  see  Ironclad. 

Iron  conductor,  unequal  cuirent  distribution 206 
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Iron,  conductivity 199 

hysteresis  coefficient 181 

sheet  and  wire,  eddy  currents 197 

Irrational  number 703 

imaginary  unit 36 

j  as  distinguishing  index 34 

Jablochkoff. 373 

Joule's  law  in  alternating  circuits 5 

direct-current  circuits 1 


Kirchhoff's  laws  in  alternating  circuits 23,  39 

direct-current  circuits 1 

Lag  and  lead  of  synchronous  motor  current 414 

Lag  angle  of  dielectric  hysteresis 213 

Lagging  currents  shunted  by  condensance 74 

Lag,  hysteretic,  dielectric 213 

of  armature  current  in  Bjmchronous  machine 363 

transformer  secondary  current 245r 

Laminated  iron,  eddy  currents 197 

L-connection  of  transformers 668 

Lead  and  lag  of  synchronous  motor  current 414 

Lead,  eddy  currents 196 

hysteretic 180,  188 

Leading  currents  in  polyphase  motor 494,  497 

Lead  of  armature  current  in  synchronous  machine 363 

transformer  secondaiy  current 242 

Leakage 169 

current 215 

of  transformer 236 

of  line 230,  232 

reactance  of  transformer 234 

Line  capacity 225 

susceptance,  condensive 227 

Load  characteristics  of  synchronous  motor 444 

current,  primaiy,  of  induction  machine 284 

curves,  induction  motor 309 

synchronous  motor 444 

maximimi,  in  phase  control 158 

on  transformer,  percentage 255 

Locking  of  induction  and  synchronous  motors 466 

Logarithmation 703 

Loop  of  hysteresis 170 

Low  frequency  excitation  of  induction  generator 342,  345,  351 

Loxodromic  spiral 711 


736  INDEX 

PAGX 

Magnetic  characteristic 178 

circuit,  closed. 194 

open 193 

cycle 171 

distortion  of  wave 585 

flux  of  transformer 234 

friction  and  hysteresis 340 

hysteresis,  aJLso  see  Hysteresis 168,  231 

locking  of  induction  and  synchronous  motors 466 

permeance  of  alternator 378,  381,  384 

power  current 180 

reluctance 186 

saturation  and  exciting  current 177 

Magnetite,  hysteresis  coefficient 181 

Magnetizing  action  of  armature  current 362 

current 175,  180,  587 

distorting  wave  shape 174 

in  transformer 234 

percentage 255 

Magnetometer 178 

Main  and  teaser  connection  of  transformers 668 

field,  repulsion  motor 513 

power  axes,  polyphase  system 651 

winding,  single-phase  commutator  motor 500 

Maximum  load  current  in  phase  control 159 

output  or  power,  induction  motor. 293 

synchronous  motor 428 

phase  displacement  curve,  synchronous  motor 434 

power  of  inductive  line 131 

synchronizing  power 407 

torque,  induction  motor 293 

value  of  wave 12 

Mean  value  of  wave 13;  16 

Mechanical  power,  general  transformer 270 

M.m.f .,  resultant,  induction  machine 283 

Molecular  friction 168,  180 

Monocyclic  alternator  wave 573 

connection  of  transformers 668 

motor,  general  alternating-current 465 

equations  of 471 

induction  motor 325 

square 97,  111 

on  general  wave 629 

starting  device  of  single-phase  induction  motor 327 

synchronous 408 

systems 649 

Multiple-phase  control 164 
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Multiplication 702 

Multi-tooth  wave 571 

Mutual  inductance 169 

effective  resistance  and  reactance 211 

of  line 230,  232 

induction 209 

inductive  reactance  of  transformer 234 

Negative  number 704 

unit 702 

wave 7 

Neutral  ground  and  third  harmonic  in  three-phase  system 592 

point,  polyphase  system 655 

wire,  polyphase  system 655 

Nickel,  hysteresis  coefficient 181 

No-load  current  in  phase  control 159 

Nominal  generated  e.m.f.  of  alternator 379,  381,  387,  389,  392 

Non-inductive  circuit  and  inductive  line .* 131 

load  current,  phase  control 159 

transformer  load 252 

Numbers 704 

Numeration 701 

Ohm's  law  in  alternating  circuits 2 

direct-current  circuits 1 

Open-delta  connection  of  transformers 667 

magnetic  circuit 193 

Oscillating  currents 709 

dischaiige 719 

functions  of  distance 233 

Oscillations 233 

of  synchronous  machines,  see  Surging. 

Output,  maximum,  by  phase  control 158 

of  receiver  circuit 131 

of  synchronous  motor 428 

also  see  Power. 

Over-compensated  scries  motor,  single-phase 500,  502 

Over-synchronous  motion,  general  transformer   273 

induction  machine 312 

Overtones  of  wavo 7 

Parallel  connection  of  alternators 398,  404 

impedances,  resistances,  conductances 54 

Parallelogram  of  sine  waves 22 

Parameter  equations  of  synchronous  motor 427 

Parasitic  currents,  see  Eddy  currents. 

Peaked  wave 598 
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Percentage  transformer  constants 255 

Period  of  wave 6 

Permeance,  magnetic,  of  alternator 378,  381,  384 

Phase  angle,  dielectric  hysteresis 213 

eddy  currents 196 

excitation  and  speed,  synchronous  motor 153 

magnetic  hysteresis 180,  188 

measurement 9 

synchronous  motor 428,  432 

transmission  line 53 

characteristics  of  synchronous  motor 439 

control 152 

adjustment  of  converter  fields 165 

by  compounded  converter 162 

for  unity  power  factor 156 

fundamental  equations 155 

multiple 164 

of  voltage 157 

lamp 399 

of  power f 221 

of  wave 6,  21,  34 

splitting  starting  devices  of  single-phase  induction  motor 326 

Pitch,  fractional,  single-phase  conmiutator  motor 503,  512 

Polar  co(^itiinates 13 

diagram 28,  42 

of  synchronous  motor 408 

Polarization 5 

ceU 215 

as  condensance 151 

PolycycUc  systems 649 

Polygon  of  sine  waves 23 

Polyphase  induction  motor 473 

series  motor 495 

shunt  motor 486 

systems 634 

equivalent  single-phase  circuits 692 

voltages  in  constant  current  transformation 123,  126 

Position  angle,  alternator  armature 392 

Positive  wave 7 

Potential  of  point 48 

Power  as  vector  product 217 

axes,  polyphase  system 651 

characteristics  of  synchronous  motor 427 

component  of  mutual  induction 209 

consiuned  by  arc 579.  584 

by  eddy  currents 195 

current,  hysteretic 175 
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PAGB 

Power  effective 218 

equation 23 

alternating  currents 6 

direct  currents 1 

factor,  arc 579,  584 

control  by  polyphase  shunt  or  series  motor 493,  497 

general  wave 611 

induction  generator 312 

phase  control 155 

single-phase  induction  motor 330 

unity  by  phase  control 156 

general  transformer 270 

wave 611 

induction  motor 289,  308 

maximum 295 

loss  by  dielectric  hysteresis 211 

constant  current  transformation 106,  116 

maximum,  of  receiver  circuit 131 

polyphase  system 643 

reactive 219 

symbolic  representation 220 

synchronous  induction  machine 344 

motor 424 

transferring  winding,  single-phase  commutator  motor 500 

Primary  admittance  of  transformer 244 

exciting  admittance  of  induction  motor 306 

impedance  of  transformer 245 

load  current,  induction  machine 284 

winding,  single-phase  commutator  motor 500 

Product  of  complex  quantities 41 

Propagation  velocity  of  field 231,  233 

Pulsating  wave 12 

Pulsation  of  magnetic  field  distorting  wave 569 

reactance  distorting  wave  569,  575 

resistance  distorting  wave  569,  578 

synchronous  motor,  see  Surging. 

synchronous  reactance 382 

Pumping,  see  Surging. 

Quadrature  field,  single-phase  induction  motor 326 

Quartei^phase  system 635,  645,  688 

economy 675,  678,  681 

three-phase  transformation 664,  668 

Quartic  curves  of  synchronous  motor 428 

Quintuple  harmonic,  wave  shapes 597 

Radiation  of  line 232 

Railroading,  phase  control 153 
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Ratio  of  complex  quantities 41 

transformation,  general  transformer. 267 

induction  machine 281 

transformer 247,  253 

Reactance 2 

and  line  drop 152 

armature,  self-inductive 364 

calculation 11 

capacity,  of  line 227 

condensive. 5,  38 

effective 168,  215 

of  armature  reaction 380 

of  mutual  inductance 211 

energy  component 558 

general  wave 609 

inductive 3,  19,  38 

in  series  with  circuit 64 

internal,  of  transformer,  {xsrcentage 255 

measurement 9 

mutual  inductive,  of  line 232 

of  line 130,  230,  232 

pulsation,  distorting  wave 569,  575 

self-inductive,  of  alternator 385 

of  line 232 

synchronous 364,  375,  380,  389,  391,  394 

variable 559 

variation  in  synchronous  motor 437 

wave  distortion 590 

Reaction,  armature 375 

machine 336,  557 

motor 466 

Reactive  current  of  polyphase  shunt  motor 492 

power 219 

general  wave 611 

voltage,  distortion % 590 

Real  number 704 

Receiver  circuit,  voltage  control 144 

Rectangular  components  of  wave 33 

Rectifiers 13 

Reduction  of  secondary  to  primary  induction  machine 282 

Regulation,  alternator 394,  396 

curve,  alternator 367,  372 

frequency  converter 275 

of  induction  generator  with  low  frequency  excitation  . .    352,  357 

of  compounded  converter  in  phase  control 163 

of  voltage  by  phase  control 162 

Reluctance,  magnetic 186 
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Reluctance,  induction*  machine 284 

variation,  distorting  wave 669 

Repulsion  generator 524 

motor 507,  508 

inverted 507 

with  secondaiy  excitation 507 

Resistance  and  line  drop 152 

apparent,  of  arc 578 

effective 5,  167,  215 

of  mutual  inductance 211 

of  transfonner 260 

in  secondary  of  induction  motor 299 

in  series  with  circuit 61 

internal,  of  transformer,  percentage 255 

magnetic,  see  Reluctance. 

of  line 130,  230,  232 

parallel  connection 54 

pulsation,  distorting  wave 569,  578 

series  connection' 54 

Resolution  of  magnetic  exciting  current 174 

sine  waves 34 

Resonance  and  harmonics 179 

electro-mechanical,  of  synchronous  motor. 452 

of  condenser 618 

hannonics  in  transmission  lines 601 

line  and  receiver  circuit 50 

Resonating  circuit,  constant  current 92,  98 

on  general  wave 626 

Resultant  m.m.f.,  induction  machine 283 

Revolving  polyphase  m.m.f 639 

Rigid  mechanical  connection  of  alternators 398 

Ring  connection,  polyphase  system 656 

current,  polyphase  system 657 

potential,  polyphase  system 657 

Rise  of  potential  in  synchronous  motor  line 413 

Roots  of  the  unit 707 

Rotating  field  642 

repulsion  motor 513 

polyphase  m.m.f 639 

Rotation,  algebraic 707 

e.m.f.  of  alternating-current  motor 469 

general  transformer 272 

Rotor  excited  series  motor 507 

Ruhmkorff  coil  waves 8 

Saturation,  magnetic,  in  synchronous  motor 437 

and  exciting  current 179 
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Saw  tooth  wave : 508 

Screening  effect  of  eddy  currents 202 

Screen,  wave 632 

Secondary  currents 169 

frequency,  induction  machine 280,  283 

impedance,  transformer 245 

resistance  of  induction  motor 299 

Self-exciting  induction  generator 312 

Self-inductance,  definition 210 

measurement 10 

Self-induction 180 

and  armature    reaction  limiting  cross-currents   between 

alternators 399 

armature  of  alternator 364,  375 

coimter  e.m.f 169 

e.m.f 3 

of  commutation 555 

synchronous  motor,  variation 449 

transformer .* 234,  263 

Self-inductive  impedance,  induction  motor 306 

transformer 259 

reactance,  alternator 364,  385 

line 232 

transformer 234 

true 380 

Series  connection  of  alternators 400 

impedances 55 

resistances  and  conductances 54 

motor,  polyphase 495 

single-phase 506 

operation  of  alternators 400 

reactance  in  circuit 64 

repulsion  motor 507,  528,  646 

resistance  in  circuit 61 

Sextic  hypocycloid 417 

Sharp  zero  of  wave 598 

Sheet  iron  and  steel,  hysteresis  coefficient 181 

Short-circuit  current  of  alternator 393 

Shunted  capacity  of  line 225 

condensance  and  lagging  current 74 

condenser  representing  line  capacity 227 

susceptance  and  voltage  control 144 

Shunt  motor,  polyphase 486 

Shuttle  armature 557 

Silent  discharge  of  line 230 

Silicon  steel  conductivity 199 

Silicon  steel  hysteresis  coefficient 181 
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Sine  wave 6 

circle 20 

equivalent,  of  magnetic  exciting  current 176 

Single-cylinder  engines  on  alternators 398 

Single-phase  cable,  topographic  characteristic 50 

commutator  motor 499 

induction  motor 480 

torque 326 

system 638 

economy 673,  678,  681 

equivalent  of  polyphase  system 692 

Single-unit  power  transmission 410 

Six-phase  system 636,  639 

Slip,  general  transformer 264 

induction  machine 280 

of  frequency,  induction  generator 314,  342 

of  speed,  synchronous  motor  on  induction  generator 318 

Speed  and  excitation,  direct-current  motor 153 

angle,  series  repulsion  motor 541 

curves,  induction  motor 309,  479 

excitation  and  phase  angle,  synchronous  motor 153 

polyphase  shunt  motor 489 

Spiral,  loxodromic 711 

Star  connection,  polyphase  system 655 

current,  polyphase  system 657 

potential,  polyphase  system 657 

Starting  device,  single-phase  induction  motor 326 

torque,  induction  motor 297 

Static  dielectric  hysteresis 212 

Stationary  transformer 268 

Steel,  hysteresis  coefficient 181 

Striking  distance  and  wave  shape 607 

Subtraction 702 

Suppression  of  higher  harmonics 632 

Surging,  cimiulative,  of  synchronous  machines 461 

of  synchronous  motor 451 

Susceptance 56 

condensive,  of  line 227 

effective 168,  215 

of  line 232 

of  receiver  circuit 130,  144 

and  output 136 

Symbolic  calculation  of  phase  characteristic  of  synchronous  motor 441 

representation  of  crank  diagram 44 

of  general  alternating  waves 608 

of  polar  diagram 36 

Symbolic  representation  of  power 220 
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Symmetrical  polyphase  system 634,  637 

Synchronism,  induction  motor 303 

Synchronizing  alternators 398,  404 

power  of  alternators 403,  407 

Synchronous  converters  and  phase  control 153 

exciter  of  induction  generator 313 

impedance  of  alternator 381 

induction  generator 466 

motor 465 

machine 342 

as  inductive  or  condensive  reactance 151 

motion,  general  transformer 272 

motor. 408,  465,  467,  499 

analytic  method 424 

calculation  of  phase  characteristic 441 

characteristic  curves,  413,  415,  418,  420,  427.  432, 435,  437, 
444 

cumulative  surging 461 

excitation,  speed  and  phase  angle 15.3 

fundamental  equations 425 

load  curves 444 

phase  control 153 

power  characteristics 427 

self-induction  and  armature  reaction,  variation 449 

reactance 364,  375,  380,  389,  391,  394,  449 

variation 382,  449 

watts,  torque 223 

induction  motor 308 

Tandem  control  of  induction  motors 319 

T  connection,  constant  current 95,  98 

on  general  wave 626 

of  transformers 668 

Terminal  voltage  of  alternators 378,  385,  388 

Tertiary  circuit  in  condenser  induction  motor 330 

Third  harmonic  in  three-phase  system 592 

wave  shapes 597 

Thomson  motor 507 

Three-phase  alternator  wave 574 

circuit  wave  distortion 592,  596 

quarter-phase  transformation 664,  668 

system  635,  639,  645,  683 

economy 674,  678,  681 

inverted 636,  646 

economy 676 

topographic  characteristic 48 

transformer  connections  and  wave  distortion 596 


INDEX  746 


Three-phase  transmission  line,  calculation 694 

topographic ; 51 

Three-wire  quarter-phase  system,  economy s 675,  678 

single-phase  system,  economy 673 

three-phase  system,  economy 674,  678 

Time  constant 3 

lag  of  disruptive  strength 607 

Topographic  circuit  characteristic 53 

Torque  and  energy 224 

as  imaginary  enei^gy 224 

as  vector  product 222 

efficiency,  induction  mentor 309 

hysteresis  motor : .. , ^t-t-T.  >^?>..^^. 338 

induction  motor r^^^:^*.  .^ .  r.  ;;^  289,  301,  308 

maximum ;C^ 293 

starting 297 

single-jphase  induction  motor 326 

synchronous  watts 308 

Transformation  of  polyphase  systems 662 

ratio  of  transformer 247,  253 

Transformer 234 

connections,  three-phase,  and  wave  distortion 596 

constants 258 

diagram 28, 32 

equivalent  to  divided  circuit 250 

general 343 

power 270 

non-inductive  load 252 

oscillating  current 722 

percentage  of  constants 255 

stationary 268 

winding,  single-phase  commutator  motor 500 

Transient  phenomena 233 

Transmission  line  calculation 094 

capacity 225 

phase  control 153 

resistance  and  reactance 130 

resonance  of  harmonics 601 

topographic  characteristic 51 

voltage  control 148 

single-unit  power 410 

Treble  peaked  wave 598 

Triphase,  see  Three-phase. 

Triple  harmonic,  see  Third  harmonic. 

Two-frequency  generator 345 

Two-phase,  see  Quarter-phase. 

Two-wire  system,  economy 673 
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Unbalanced  polyphase  system 634,  643 

Unbalancing  quarter-phase  system 691 

Under-compensated  series  'motor,  single-phase 500 

Under-synchronous  motion,  general  transformer 272 

Unequal  current  distribution 169,  206,  231 

Unit,  imaginaiy 703 

negative 702 

roots,  of 707 

Unitooth  alternator  wave,  hysteresis  loss 606 

Unity  poweivfactor,  by  phase  control 156 

in  polyphase  shunt  and  series  motor 493,  497 

Unsymmetrical  polyphase  system 634 

Variable  reactance 449,  559 

speed  of  polyphase  shunt  motor 490 

Variation  of  synchronous  motor  constants 437 

of  synchronous  reactance 382,  447 

V-connection  of  transformers 667 

Vector  of  complex  quantity 705 

of  wave 21 

products 217 

representation  of  general  alternating  waves 608 

Velocity,  finite,  of  field 231,  233 

Vertical  component  of  wave 33 

Virtual  generated  e.m.f .  of  alternator 377,  379,  385,  388 

Viscous  dielectric  hysteresis 212 

Volt 17 

Voltage  control  by  shunted  susceptance 144 

distortion  by  tb'id  harmonic  in  three-phase  system 594 

phase  control 157 

ratio  of  receiver  circuit 139, 145 

of  series  repulsion  motor 635,  541 

V-shaped  synchronous  motor  curves 430,  437 

Wattled  current  generation  by  polyphase  shunt  and  series  motor 494, 497 

volt-amperes 219 

Wave,  general  alternating 608 

of  exciting  current 172 

screen 632 

Wire,  iron,  eddy  currents 197 

Y-connection,  three-phase  system 656 

current,  three-phaae  system 657 

delta  connection  of  transformers 666 

potential  or  voltage,  three-phase  system 657 

Y  connection  of  transformers 667 

Zero  of  wave 598 

phase  displacement  curve,  synchronous  motor 432 
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